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INTRODUCTION. 


Tuar which can affect our senses in any manner whatever, ~ 
is termed matter. 

Bodies are such portions of matter as are bounded in 
every direction ; they must consequently have a determinate 
Jorm and volume. By the mass of a body, is understood the 
quantity of matter of which it is composed. ae 

A material point is a body infinitely small in all its di- 
mensions ; so that the length of every line comprised in its 
interior, is infinitely small, that is to say, less than any as~ 
signable length. A body of finite dimensions may be con- 
sidered as an aggregate of an infinite number of material ° 
points, and its mass as the sum of all their infinitely small 
masses. 

2. A body is in motion, when this body, or its parts, 
occupy successively different places in space. But space 
being indefinite and every, where the same, we can only judge 
of the state of rest or motion of a body, by comparing it, 
either with other bodies, or with ourselves; and on this 
account, all the motions which we observe are necessarily 
relative motions. : 

All bodies are moveable ; but matter never moves sponta- 
neously, for there is no reason why a material point should move 
in one direction rather than in another ; and in fact, if we con- 
sider a body at the instant it passes from a state of rest to 
a state of motion, we may always observe, that this change 
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is owing to the action of an extraneous cause, i.e. of ‘one 
without which we may, conceive that this body may exist. 

Any cause which excites motion in a body, or which only 
tends to excite it, when its effect is interrupted or prevented 
by any other cause, is called force. 

3. When several forces are applied at once to the same 
body, they modify each other’s effects, in virtue of the con- 
nexion that exists between its parts, and which hinders them 
from assuming the motion, that the force to which it is sub- 
jected, tends to impress on each of them. It may happen, 
that these forces completely destroy each other’s effects, so 
that the body does not move at all; this particular state of 
the moveable body is termed equilibrium, in which’ the body 
remains at rest, though solicited by several forces, or in other 
words, the forces are said to constitute an equilibrium. , 

Mechanics is the science which treats of the equilibrium 
and motion of bodies. The part of which the object is, in 
general, to discover the conditions of equilibrium, is called 
statics.. The part of which the object is to determine the 
motion which a body assumes, when the forces which are 
applied to it do not constitute an equilibrium, is called 
dynamics. 

As gcometers have succeeded, as will be hereafter shewn, 
in reducing all questions relating to motion to mere problems 
of equilibrium, the natural mode of proceeding would be to 
treat first of statics, and then to enter on the consideration of: 
dynamics; but in order to facilitate the understanding of the 
subject, it seems preferable, in a treatise designed for instruc- 
tion, to direct our attention to the elementary and simple 
parts of dynamics, before we enter on the consideration of the 
general questions of equilibrium. TF 3 is the order which 
will be pursued in the following treati8e. 

4. In the case of a foree acting on a material point, there 
are always three things to be considered, namely, the position 
of this point, the intensity of the force, and its direction, that 
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is, the rectilineal space which it tends to cause to be described 
at its point of application. Nevertheless, we yhust not sup- 
pose that a material point is the same with what is called a 
point in geometry, where this term denotes the extremity of 
a line, or the intersection of two lines which cut each other ; 
neither is the space which a material point describes a line 
having only one dimension; but as this body is infinitely. 
small in every direction, and as the breadth and thickness of 
the space, which the force tends to make it describe, are also 
infinitely small, the position and direction of this force can be 
determined in the same manner, as the position and direction 
of a right line are determined in geometry. 

Thus, the position of the point of application of a force in 
space, will be determined, in general, by means of its three 
coordinates parallel to the intersections of three reetangylar 
planes; and this will not leave any ambiguity with respect to 
the direction, when we take into account both the sign and 
magnitude of each coordinate. Sometimes also polar coordi - 
nates are employed; these are the radius vector of the given 
point, or its distance from the origin, the angle this radius 
makes with a fixed line drawn through the origin, and the 

angle comprised between a plane passing’ through these lines, 
and a fixed plane passing through the second. 

5. In order to measure forces, it is necessary to take some 
known force as unit, and then to express in numbers. the rela~ 
tions of the other forces to this unit; this requires that we 
should precisely define what is meant when one force is said to 
be equal to another, double, triple, or quadruple ....of another, 
independently altogether of the particular nature of these differ- 

" ent causes of motion. 

Two forces are said to be equal, when being applied in 
opposite directions to the same material point, or to two 
points connected by a right line, which is of an invariable . 
length, they constitute an equilibrium. 

If, after having recognized that two forces are e equal, we 
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apply thent in the same direction. to- the. same point, we shall 
have a double force; if we combine in this manner three equal 
forces, we shall have a-triple force; if we combine four, we 
shall have a quadruple force; and so on. ; 

When, therefore, we say that a force applied to a material 
point is a certain multiple of another force, we understand 
that the first may be considered as made up of a certain 
number of forces respectively equal to the second, and acting 
in the same direction. It is by considering them in this 
manner, that forces can be regarded, whatever their particular 
nature may be, as quantities susceptible of being measured, 
which may, therefore, be expressed in numbers, like every 
other description of quantity, by referring them to the unit of 
their species. We may likewise represent their intensities by 
lines proportional to these numbers, which lines we lay off in 
their several directions, commencing at their respective points 
of application; one advantage effected by this is, that me- 
chanical theorems may be stated with great simplicity. 

6. The points of application, and the intensities of forces, 
being thus determined, it only remains to shew how their 
directions are ascertained. 

Let (fig. 1) be the point of application of a force, and 
let its direction be represented by the line mp, in which case 
this force tends to cause the point m to move from Mm to D; 
through the point m, conceive three rectangular axes MA, 
MB, MC, to be drawn, these will be, in general, parallel to the 
axes of the coordinates, and in the direction of the positive 
coordinates ; let a, 8, y, be the obtuse or acute atgles which 
the direction mp makes with these axes, so that 


AMD=a, BMD=P, cMD=y; 


this direction will be completely determined, when these three 
angles are given. 

In fact, if we only consider the two angles a and 9, the 
line mp must exist at the same time on two tight cones, of 
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which the common summit is m, and of which the respective 
axes are MA and MB. Therefore it is necessary that a and 8 
shguld be such that these two cones may intersect 3 this 
will have place in the direction of two lines, drawn from m, 
situated in the same plane perpendicular to the plane ams, 
and which will make with the axis mc, two angles that are 
supplements the one of the other. Therefore the line up 
may have also two different positions, but as the angle y is 
also given, we know whether it is acute or obtuse, and we 
can select between these two positions that which answers to 
the direction of the force. This construction also shews, that 
the three angles a, , y, cannot be arbitrarily taken. In fact, 
there exists between the cosines of the angles which the same 
right line mp makes with three rectangular axes, the equation 


cos? @ + cos* B + cos? y = 1, med) 


which can be demonstrated by taking on mp, reckoning from 
the point m, a line equal to unity, and then forming a rec- 
tangular parallelopiped, of which this line is the diagonal, and 
of which the three adjacent sides lie on the three axes MA,MB, | 
mc. These three side’ will be the cosines of the angles a,B,y; 
and as by.a known theorem, the sum of their squares must 
be equal to the square of the diagonal, there results the equa- 
tion which has been stated above. 

7. In ‘this treatise, the division of the circumference into 
360°, of the degree into 60 minutes, and of the minute into 
60 seconds, will be adopted.. The letter x will be constantly 
employed te represent the semicireumference of which the 
radius is equal to unity, so that we shall have 


mw = 3,1415926.... 


The fourth part of the circumference. corresponds to a 
right angle, or to the angle 324000’(a), hence it follows, that 
the length of-an are corresponding to an angle, containing 
any number such as x of seconds, will be the fourth term of a 
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proportion, of which the three first terms are 4a n and 32400”, 
and denoting this length by w there will result() ~ 
> 
ane des 
” = 906264,8...° 


The logarithm, in the common system, of this constant divi- 
sor is ; 


5,3144251, 


In numerical calculations, the ares computed in this man- 
ner ought to be employed in place of angles,-which will not be 
comprised under the trigonometric signs sin, cos, tang. 

In order that we may be able, by means of the angles 
a, B, y, to represent the direction of a force in all possible 
positions about its point of application, it is only necessary — 
that they be reckoned from zero up to 180° inclusively. If, for 
example, the axis mc lies above the plane of the two other 
axes Ma and MB, the angle y will be less or greater than 90°, 
according as the right line mp exists above or below this 
plane: it will be zero when the direction mp coincides with mc, 
and equal to 180°, when mp coincides with mc’ the production 
ofmc. The cosines of a, 3, and y, may therefore be positive 
or negative; but their sines will be always positive, because 
these angles never exceed 180°. 

In general, if we consider mp’ the production of any line 
Mp, in the opposite direction, it is evident that the angles 
which it makes with the three axes are the supplements of 
a, B, y- Therefore if we make 


AMD/=za’, BMD/=f’, cMD/=y’; 
we shall have 
cosa’/==—cosa, cos P’=—cosB, cos y’= — cosy; 


hence it follows that the directions of two forces which act in 
opposite directions on the same point M, the one along Mp and 
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signs of the cosines of the angles which respectively correspond 
to them. . 

“8. In place of three angles a, 8, y, connected together by 
equation (1), we may only employ two angles, perfectly in- 
dependent of each other, to determine the direction of a force. 

In fact, let mz be the projection of mp on the plane AMBy 
and let § be the angle which this projection makes with the 
axis ma, so that we have amzE = 8. When the angle 8 is 
given, it will make known the position of the plane cme, and 
then the angle y will completely determine the position of 
the line mp comprised in this plane. It is necessary that the 
angle 8 should be reckoned from Ma in a definite direction, 
which may extend from zero to 360°; the angle y, as was 
before stated, is comprised between the limits zero and 180°. 
The projection of the diagonal of the parallelopiped, ad- 
verted to in No. 6, on the plane ams, will be the cosine of 
the angle pz, or equal to sin y. If we project a second 
time this projection on the axis Ma, this second projection is 
equal to first multiplied by cos8; moreover it coincides with 
the projection of the diagonal of the parallelopiped on this 
same axis Ma, and consequently will be equal to cosa; there~ 
fore we shall have 

cosa = sin y. cos 8. 


In like manner we shall have 
cos 3 = siny. sind. 


These two formulz will enable us to transform the equa- 
tions in which the angles a, 9, y, are made use of, into others 
in which we only employ y and 8. It is easy to perceive 
that they satisfy equation (1). 

9. There exists another equation that comprises equa- 
tion (1) as a particular case, and which will be frequently- 
useful. 

Tn order to obtain it, let x, y, x, be the three coordinates 
of any point ™ (fig. 2) referred to the three rectangular axes 
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ox, oy, oz: Letr denote its radius vector om, and a, (3, , the 
acute ot obtuse angles which this radius makes with the three 
axes, so that, for example, we may have 

zoM = y. | 

If from the point m a perpendicular mn be let fall on the 
axis oz, the right line on will be the ordinate z, and in the 
right angled triangle mon we shall have 

Zmr.cosy; 
in like manner there results 
y= 7r.cosB, =r. cosa. 

Let m’ be another point and let 2’, y’, x’, r’, a’, B’, 7’, be 
respectively its coordinates, its radius vector, and the angles, 
relatively to this line; we shall have 

a’ =r’ cosa’, y’ = 7’. cos B’, 2/ = 7’. cosy’. 
Let u denote the distance mm’, then we have the known 
relation i 
2 = (a! 2) +(y’ 9) + (2! —2)'s 
and if ¢ denote the angle mom’, we shall have at the same 


time 
w= rr? — Qrr’. cos e 


in the triangle of which r, r’, and w are the three sides. 
Because 
eoyPteor, a2 py? +22=r%, 
the first value of u? is the same thing as 
wr Er? — 2 (aa! + yy’ + 22’)5 
by comparing it with the second, we obtain 
rr’.cose = ax! +4 yy! 4 2275 
and if in this equation, we substitute the preceding values of 
L,Y, 2% vy’, 2’, there will result 


cos e = cosa.cos a’ + cos 8. cos B’-+4+ cosy.cosy’; (2) 
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When the two lines om and om’: coincide, the angles 
a’, B’,y’, are the same as a; 6,7, and this formula is reduced to 
equation (1). When these two right lines are at right angles 
to each other, we have e= 96°, and consequently ? 


cos.a.cosa’ + cos B.cos B’ + cos y.cosy’ = 0. 


By substituting in the values of x,y, 2, those of cos a, 
eos 3, which have been found in the preceding number, we 
shall have 


xw=r.siny.cosdé, y= r.siny.sind, 2z=7. cosy; 


in which formule, the three variables r,y,8, are the three 
polar coordinates of the point m, such as they have been de- 
fined in No. 4, and which will consequently enable us to 
transform rectangular into polar coordinates. 

10. The consideration of projections which were made use 
of in No. 8, will be frequently adverted to in this treatise, it 
will therefore be useful here to explain their first principles. 

The projection of a right line on another right line, is the 
part of the latter which is coniprised between two perpendi- 
culars let fall from the two extremities of the projected line 
on the other. Thus, the differences a’ — x, y/— y, 2’ — 2, 
of the extreme coordinates are the projections of the same 
right line mm’ on the axes of 2, y, 2; and, from the first ex- 
pression which is given above for u?, it follows, that the sum 
of the squares of the projections of the same right line, on 
three rectangular axes, is equal to the square of this right . 
line. If the projected line, and the line on which it is pro- 
jected, cxist in the same plane, the projection is equal and 
parallel to the base of a right angled triangle, of which the 
projected line is the hypothenuse, so that if Z represents the 
length of this line, ) that of its projection, and i the angle con- 
tained by these two right lines, we shall have 


A= L.cos i. . , 
The projection of a plane surface on another plane, is the 


er 
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part of this plane which is terminated by the projection of 
the outline of the projected surface, that is to say, by the 
curve formed by perpendiculars let fall from all the points of 
this outline. Now the preceding equation likewise obtains, 
if in place of J, the area of the projected surface be substituted, 
and in place of X, the area of its projection ; ¢ being then the 
inclination of one plane upon the other, which is evidently 
equal to the angle contained by the two perpendiculars to 
these planes. , 

In fact, if the area of the projected surface be divided into 
a number of indefinitely small elements perpendicular to the 
intersection of its plane with that on which the projection 
is made ; the projection of each element will be equal to this 
element multiplied by the cosine of their mutual inclination ; 
consequently as this inclination is the same and equal to ¢ for 
all the elements, the sum of their projections or 2, will be 
equal to their sum, or to the entire area /, multiplied by 
cos i. Hence it follows, that the square of the area of a 
plane surface, is equal to the sum of the squares of its pro~ 
jections on three rectangular planes ; this follows from equa- 
tion (1), and from considering that the inclination on each 
plane is the angle which a normal to the given surface makes 
with the perpendiculars to this plane(c). 

11. When in a question, we consider a system of parallel “ 
forces, we may suppose that one of the three rectangular axes 
MA, MB, MC, (fig. 1) is also parallel to them. Then two of 
the three angles a, 8,y, the two last, for instance, will be 
right angles for all these forces ; and the equation (1) will be 
reduced to 

co? a= 1; 
hence it follows that a=0 or 180°. 

In this manner, the direction of each force will be deter- 
mined by stating, that it makes with the axis ma an angle, 
which either vanishes or is equal to 180°; but in this parti- 
cular case, it will be simpler to determine this direction by the 
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sign of the force, those forces which act in one direction being 
considered as positive, while those which act in an opposite 
direction are regarded as negative. . 

In fine, the case of parallel forces will be the only one in 
which forces are considered as positive and negative : in all 
other cases, the quantities which represent the magnitudes of 
forces are considered in computations as positive; and the 
variation of the sign will fall on the cosines of the angles 
which their directions make with fixed axes. 

12. What precedes respects the preliminary definitions and 
details that are required for determining the magnitudes and 
directions of forces; but as the method of infinitely small 
quantities will be exclusively adopted in the following treatise, 
it is necessary to advert to in this introduction, the principles 
of the infinitesimal analysis, and among the formule which are 
immediately deducible from them, to eftamerate those which 
will be useful in the sequel. 

An infinitely small quantity is a magnitude less than any 
other given magnitude of the same nature. 

When we consider the successive variations of a magnitude 
subject to the law of continuity, the notion of infinitely small 
quantities is necessarily suggested. Thus, time increases by 
degrees less than any assignable interval, however small. 
The spaces traversed by the different points of a body, like- 
wise increase by infinitely smal] quantities; for each point 
cannot go from one position to another, without traversing 
all the intermediate positions, and we cannot assign a distance, 
as small as we please, between twoconsecutive positions. There- 
fore, infinitely small quantities have a real existence, and are 
not to be considered as merely a means of investigation de- 
vised by geometers. 

An infinitely small quantity may be double, triple, qua- 
druple.... ofanother, and between such quantities any relations 
may exist, the determination of which is an essential object 
of the infinitesimal analysis. 
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If a and b be infinitely small quantities, and if the ratio 
of @ to b be also infinitely small, 5. is what is termed an infi- 
nitely small quantity of the second order. For example, the 
chord of an are of a circle being supposed infinitely small, the 
versed sine of the same arc is an infinitely small quantity of 
the second order, because the ratio of the versed sine to the 
chord is always the same as that of the chord to the diameter, 
and consequently becomes infinitely small at the same time as 
the second ratio, In like manner, if } be an infinitely small 
quantity of the second order, and if we suppose the ratio of 
¢ to 6 to be an infinitely small quantity of the first order, 
c will be an infinitely small quantity of the third order, and 
so on. Hence it follows, that a product composed of a num- 
ber x of infinitely small factors of the first order, must be 
ranged in the class of infinitely small quantities of the order 
n. The area of a surface infinitely small in all its dimensions, 
is at least an infinitely small quantity of the second order ; 
for it is less than the square of the longest line which can be 
drawn from one point to another of its outline, which & by 
hypothesis an infinitely small quantity. Likewise it is evi- 
dent, that a volume of which all the dimensions are infinitely 
small, is at least an infinitely small quantity of the third 
order, for it is less than the cube of the longest line drawn 
from one point to another of its superficies. 

This being premised, the fundamental principle of the infi- 
nitesimal calculus consists in this, that two finite quantities, 
which only differ from each other by an infinitely small 
quantity, must be considered as equal, since we cannot assign 
any inequality between them, however small. This is also 
true with respect to two infinitely small quantities of the first 
order, of which the difference is an infinitely small quantity of 
the second order, and in general two infinitely smal! quantities 
of any order whatever, which only differ from each other by 
an infinitely small quantity of a higher order, may be con- 
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These principles may be expressédin..@ different manner, 
by stating that in a calculation we are permitted to neglect, 
without any apprehension of altering the results, either infi- 
nitely small quantities added to finite quantities, or infinitely. 
small quantities of any order, which are added to those of an 
inferior order. 

13. dz, the differential of an independent variable 2, is an 
infinitely small increment ascribed: to this variable ; dy the 
differential of y a function of 2, is the corresponding increment 
of this function, reduced to the same order of magnitude as 
that of the independent variable, by the suppression of infi- 
nitely small quantities of a higher order; hence it follows, 
that this differential dy is always of the form xdx; x being 
another function of x. It may happen, that for some parti- 
cular values of #, the differential coefficient x becomes infi- 
nite, which will render the differential xdz ‘indeterminate ; 
but this case will not occur in mechanics. Let fx be 
a given function of x,¢ a constant arbitrary, and Far +4 ¢ 
the complete or indefinite integral of frdx. Let also a and b 
-be two given constants. If the constant ¢ be determined in 
such a manner, that this integral may be nothing, or com- 
mence when a = a, and if then @ be assumed equal to 6, the 
result rb — Fa will be what is termed the definite integral, 
taken between the limits 2 =a and a=}. We shall denote 


it by iV fed, agreeably to the very commodious notation 


proposed by Fourier ; consequently, we shall have 
* 


rb — Fa = (fede. 


If we assign to ~ an infinite number of values, increasing 
suceessively from a to } by infinitely small differences, and if 
these differences (whether equal or unequal) be assumed as the 
values of dz, it is easy to shew that the sum of all the values 
of the differential fadx will be equal to the definite integral 
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rb — Fa. In fact, if infinitely small quantities of an order 
higher than the first, be neglected, we have by the definition of 
the differential ; 

: F(a + dx) — rx = fede. 


Therefore if 8,, 8,, 83, ...6,, denote an infinite number of 
infinitely small quantities, such that ; 


8+0 +38, + seee fd, = ba; 
and if we take successively for x and dz, the pairs of values - 


aand 8, a+ 8, and 8, a+6,+6,and 8,..... b= Sn 
and 8,, there will result * 


F(a@+8,)—ra= fad, 
F@+h+8)—F@+a)=f(at8)&, 
F(a+0,+8,+8) —F(a+8, +8) = f(a + +8)8;, 


; Fb — Fb — 8) = f(b — &:) 83 
the sum of these equations is 

rb — va= fad: + f(a+8) d+f(a + 34 8) .35 

edema +P (0 —8:) 8:5 ‘ 

which expresses the theorem, that was proposed to be proved. 

When the function fx becomes infinite, between the two 
limits @ and 4, this demonstration does: not obtain, and the 
theorem fails. In this case of exception, which will not occur 
in this treatise, the definite integral has no connexion with 
the sum of the values of the differential, and it may be ne- 
gative when all these values are positive, or. positive when 
they are all negative. In order then to make this theorem 
obtain, we should take care, that fx does not become infinite 
between 2 =a and x =8, by causing the variable x to pass 
from the first to the second of these limits, through a series of 
imaginary values(d). 

The preceding theorem may be extended without difficulty 
to multiple integrals. Thus for example, if f (zy) be a given 
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function of two independent variables a and y, and. if we 
assign to these variables successively, series of values in- 
creasing by infinitely small differences, and if at the same 
time we assume the differences between the consecutive values 
of x to be equal to dz, and those of the consecutive values of 
‘y to be equal to dy, the sum of all the values of f(x, y) dxdy, 


will be the integral {f F (x,y) dedy, taken between suitable 
limits. 

14. When the function fx contains a quantity a that has 
been considered as constant during the course of the integration, 


the value of the integral fede will be itself a function of a. 


Questions occur, in which this integral not being known ina 
finite form, it will be nevertheless necessary to determine its dif- 
ferential with respect-to a. Now, in this operation, two: dif- 
ferent cases present themselves, according as the limits a and - 
b are independent of a, or depend on it in some way. In the 
first case, it will be sufficient to difference fx with respect to a, 
under the sign §, so that we shall have 


b 
a. fede b df an 
da ~Ja da . 





In fact, it follows from the theorem of the preceding num- 
ber; that the first member of this equation is the differential 
coefficient with respect to a of the sum of the values of fedx 
comprised between z=@ and x=); while the second member 
is the sum of the values between the same limits, of the dif- 
ferential coefficient of firde taken relatively to a, and it is 
evident, that these two sums are identically the same. In 
the second case, when a becomes a + da, the limit 6 becomes 


b+ . da, and on this account, the sum of the values of frdz, 


or the integral ? fedx is increased by the value of fxdr, + 


i) : INTRODUCTION. 


which answers tox = b, and dex F de, that i is to say,” of 


pe a ats at the same time, the limit a is changed into 


a+ ae A diminishes this ae by the value of rdw, 


corresponding to z= a@ and dx = a had or of, LG = da; there- 


fore, on account of the simultaneous variation ‘of ee two limits 
a and b, produced by that ofa, the integtabswill bé increased 
by the differential 


“(db da 
(@ Sb -— a da, 
and its differential coefficient with respect to a, by this coeffi- 


cient of da, Consequently, by adding it to the second mem~ 
ber of the preceding equation, we shall have 


as’ ‘ett Le 4 gy tt 2 


for the complete value of the differential coefficient of fide. 


When a does not occur in fr, if this quantity be one of the 
two limits i ora, and if these two limits do not depend the 
one on the other, this expression will be reduced to 


a. fede a) foae 
at ee 


which is, otherwise, evident of itself. 

Similar remarks are applicable to multiple ‘integrals, of 
which the differential coefficients with respect to a quantity 
which in the first instance is considered as constant, may like- 
wise be obtained, by differentiating under the signs of inte- 
gration, and by adding to the result the terms which depend 
on the variations of the limits, when they are functions of this 

“ quantity considered as variable. 


INTRODUCEION- 


15. ‘The integral calculus furnishes:rules which enable us 
to determine either exactly, or by approximation, thé nume- 
rical values of definite integrals, whether simple.or multiple 5 
so. that a problem is considered to be resolved, when we. are - 
enabled to express the unknown quantities by integrals of this 
nature. The problem is. then said to be reduced to quadra- 
tures, because on the one hand, a multiple integral is nothing 
else than a ‘simple integral severak times repeated, and also 


because on the other, an integral such as Vv edu may always 


be represented by a square equal to the area of the plane curve, 
in which w and fx are'the coordinates of any point whatever, 
and a and b the abscissz of the extreme points. _ 

Among the different formule which are in use for deter- 
mining the approximate values of this integral () fear, we, 
will cite the following, in whiich it is assumed that thé fictions 
fe and € do not become infinite between the limits a and}. 


Retaining the preceding notation, and moreover making 
se aft’; of = fe", &e. 


If the differences 81, 825 835 &c. are not infinitely small, 
but only very small, when they are all equal and represented 
respectively by 8, we shall have by Taylor’s theorem °- 

F(a.+8)=Fa+dfat+ sofa + &e. 
F(a+28)= Fa@t+ D+ (a +8 448/484 &. 
B (a 4-38) = F (a+ 28) F8f(a4- 28) + £8 '(a + 28) + &e. 
F(a + 7d)= F(a + (0d — 8) + of(a +.nd—8) 

+ 48a + nd — 8) + &e. at 

Therefore, if we suppose n= b— @, we ‘shall have, by 


taking the sum of these equations, 
: D 
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Fb — Fa = 8. 3f(a +78) +48. sf" (a +78) 
— EPR. G@+i8) 4+ &e. : us 

7 being an integer number or cypher, and the characteristics 
= denoting the sums which extend to the 2 values of i; taken 
between ¢ = 0 and i=n—1. If we assume fr and fx’; fe’ 
and fx’, &e. successively, in-place of rx and fx, we shall 
likewise have : + 

fb f= = O3/"(a + 18) + 3 8. Shia +: 8) 44 &e., 

5. ff} fax sEf ay ®) Bers: 
This Being r established, if- we wish té neglect powers of 
8 higher than the square, in the value of rb — ra, we can, by 
méiths of the preceding equations, assume — , 


SPS f(a #8) = 33(f) — fat) — LPP ~ fo), 
bP SP" (a +) = 1H (fa), 
for the values of its two last terms; its entire value will con- 
sequently become’ 
rb— ra = SE fla +18) 443(fo— fa) — — 1 —-So, 


or which is the same thing(e), : 


= fede = 8 [3 fa+sf(a+ 8) +f(a+28)...0. 
SG +28 — 8) + 5/0] ~ 8? (Pb — fa). 


This pies ‘will be more exact according as the differ- 


ence 6, or — “(6 ~ a), is less, and as the values of fe vary less, 


rapidly between the limits a and b. For.the most part we. 
can neglect the term depending on’ §*; the formula will then 
only contain the values of J, which may be ‘given in num- 
bers, although the form of this function is not known. 

16. In the theory of infinitely small quantities, curves are 
treated as polygons, which consist of an infinite number of 
infinitely small sides. This implies that the chord of an in- 
finitely. small are is equal to this are, or that we can assume 
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the ratio of their respective lengths to be equal to unity; 
which can be plainly demonstrated in the ‘following manner. 
Let mmm’ m’ (fig. 3) be an infinitely small are of a curve, let 
the chords mm, mm’, m’m’, be drawn, and let the third ' be” 
produced to meet mt the production of the first, in a point K. 
The are mm’ is greater than the chord mm’, and less than the 
line mK -+- Km’; therefore, af we prove that this line and this 
chord, when infinitely small, differ only, yy,an infinitely small 
quantity of a higher order, and that consequently “we’'can 
assume their ratio to be equal to unity, it will follow a fortiori, 
that the ratio of the are mm’ to its chord, is that of equality. 
Now if in the are mmm’, there does not exist any singular 
point in which the direction of the curve changes abruptly, 
chords drawn from oné of its points to two other will contain 
an angle differing from two tight angles by an infinitely small 
quantity. Conséquently the angle qx’. the supplement of 
mxw’ will be an infinitely small quantity, denoting it by 8, 
and moreover, making, 
mk =a, m’K = b, mm'= ¢, 
we shall have in the triangle mkm’, the equation 
ec = a? + 3? 4 2ab cos 8, 
which can be converted into : 
c= (a + by? — 4ab.sin? $8, 

(because cos § = 1 — 2sin? 58). — 
Consequently we shall have 

Lue es. “4ab . 94 

apap eee inde 
which expresses the square of the ratio of the chord mm’ to the 
line mk -+- Km’. Moreover as 


aeons! (8) 


it follows that the coefficient of sin? $8, can never become in- 
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finite, because it is always less than-udity. Therefore, if we 
neglect infinitely small quantities of the second order, the 
ratio of ¢ to a + 6 will be always expressed by unity. 

17. Considering a curve as an infinitesimal polygon, the 
tangents will be the productions of the infinitely small sides ; 
at the point m, where the side is mm, the tangent will be the 
indefinite line T‘mmr. If x, y, x, denote the three rectangu- 
lar coordinates of the point m, those of the point m will be 
a+dx, y+dy, z+dz. If ds denotes the’ element of the 
curve, i, e: its side mm, the differentials dr, dy, dz, will be its 
projections on the axes of x,y, 2; consequently, if a, B, y, 
be the three angles which the direction of the line mr makes 
with lines parallel to these axe respectively, drawn Pier 
the point m, we have 

cos a = &, cos B= cos y =, mrad) 
and likewise at the same time, ‘ 
da? + dy? 4+ dz*= ds*. 

Assuming on the curve cMmm’m’ a fixed point c, and 
supposing that s denotes the arc cm reckoned from this origin, 
this are can be considered as the independent variable ; con- 
sequently z,y, x, will be given functions of. s, ‘depending on 
the equations of the curve. In this case, ds will be positive, 
but dz, dy, dz, and consequently cos a, cos 8, cos y, may be 
either positive or negative. The angles a, 6, y, always refer to 
mr the production of the side mm, or to the part mmt of the 
tangent, the angles relatively to the other part m1’ will be the 
supplements of a, 8, y, (No. 7.). As the direction of the 
tangent at the point m is determined by equations (1), we can 
deduce from them also the equation of the normal plane at 
this same point; but this equation may be directly obtained 
in the following manner. Let & denote the radius of a sphere, 
the centre of which is at the point m, its equation will be 


(2 + —yP + — PSR; 
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2’, y's 2, denoting the coordinates stp other extremity of 
the radius &. The equation of the sphere having the same 
radius, and of which the centre is at the point ‘m, may be 
deduced from this, by substituting « + da, y+ dy, 2+ dz, 
in place of x, y, 2; and if we subtract one of these equations 
from the other, we shall have, by neglecting infinitely small 
quantities of the seond arder(f), : 
(x! — 2) dx +(y! — y) dy t (Bde 293. 

which is the equation for the intersection of two spherical 
surfaces. As it is the equation of a plane of which 2’, y’, 2’, 
are the coordinates, it will be that of the plane of this curve, 
and consequently the required equation of the normal plane, ; 
because the intersection of these two spheres is a circle per- 
pendicular to the line rr’ which passes through their centres M 
and m. : 7 en . 

If we divide this equation by-ds, ‘and then stibstitute for 
dx dy : 
ds’ ds’ 

(a! — x) cosa + (y’ — y) 008 B + (2' — 2) cos y = 0. 
Therefore if 


a(x’ — x) +b(y'—9) +e@~2) 5% 


= their values given by equation (1), it will become 


represents the equation of a plane drawn ‘through a point of © 
which the coordinates are x,y, 2, and perpendicular to the 
line of which the direction is determined by the angles a, Bay 
it must coincide with the preceding; this requires that we 
should have oe a 


azh.cosa, boheosP, ecxheosy, 


h being an indeterminate factor. Moreover from: equation (1) . 
of No. 6, we can infer ae So 


CLP ECX PB; 


by means of which we are enabled to determine the value of 
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h in every particular, with the aa a of the sign. Hence 
then there results on 


, 4. He 
csa=’, “cos B=?, ony = 55 © 


which coincides with those known formule’ by means of which 
the direction of a perpendicular to a given plane can be de- 
termined. The reason why the sign of A is undetermined, is 
because the plane has two sides, and the angles a B, > may 
refer to this line considered’ indifferently. as’ existing on one 
side or the other, ~~. 

18. The angle of contact is the indefinitely small angle 
contained between two consecutive tangents. Thus if mm 
and mm’ (fig. 4) be consecutive sides of the curve, this angle 
at the point m is the supplement of mmm’, or the angle 
Tmt, made by the tangent Tmé and the consecutive one mm’t. 
If we denote it by 8, and suppose that the angles a, By y, 
refer always to the direction of mr, and ‘if a’, 8’, y’, denote 
what they become with’ respect ‘to the direotion’ of mt, “we 
shall have in virtue of equation (2) of No.9, 


sin? 3 = 1 — (cosa cosa’ + cos (3 cos ’ +- cos y cos y’)®. 
Likewise by Taylor’s theorem we have 
cos a’ = cos a + d.cos a + }.d? cosa + &e.,: 
cos 93’ = cos B + d.cosB + }.d? cos B + &e., 
cos Y= cos y + d.cos y + 4.d? cosy + &. 


Now, if we substitute these values in those of sin? §, and if 
we take into account the equation 


‘  @08? a ++ cos? B + cos? y = 1, 
and its differential 
cosa.d.cosa + cos 8.d.cos 8 + cos y.d.cos y.== 0, 


it is apparent that the finite quantities, and also the infinitely 
small quantities of the first order mutually destroy each other, 
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hence, therefore, if we neglect infiritelg. small quantities of 
a higher order than the second, we shall have 
sin? S = — (cos ad’. cosa + cos Bd”. cos B ++ cos #008 7); 
9) 
Moreover, if the preceding equation be differentiated, we 
shall obtain ; 2% : : 
cos ad? cos a -+ cos Bd*..cos B + cos yd®. cos y 
+ (d. cos a)? + (d. 008 B)* + (cosy)? = 0, we, 
hence the preceding value of sin’ 3 will become 
sin? § = (d.cos a)? + (d.cos B)? + (d.cos y)* 
and this will be also the value of 8%, because the infinitely 
small are is equal to its sine. : 
"The differentials of. cosa, cos B, cos y,.may be deduced © 
from formula: (1) of fhe preceditig ntmber.-, For. if the in- 
dependent variable be not specified, we shall have 
ee ee ds*. Px — dx.ds as 
spas ds® : 
and as we have 
dst= da? + dy + dz’, 
dsds = dx dx + dy Py + dz @z, 


consequently there results(#) 


d.cosa= oy (dyd?x — ded?y) hai (dePa — ded?z) 5 
ds as® 
and in like manner 
d.cos B = sa (day — dy@x) + 75 (dzd*y —.dyd?z), 
ds’ ds* 
cosy =e (ded?2— dete) + Y, (dyd?2 — dedy) 3 
2 Y= as & : ds? ye eaey)s 
now, if we take the sums of the squares of these three vari- 


ables, after some reductions, we shall find that the expression 
ot 29 an 8 may he exhibited under the form(z) 
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= pi l(ded’y - dyd*e)? + (dade — dad") 
+ (dyd?z — dadty)), 7 

The osculating circle is that which has two consecutive 
sides common with the curve, consequently at the point M, this 
circle is that which passes through the three points mM, m,m’, 
therefore the centre is at o the intersection of two perpendi- 
culars to Mm and mm’ in the plane of these two consecutive 
elements raised at their -points of bisection, and. its radius is the 
right line mo. If these ‘two elements ‘be supposed to. be 
equal, this ‘line will bisect the angle mmm’: | and we may 
assume this to be the case, without any apprehension that the 
value of mo will be altered; for it is easy to be assured that 
the numcrical ratio of the two infinitely small sides mm and mm/ 
can only affect the magnitude of this radius by an infinitely 
small quantity, and it is consequently the same, whether the 
two consccutive sides be assumed to be equal or unequal. 
Denoting the length of the sides mm by ds, and that of the 
radius mo by p, the projection of pon mm will be Ads 3 80 
that we shall have 

dds = pcos Mmo 3 
and because this angle mmo is half the supplement of 8, or 
equal to 4a — 36, there will result 
3ds = p sin 38 = Ipd, 

the are 33 being substituted in place of its sine. 

This being established, if the value of the radius of cur- 
vature was known in any other manner, we would have 


é= ae 
Pp 
for the value of the angle of contact ; and conversely, from the 
preceding value of 8, which has been given above, there would 
result that of p 
_ ds* 
c= [ (dad?y — dyd’z) + (ded?x— dade Pt (dyd?z ~ded?y) 5" 
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19. In order to have a complete kxgmledge of the nature of 
the curve at any point M, its osculating p¥ime,ghould be also 
determined, that is, the plane of the two consecutive sides mm 
and mm’. If this plane passes through the point m, its equa- 
tion may be represented by 

A (a! a) +BY’ —y) $o(/—2) 05 


v', y’, 2 being any coordinates whatever, and Yan it must 
pass throngh the points m and m’, the first and second differ 
entials of this equation, namely, 


ada’ 4+- ady’ + cdz'= 0, 
, ada! + bd?y’ + cd?z'= 0, 
must be satisfied like the equation itself, by making x’ = 2, 
y=%, 2/2; 80 that we shall have 
nde + ady + cde = =0,- 
ad?x 4+ nd’y + cd®z = 0. 
The values of a,B,c, which satisfy these two conditions 
are, as may be easily verified(’), 
c = (ded®y — dyd*x), 
Bx D(dzd°u — dzd’z), 
Az D (dyd®z ~ dzd’y); 
p being an indeterminate factor. By substituting them in the 


equation of the osculating plane, and then suppressing the 
factor which is common to all its terms, it becomes 


(2/— 2) (dad?y — dyd?x) + (y! — y) (dzd?x — ded?z) 
+ (2! — 2) (dyd?z ~ dzd?y) = 0. 


Naming A,,,, the angles that the normal to the osculating 
plane makes with the parallels to the axes of x,y,z, drawn 


through the point mM, we shall have by means of equations (2) 
of No. 17, 
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1 
cos = i (dyd?z — dzd*y), 


cos = (ded — dxd’z), (3) 


i 
| 
| 
4 
{ 

ee, | 
cosy = 7 (ded*y — dyd*x), 


1? denoting the sum of the squares of the three numerators. 

The infinitely small angle contained between two conse- 
cutive normals, which is the angle between two consecutive 
osculating planes, can be determined in the same manner as 
the angle between two tangents has been already determined. 
If we denote it by e, by a method similar to that employed in 
the preceding number, we shall have > 

e&= (d. cos)? + (d.. cos x)? + (d. cos v). 

20. As the centre of curvature exists at the same time on 
the osculating plane, and on the intersection of two conse- 
cutive normal planes, we are enabled to determine its coordi- 
nates by means of the cquations of these three planes, which 
now we can consider as known. 

The equation of the normal plane at m being (Ne. 17) 

(a! — 2) dv +(y'—9) dy + (2'— 2) d2 =0, 
that of the consecutive plane may be deduced from it, by sub- 
stituting a + dx, y + dy, z-+-dz, in place of z,y,2; conse- 
quently, the differential of the equation of the first of these 
two planes taken with respect to x,y, 2, namely, 
(a! — x) Bat (y’— y) @y +(e’ —-) @z = ds’, 
will be that of their intersection. 

From these two equations, we infer(2) 

(2! — #) (dad?y — dyd?x) = (z'— 2) (dyd?z — dzd?y) — ds’dy, 
(y' — y) (dyd?x — dad?y) = (2! — 2) (dad?z — dzd?a) — ds°dx; 


and by means of the equation of the osculating plane, there 
results 
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2 
ozs + (dy (dyd?z — dzd*y) — da (dzd?x — dud*z)), 
p denoting, in order to abridge, the same expression as in 
No. 18. We can obtain in the same manner 


yy a (dx (dzd?y — dyd?x) — dz (dyd*z — dzd*y)], 


2 
ves oa [dz (dzd?x — dxd*z) — dy (dud*y — dyd?x)]; 


hence the three coordinates 2’,y’,2’, of o the centre of the 
curve may be known, and, consequently, the direction of the 
curvature of which the radius of the osculating circle only de- 
termines the magnitude. If the squares of these valucs of 
a/— a, y/—y, 2/—2, be added together, we shall obtain, 
after all reductions(m), ; 
(a! ~ x+y! — yP + @ — 2) = p*s 

hence it follows that the quantity p is the distance of the point 
o from the point mM, or the radius of curvature Mo, us we know 
from other considerations. 

21. The formule given in the five preceding numbers, 
contain every thing which respects the direction and curvature 
of any line, cither of single or double curvature. With 
respect to any surface, we have also to consider its cur- 
vature, and the direction of the tangential plane. As to 
the curvature, the reader will find it fully discussed in the 
twenty-first volume of the Journal of the Polytechnic School, 
so that here we shall only concern ourselves with what res- 
pects the tangential plane and normal. At the point m, of 
which the coordinates are 2, y, z, the equation of the tangen- 
tial plane may be represented by 

a(v—a) tay’ -y) +e — 2) 205 
where 2’, y’,2’, are indeterminate coordinates. This plane 
must pass through a’ another point of the surface infinitely 
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near to M, consequently this equation-must be satisfied by 
making 2’ = 2 + dz, y’ = y+ dy; 2 z+ dz, or, its differ- 
ential taken relatively to 2‘, y’, 2’, must be true, when «@, y, z, 
are substituted in place of these variables. Therefore we shall 
have 
adx + Bdy + cdz = 0. 
The equation of the surface being 


dz = pde + qdy; 
in which p and g are known functions of 2, y, 2, the preceding 
becomes 
(a + pc) dz +- (3 + 9c) dy = 0; 

and as it must obtain for every direction which the line mm 
can' assume, and consequently for every relation which can 
subsist between dx and dy, the coefficients of each of these 
differentials must be separately equal to cypher; hence results 


Atpe=), B+qc= 0. 
If the values of 4 and 2 be deduced from these equations, 


and if they be then substituted in the equation of the tangen- 
tial plane, we shall have 


2/—2—p(2’—2)—qiy’—y) = 9. . 
If a, b, c, denote the angles, which the normal at the point 
m, makes with the productions of the coordinates z, y, z, we 
shall have by means of the equations (2) of No. 17, 











Pp 
cosa = — ——— 
VitPpre 
q 
cos b = — ee 4 
viepar {| © 
cose = — pests 





Vit Pee 


The radical will be positive or negative in these three for- 
mule, according as the part of the normal in question makes 
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an acute or obtuse angle ¢ with the line drawn through the 
the point M, in the positive direction of z. If w represents the 
element of the surface, of which the projection on the plane 
of a and y is dxdy, we shall have : 


dady = = wcosc, 


according as ¢ is acute or obtuse ; for this element, which is 
infinitely small in every direction, lies in the tangential plane, 
of which the angle c, or its supplement, is the inclination to 
the plane passing through w and y3 and the theorem of No. 
10 is true also in the ease of the projection of an infinitely 
small plane surface. Consequently from what has been just 
established, we have 


w = dedy VIF P+, , 
the sign of the radical being always considered as positive. If 
L be a given function of a, y, z, and if 
L=0, 


represents the equation of the surface, which we have con- 
sidered, we shall obtain, by differentiating it, successively 
witherespect to x and y 


du 
dx 





du du du 
+P7=% wy tla = 


If the values of p and q be determined by means of these 
equations, and then substituted in the equation of the tan- 
gential plane, it will assume the form 


d d d 
@/ -) EtG - NG te EHO 


At the same time, formule (4) become 


cosa = v 5, cosh eV cose =v, (5) 


in which equations, for the sake of abridging, we put 
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(a+ Q+@ 


22. We shall here make a remark that will be useful in 
verifying and in deducing from one another, formulz which 
refer to different axes. 

Suppose that in any question all things were alike with 
respect to the three axes of the coordinates x, y, z. If an equa- 
tion x = 0, obtains with respect to the axis of 2, a similar 
one y = 0 will have place for the axis of y, and likewise a 
third z = 0, for the axis of z, and these two last equations 
¥=0, z=0, may be inferred from x = 0, by simple changes 
of the letters x,y,z. The following is the manner in which 
these permutations are effected. 

In x let all quantities relative to the axis of x, be substi- 
tuted in place of the corresponding quantities which respect 
the axis of y, then substitute these quantitics instead of those 
which respect the axis of 2; and finally, these last in place of 
the first, which respect the axis of x. By this mutual per- 
mutation z is deduced from x; by a second permutation of 
the same nature effected on z, we shall obtain y, and by a 
third permutation effected on y, we shall light on the first 
equation x. For example, if these operations were instituted 
on equations (3) of No. 19, of which the first respects the 
axis of a, the second the axis of y, and the third the axis 
of z, let the coordinates x,y,z, and the angles A, y, v, which 
correspond to them respectively, be written down in the same 
line, but distributed into two classes; then in a second line 
lect these six quantities be also arranged into two classes, but 
in a different order, so that we may have 


2 Y,2%,  Aypyvs 

Zy2,Y, vy Ay Me 
This being done, in the first equation (3), let each of the 
quantities of the superior line be replaced by a corresponding 
quantity in the inferior line; it is evident that by this permu- 
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tation no change is produced in A, and the third equation (3) 
will be obtained. If now in this last, the quantities of the 
inferior line be substituted in place of those which correspond 
to them in the superior line, the second equation (3) will be 
given ; and by operating in the same manner on this equation, 
we shall arrive at the first equation (3), from which we set out. 

Each of these operations implies a change in the axes of 
the coordinates, # which we first make the axes of x and of y 
revolve in their plane, in such a manner that the axis of the 
positive zs may fall on the axis of the positive ys, then this 
last on the axis of the negative ws, and afterwards this axis 
of the positive ys thus displaced, and the axis of the positive 
zs are made to revolve in such a manner, that the first may 
fall on the axis of the positive zs, and this last on the primi- 
tive axis of the positive ws; so that, finally, each axis of the 
positive coordinates takes the place of another axis of the 
positive coordinates. It is on this account, that the equations 
relative to the three axes of the coordinates may be inferred 
the one from the other, by simple permutations of letters, and 
without any change of sign, which would not be the case, 
unless the three coordinates, and the quantities which relate | 
to them, were changed simultaneously, in the manner which 
has been pointed out. 

23. As the following general observation is of frequent oc- 
currence, it will be useful to advert to it here, at the conclusion 
of this introduction. The equations which will come under 
our observation will frequently contain abstract numbers, 
such as the number'z, logarithms, trigonometrical lines, &e. ; 
they will also contain other quantities of different natures, 
which will likewise be represented by numbers expressing 
their ratio to different units arbitrarily selected ; however each 
unit must be the same for all quantities of the same species. 
But, if the magnitude of one or more of these units be changed, 
the numbers which express corresponding quantities, will be 
changed in the inverse ratio of this magnitude ; notwithstand- 
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ing, however, this change, which is entirely arbitrary, the 
equations in which they. occur must still subsist. For this 
purpose, it is necessary that. their form should satisfy,certain 
conditions, which may be gasily verified in each particular 
case, and which, in the most extended acceptation, may be 
termed the conditions of the homogencity of quantities. Every 
equation that docs not satisfy these, will, on this sole account, 
be inaccurate, and ought to be rejected. 

Thus if r denotes a given function, and if 


FIGL oe BU vee mymy voce Bless )=5 (a), 


in which equation 7,7", .... denote forces, J,/’, .... lines, m,m’, 
++emasses, f,t’,..,. times, then if 2,2/,2”,2/", 00. represent 
abstract numbers, and if, at the same time, we ‘diminish the 
unit of force in the ratio of one to 2, the linear unit in the 
ratio of one to x’, the unit of mass in the ratio of one to 2”, 
the unit of time in the ratio of one ton”, the numbers if’, ... « 
UU, 1... my m’,.... tt,.... will become nf nf’,.... nl, 
WT, vo nin nm 66. n't, n't ...+5 and the equation (a) 
must still obtain, that is to say, we must still have 


» 








BM, NF, 0 MTT, were RM, NM, oe Nts Wt 0. =, ; 


whatever may the magnitudes of x, n/, x”, n’”. Ifthe equation 
(a) contains the surfaces s, s’,.... and the volumes v, v’,.... 
their dimensions must be referred to the same unit as the lines 
i,U,...., and these quantities will consequently become n”s, 
78’ 0 00. RPV, NP’, .... by the change of this unit. 

The equation of No. 18, which gives the value of p, evi- 
dently satisfies this condition ; for it only contains finite lines, 
or infinitely small quantities, p, ds, dx, dy, dz, dx, d’y,d’z; and 
when the linear unit is changed, and each of the lines is mul- 
tiplied, in the manner pointed out, by the same number a’, 
this number disappears, and so the equation will not be changed. 
The equation in the same number which expresses the value 
of 8°, also satisfies the condition of homogeneity, since 9? is 
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an abstract number. which like thig value, doeg not ‘change 
with the magnitude of the linear unit. It will be impossible 
for equation “(a) to contain only one quantity of the same 
species; wher! it contains bit two, for example two forces 
fand f’, if it be resolved with respect to one of them, we 
we shall have ; 
f= B(G4S4 oo FMM 9 0. B05 00 0e)s 
it is necessary in order to secure the homogeneity df these quan- 
tities, that should be a common factor to all the terms of the 
new function F, or in other words, we must have 
S=NS 
N being a factor which does not contain any quantity of the - 
same nature as f and f’, nor vary with the unit of forcef. 
Sometimes the principle of the homogeneity of quantities will 
appear not to have place, when there is taken for the uait of 
force, one of the forces which are considered in the’ question, 
or for the linear unit, the distance between two of the mate- 
rial points to which the question refers; or for the unit of 
mass that of one of the bodies of the problem, &c. But, then, 
if these units be arbitrarily changed, and if the force, the line, 
the mass, and time, which have been in the first place taken 
for units, be now expressed by ¢, A, pu, 9, the other quantities 
of these different species which occur in the equation (a) will 
id f ” fe 
become 4,F,.... pee ee a Brecses We must 
therefore have 
(ff “LU mm ee aor ¢ 
Par aa aaa alr ad fe ach 
which equation may be written 
Fi (Gof S races Nady Uy one tym m0 WEL, J, 
and this should now satisfy the condition of homogeneity : | 
¥, indicates here a function which, ‘in each case, may be.de- 
Anred fenm the oiven fimction F. ‘ 
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CHAPTER I. 


OF THE COMPOSITION AND EQUILIBRIUM OF FORCES 
APPLIED TO THE SAME POINT. 


24. WueEn a material point is subjected to the simultaneous 
“aftion of several forces which do not constitute an equilibrium, 
it moves in some determinate direction, and this motion with 
which the point is actuated, may be ascribed to an unique 
force acting in this direction. This force is termed the re- 
sultant of the forces which produce motion in the moveable, 
‘and these last are called the components of the first. If the re- 
sultant be applied to the point in a direction directly opposite 
to that in which it acts, it will constitute an equilibrium with 
the components, because it tends to impress on the moveable a 
motion equal and opposite to that which it would receive from 
the simultaneous action of the components, and there is no 
reason consequently why it should move in one direction(a) 
rather thanjn the other. If all the components act in the 
same direction and along the same right line, it follows from 
what has been stated in No. 5, about the measure of forces, 
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that the resultant is equal to their sum. If the point is so- 
licited by two forces directly. opposed -to each other, and if 
the greater be resolved into two others, of which one is equal 
to the less, this last will be destroyed, and what remains, 
namely, the excess of the greater above the less, will be the 
resultant. From these two propositions it follows, that if 
there be any number of components, of which some act in the 
direction of the same right line, and others in the opposite 
direction, the resultant will be equal to the sum. of those 
which act in one direction, minus the sum of those which act 
in the opposite direction, and it will act in the direction of 
the greater sum. When the two sums are equal, the resultant 
is cypher, and the given forces constitute an equilibrium. 

24. There is also another case in which the magnitude and 
direction of the resyjtant may be very easily determined. 

Let ma, mB, Mc, (fig. 5), be the directions of three equal 
forces applied to the point m; if these forces exist in the same 
plane, and if the three angles amp, Buc, CMA, are respec- 
tively equal to each other, or each to 120°; the point m will 
remain in equilibrio ; for there is no reason why it should de- 
viate from the plane in which the three forces act, nor why ity 
should move in one rather than in another of these three 
angles. Consequently, each of the three forces will be equal 
and opposite to the resultant of the other two. Now, if.on 
the directions ma and MB of two of the forces, the equal lines 
Me and Mu be taken to represent their intensities, and if the. 
rhombus ¢MHK be completed, the diagonal mx will fall on 
Mp the production of mc; the angle mex will be 60°, as will 
also be each of the other angles of the same triangle, which 
will be equilateral; hence we shall have mK = Me; conse- 
quently mx, the diagonal of the rhombus constructed on the 
two forces mc and Mu, represents the resultant of these two 
forces in magnitude and direction. 

This proposition is contained in another, which we now 
proceed to demonstrate in the case of twa eaual farees. the 
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directions of which make any angle whatever witheach other, and 
which we shall. afterwards extend to the ease of unequal forces. 

26. The resultant of two equal forces always divides the 
angle comprised between their directions into two equal parts ; 
for there is no reason why it should be nearer to one of these 
two forces than to the other, nor why its direction should de- 
viate from their plane on one side, rather than on the other; 
therefore,-as its direction is known, it is only necessary for us 
to determine its magnitude. 

For this purpose, let ma and mp (fig. 6) be the directions 
of the components, and let p denote their common value. 
Likewise let the angle amp be represented by 2a, and let mp 
be the direction of the resultant, so that we may have amp 
=BMp = 2. Its intensity depends solely on the quantities P 
and x; therefore, if it be denoted by R, we shall have 

R= Sf(P, x). 

In this equation, r and P are the only quantities of which 
the numerical expression varies with the unit of force; by the 
principle of the homogeneity of quantities (No. 23), the func- 
tion f(P, x) must therefore be of the form r¢z. Hence we 
have ‘ 

Ro Por; 
and the question is reduced to the determination of the form 
of the function gz. . 

For this purpose, let the four lines ma’, ma”, MB‘, MB’, 
be drawn arbitrarily through the point m, so that the four 
angles a’ma, a’MA,B/MB, B’MB, may be equal to each other, 
and respectively represented by z. Let the force Pp acting in 
the direction ma, be decomposed into two equal forces, acting 
in the directions ma’, Ma”, that is to say, let the force p be re- 
garded as the resultant of two equal forces of which the value 
is unknown, and which act in the directions Ma’, MA”; if this 
value be derioted by @ we shall have ; 


P= Qgz 
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for the same relation must exist between the quantities P, a, 2, 
as between the quantities R,P,2. Likewise the force P acting 
in the direction ms, may be decomposed into two ‘forces 
respectively equal to a, and acting in the directions mp’ and 
mB”; in this manner the two forces P will be replaced by the 
four forces Q ; consequently, the resultant of these last ought 
to coincide in magnitude and direction with the force R, 
which is the resultant of the two forces P. Now, if 9’ de- 
notes the resultant of the two forces q, which“act in the 
respective directions ma’ and mB’, ‘this force will act in the 
direction mp, and since a’mD = B/MD == a — 2, we Shall have 


* @/=0¢(# —2). 
In like manner, the resultant of the two other forces q 
will act in the direction mp, since this line also divides the 
angle ams" into two equal parts ; and because a”Mp = B’MD 
= @ +2, we shall have 
a” = a¢(e+2); 
Q” denoting this second resultant. As the two forces q’ and 
Q” act in the direction of the same right line mp, their re- 
sultant, which is likewise that pf the four forces Q, must be 
equal to their sum ; consequently we must have 
R= Q/+ 9% 
But we have already 
R= Pox = Qgagpu; 
and by substituting this value of n and those of q’ and Q” in 
the preceding equation, there results, by suppressing | the factor 
Q, which is common to all the terms, 
oxge = o(e@ +s) ++9(e— 2). dd) 
This is the equation which must be resolved in order to obtain 
the expression of gz. 
27. It is evident that it may be satisfied by assuming 


px = 2 cos ax; 
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a@ being a constant arbitrary, so that we may have at the 
same time, 
gz = 2 cos az, 
$ (+s) =2c0sa (w+ 2), 
¢@ (@ — 2) = 2cosa (x — 2); 
and, in fact, if these values be substituted in eration Os ; 
there results the known equation,.-° 


2 cos ax cos az = cosa (x 4-2) + cosa(x — 2x). 


Now it is to be remarked, that this expression of the fune- 
tion gx is the only one which satisfies equation (1), and more- 
over, that in the present question, the constant quantity a is 
unity ; so that we have 


gx = 2 cosx. . (2) 

This is evident when « = 0; for then the directions of the 
two forces coincide, and the resultant R is equal to 2P, which 
implies that ga = 2. 

If we admit that there is another value such as a of x, for 
which we have also ga = 2cosa; then equation (2) will like- 
wise subsist for all values 2a, 3a, 4a,.... 4a, fa, $a, -.-.0fx, 
and generally for 

- “ 

c= e 3 (3) 
m and » being any whole numbers whatever. In fact, if 
equation (2) is true for the three angles x, 2, « — x, so that we 
have 

gu = 2eos2, gzs=2cosz, o(%—z) = 2c0s(x — 2), 

it will be also true for a fourth angle x +2; for, in virtue of 
equation (1), we shall then have 


(a+ 2) = 4cos x cos z — 2 cos (x — z); 
which equation may be reduced to - 
¢ (a@+2) =2cos(# +2). 
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Thus, as equation (2) obtains for z = 0 and x — a, it fol- 
lows that it subsists for # = 2a, and as it obtains for 2 = @ 
and 2 = 2a, it will also subsist-for « — 3a; by continuing in 
this manner, it appears that it will obtain generally for « = ma, 

Now if we make ma — B, we shall have 


$B = 2 cos B; 
from which it follows that equation (2) will likewise obtain for 
= 4, for assuming x = x = 33, equation (1) will become 
(g48) = 2 cos B+. 2; 
consequently we shall have(b) : 


#28 = 2 cos $B. 


If in the next place, we make x = z = 43, we shall have 
by equation (1) and this last, 


(P18? = 2cos38 +2, 918 =2c08 1B; 


and by continuing in this mamner, equation (2) will be de- 
monstrated for z= g » that is to say, for all values of x com- 


prised in formula (3). 

Now, as the numbers m and 2 may be rendered as great 
as we please, and-may even become infinite, these values of 
x may be made to increase by infinitely small quantities. 
Therefore formula (3) embraces all possible values of the 
angle x, and equation (2) is ¢ompletely demonstrated, pro- 
vided it is true for a particular value a = a, different from 
zero. Now by the theorem of No. 25, the resultant r is equal 
to P, in the case of x = 60°; therefore in this case we have 


“px == 1 = 2 cos 60°; 
hence equation (2) obtains for « = 60°, and consequently for 


all values of a. 
28. By means of this equation we shall have 


R= 2Pecosz. 
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Hence if the resultant x and the two components P are 
represented, as in No. 25, by lines taken in their respective 
directions, reckoning from their point of application, the force 
R will be equal 10 twice the projection of P on its direction, or ~ 
equal to the diagonal of the rhombus constructed on the two 
forces P, ‘ 

Now let two unequal forces Pp and @ be applied to the 
point m (fig. 7) in the directions Ma and wp, also let their in- 
tensities be represented by the lines mc and mu, taken in 
their respective directions, and let the parallellogram mMeuk 
be completed; there are two cases to be considered, first, 
when the angle ams is a right angle, and, secondly, when it 
is acute or obtuse. In the first case, let the two diagonals 
mx and GH be drawn intersecting in the point L; and through 
the points c and u, let Gn and Ho be drawn parallel to ML, 
meeting in N and o, the line drawn through the point » 
parallel to au. mx and eu bisect each other at the point L, 
and since in a rectangle the two diagonals are equal, we have 


GL = LH = LM. 


Hence each of the parallellograms GLMN, HLMo is a rhombus, 
consequently it follows from the preceding proposition that 
the force Mc may be considered as the resultant of the two 
forces MN and ML, and the force mu, as the resultant of mo 
and mu. Therefore, if instead of the two given forces there 
be substituted their components, we shall have for mu and 
me the two forces mn and Mo (which since they are equal 
and opposite, they mutually destroy each other) and the two 
forces mL, which added together give a resultant represented 
in magnitude and direction by the diagonal mx. In the 
second case, let Gz and uF be drawn through the points « 
and H, perpendicular to the diagonal mx (fig. 8,) and the lines 
ew and Ho parallel to this diagonal ; likewise let smo be drawn 
through the point m perpendicular to the same line. The two 
parallellograms Gemwn and HFMo will be rectangles, and their 
G _~ 
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sides MN and mo will be equal,.as being the altitudes of the 
two equal triangles cM and HMK. By the first case, we can 
replace the forces me and mu by their rectangular components 
ME and MN, MF and Mo; therefore, in place of the two given 
forces we shall have the two forces mn and Mo, which destroy 
each other, as being equal and opposite, and the two forces 
ME and mr acting in the same direction, which being added 
together will give (because mz = FK) a resultant expressed 
in magnitude and direction by the diagonal mx. . Hence we 
may conclude generally, that the resultant of any two forces 
whatever, applied tothe same point and represented by lines 
taken on their directions, reckoning from this point, is repre- 
sented in magnitude and direction by the diagonal of the 
parallellogram constructed on the two given forces. 

29. The following consequences may be immediately de- 
duced from this theorem. 4 

In the first place, it appears that all questions which can 
be proposed relatively to the composition of two forces into 
one or relatively to the decomposition of one force into two 
others, are reduced to the resolution of a triangle. In fact, 
the magnitudes of the resultant and of the two components 
are represented by the three sides Mk, MG, GK; of the triangle 
mex ; and the three angles of this triangle are those which 
the resultant makes with each of the components and the 
supplement of the angle comprised between the components. 
It follows therefore, that any‘three of these six quantities, 
namely, the three forces and the three angles comprised 
between their directions, being given, the three remaining 
quantities may be found by the resolution of the triangle 
MGx; this, however, supposes that in the tiumber of data, 
there is one force at least. For example, let p and q be the 
values of the two components, and m the angle contained 
between their directions ; it is required to determine their re- 
sultant r and z the angle which it makes with the force Pp. 
In the first place, we have the equation 
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Rn? = P? + Q?-+4 2PQ cos m, 
by means of which the value of r can be determined ; and that 
of % can be deduced from the proportion 
* . Sin i sin mi3Q:R. 

If the three forces P, Q, S, applied to the same point mM, 
(fig. 9,) in the directions ma, MB, mc, are in equilibrio, each 
of these forces must be equal and directly opposite to the re- 
sultant of the two others ; and as this resultant exists in the 
plane of these two forces, it follows that these three forces 
must also exist in the same plane. Let mp be the production 
of mc; the resultant of p and Q will act in the direction of MD, 
and if it be represented by rn, we shall have R=s. More- 
over, if the force R be compared with each of its components, 
we have, agreeably to what is stated above, 


R!Q!: sin AMB: sin AMD, 
RiP: sin AMB: sin BMD; 
and since 
sin AMD = Sin AMC, sin BMD = sin BMC, 
there results 
8:Q:P:: sin AMB: sin AMC: sin BMC ; 
this shows that when three forces are in equilibrio about the 
same point, the magnitude of each of them may be represented 
by the sine of the angle comprised between the deesians of 
the other two. 
If from o, a point assumed on the direction of the resultant 
R, or on its production, the perpendiculars oz and or be let 


fall on the directions of the components Pp and @; we shall 
have 


OE = MO Sin AMD, OF = Mo sin BMD. 


If, therefore, the two last terms of the proportion * 


P:Q:: sin BMD: sin AMD, 
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be multiplied Heise there will result 
1QtroFroR; 


from which it appears that the components are in the inverse 
ratio of perpendiculars let fall on their directions, from any 
point in the direction of the resultant. Conversely, if the 
components P and @ are in the inverse ratio of ox and or, per- 
pendiculars let fall on their directions, from any point o taken 
in their plane, this point will exist on the direction of the re- 
sultant ; for if the two last terms of the last proportion be 
divided by Mo, the preceding will be obtained, which deter- 
mines this direction. . 

30. The resultant of two forces being known, it is easy to 
deduce that of any number of forces applied to the same point 
and situated, or not, in the same plane. First, the resultant 
of two of these forces is taken, then this resultant is com- 
pounded with a third force, this will give a second resultant, 
which is compounded in the same manner with a fourth force, 
and so on, until all the given forces are exhausted. In this 
construction it is easy to perceive, that if the magnitudes of 
all the forces are represented by the sides of a portion of a 
polygon parallel to their respective directions, and traced in 
the direction of their actions, the resultant will be represented 
in magnitude and direction by the line which connects its two 
extreme points, and consequently closes the polygon. I+-is 
indifferent in what order the sides parallel to the forces succeed 
each other. When the polygon is closed of itself, the resultant 
vanishes, and the given forces constitute an equilibrium. 

Hence it follows, that when there are but. three forces 
which do not exist in the same plane, their resultant is repre- 
sented in magnitude-and direction by the diagonal of a paral- 
lelopiped, of which the three forces constitute the adjacent 
sides. 

31. This reduction of any number of forces to one, may 
be effected in a simpler manner, by considering, first, the par- 
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ticular case of three rectangular forces, té Which the sitet: 
case may then be reduced. 

Let x, y, z be the three components, R théir sextant, 
a, b, ¢ the angles which it makes with x, y, z. From what 
has been already observed, n is evidently the diagonal of a 
parallelopiped of which x, y, z are the three adjacent sides, 
now as this parallelopiped is rectangular, it follows that 

“pe x2 ey? 27, ps (a) 

It likewise follows that if the extremity of the diagonal x be ; 
joined to those of the three sides x, y, z, three right angled 


triangles will be formed, of which x will be the common 
hypothenuse ; hence we have 


X= R cosa, Y= R cos b, Z= RK COB} (b) 


which equations agree with the preceding, ‘for thé three 
angles a, b, ¢ are connected by the-equstion (No. 6.) 
cos? a+ .cos* 5 + costc = 1. 

When the components x, ¥, z are given, equation (a) deter- 
mines the value of the resultant, and equations (b). determine 
the direction, by means of the three angles a, b,c; if, on the 
other hand, the force x is given, and it is required to decom- 
pose it, into three rectangular forces x, Y, z, which make with 
it the given angles a,},c, the values of the required forees 
will he immediately determined*by means of equation (b). 
If one of the components, the force z for example, vanishes, 
R is then only the resultant of two forces x and Y; it exists in 
their plane, and its direction depends solely on the two 
angles a and b. These angles and the value of x are then 
determined by the equations 


R= W+y¥, x= R cosa, Y= ROS bd. 

32. Let us now suppose that m (fig. 1) is the point of 
application of any number of given forces. Let these forces: 
be represented by P, P’, Pp”, &c., and for greater clearness, let 
the line mp be the direction of the force r. It is unsecessary 
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to indicate the directions of the other forces in the figure. 
Let a, 8, y be the angles which the direction mp makes with 
the three rectangular axes MA, MB, Mc, drawn arbitrarily 
through the point m. Likewise let a’, 8’, y’ be the angles 
which the force r’ makes with the same axes, a”, BY ys 
those which correspond to the force P”’, &c. All these angles 
are given, and are supposed to include every angle from zero 
to 180° (No. 7), in order that the forces P, Pp’, P”, &c., may 
have all possible positions about the point m. If each of these 
forces be resolved into three others in the direction of the 
axes MA, MB, MC; the components of the force P will be 
P cos a, P cos (3, P cosy ; those of the force P’ will be P’ cos a’, 
P’ cos 3’, P’ cos y’, &c.; and these components will act in the 
direction of the axes or of their productions, according as they 
are positive or negative. For example, as the direction mp 
falls like the axis mc above ams, the plane of the two other 
axes, the component P cos y of the force P tends to elevate 
the point m, that is to say, it acts in the direction uc 3 and 
in this case P cosy is a positive quantity, because y is less 
than 90°. On the contrary, if this direction mp falls below 
the plane ams, we would have y> 90°; and the component 
P cos y will be negative, and, at the same time, it will tend 
to depress the point m, that is to say, it will act along the 
production of mc. Therefore, taking into account the signs 
of the components, it appears from what has been stated in 
No. 24, that all forces acting in the direction of the same 
axis and its production, are reduced to one sole force, equal to 
their difference. 

In this manner the given forces P, P’, P”, &c., may be 
replaced by three rectangular forces; and if these last be de- 
noted by x, ¥, z we shall have 


X = P cosa + P’ cosa’+ P” cosa” +, &e. 
¥ = P cos + P’ cos B’ + P” cos B+, &e. (ce) 
2 = P cos y + P’ cosy’ + P” cos y+, &e. 

The values of x, y, z may be either. positive or negutive, 
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and their signs make known the direction of their action. ,. If 
the force x-is positive, it follows that, it acts in the direction 
of the axis ma, or in the direction of the components P cos.a, 
P’ cos a’, &c., which are positive; if it is negative, we must 
infer that it acts along the production of ma or in the direction 
of the negative components, and the same-is true for the 
forces y and z. * 

This being agreed on, let r be the resultant of the given 
forces p, Pp’, P’, &c., or of the three forces x, x, 23 let also 
a, b, ¢ be the angles which its unknown direction snakes with 
the axes MA, MB, Mc. The values of rR, a, b, ¢ will be given 
by equations (a) and (b), in which the formulz (c) are sub- 
stituted in place of x, y, z. The angles a,b, c may be acute 
or obtuse; but because the force x must be always a positive 
quantity, the signs of their cosines must be always the same 
as those of the quantities x, y, z, in virtue of equations (b). 
In this manner, the force x will be completely determined in 
magnitude and direction. 

33. The magnitude of the resultant r does not depend on 
the arbitrary direction of the axes Ma, MB, Mc, it depends 
solely on the magnitude of the given forces and on the angles 
comprised between their directions,. and in fact, we may find 
an expression for it, which contains these quantities only. 

For this purpose, let pmp’, pmP”, p/m”, &c., denote the 
angles contained between the directions of the forces Pp and P’, 
pand P,P’ andp’”, &c. By equation (2) of No.9, we shall have 


cos PMP’ = cos acos a’ + cos 8 cos B’ + cosy cos y’, 

cos PMP” = cos a cos a” + cos 8 cos B” + cos y cosy”, 

cos PMP” = cos a’ cos a” +- cos 3’ cos 8” + cos y’ cosy”, 
&e. 

We shall likewise have 


cos” a + cos? B + cos* y = 1, 
cos? a’ + cos? 8’ 4+-cos” y= 1, 
cos? a + cos 8” + cos? y” = 1, 

&e. : as 
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and, this being the case, if the. squares of formule (c) be 
added, we shall obtain, by taking into account equation (a), 
R= p44 p24. p74, &e, ; 
+ 2pP’ cos PMP’ -+- 2PP” cos PMP” 
+ 2p” cos P/mP” +, &e. 


for the value of the square of r which was required to be de- 
termined. 

34, We may also deduce from a consideration of equations 
(b) and (c),*& property of the resultant which will ‘be useful in 
one of the following numbers, 

Let there be drawn through the point M, in any direction 
whatever, a right line, of which let the point o be the other 
extremity, and let g,h,k denote the angles AMo, BMO, CMO, 
which this line makes with the three axes Ma, MB, MC, if the 
angles comprised between this same right line mo and the 
directions of the forces rR, P, P, &c., be denoted by RMo, PMO, 
pmo, &c., we shall have, as has been just stated, by equation 
(2) of No. 9, 


cos RMO = cos g cos a + cos h cos b + cos hk cos c, 

cos PMO = cos g cos a + cos h cos 8 + cos k cos y, 

cos P’MO = cos g cos a’-+- cos h cos B’-++ cos k cos y’, &e. 
From the first of these formulze and equations (b), we 


obtain 
R COS RMO = X cosg + y¥ cosh + z cosh; 


and in virtue of the subsequent formule, if, after having mul- 
tiplied the first of equations (c) by cos g, the seeond by 
cos h, the third by cos k, we add them together, there will - 
result (c) 


R.cOS RMO = P.cos PMO + P’ cos P’Mo + &e.; 
which shows that the resultant x, resolved in any direction 
MO, is equal to the sum of the components P, Pp’, P’, &c., re- 
solved in the same direction. 
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This being established, let the line mo be projected on the 
directions of the forces R, P, P/, Pp”, &c., and let these pro- 
jections be denoted respectively by 7, py p’, p", &e., so that 


ma 


7 = MO cos RMO, 


P=MOcosPMo, p’= Mo cos P/O, &c., 


each of the quantities 1, p, p’,p”, &e., being considered as 
positive or negative, according as the projection which it repre~ 
sents, falls on the direction of the force, or on its production, 
Then, if the preceding equation be multiplied by mo, we shall 
have 


Rr = pp + pp + P"p" + &e.; (d) 


which expresses the property of the resultant that was pro- 
posed to be demonstrated. ; 

35. In order that the forces p, P’, P”, &c., may be in equi- 
librio, it is sufficient that the resultant x should vanish, and 
this condition is necessary, if their point of application m is 
entirely free ; but the equation R= 0, or 


x4 y?+2= 0, 
cannot have place, unless we have separately 
x=0, y=0, z2=90, 


that is to say, in virtue of equation (ce), 


P cosa + P’.cosa’ +P” cosa” + &e. = 0, 
P cos B + P’ cos B’ + P” cos 8B” + &c. = 0, (e) 
P cos y + P’ cosy’-+ P” cosy” + &e. = 0. 


Therefore these are the equations of equilibrium of a ma- 
terial point, which is supposed to be entirely free. In this 
state, each of the forces that solicit it, must be equal and 
directly contrary to the resultant of all the others, which may 


be easily verified in the following manner. 
Let rp’ he the racnltant ofthe faenne tf nlf Ben Phelan 
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the angles which it makes with the axes ma, MB, mc, by 
a’, b’, ce’, &e., and in order to abridge, making 
x/ = Pp’ cosa’ + P” coga”’ + &e., 
x’ = P’ cos PB’ + P” cos B” + &e., 
2’ =P’ cosy’ + P” cosy” + &e.; 
we shail have, by No. 32, 
x’=R’cosa’, ¥’=R’cosd’'*, z= R’ cose, oe 
and consequently, in virtue of the equations of equilibrium, 
Pecos a = — R’. cosa’, 
PcosB = — R’, cos b’, 
PCOSy = ~— R’. cose’. 
If the squares of each of the members of these equations 
be taken, and if they be then added together, we shall have 
P?= Rr, 
because by (No. 6) 
cos? a + cos? B -+ cos? y = 1, 
cos? a’ + cos? b’-++- cos*c?= 1; 
therefore we shall have p = + nr’; but as these forces must be 
respectively positive, we must take P= R’. The preceding 
equations will then become 
cosa = ~ cosa’, cos = —cosb’, cosy = — cose’; 


consequently, ‘the angles a, 3, y, are the supplements of a’, 5’, c’, 
and belong to a force, of which the direction is the production 
of the force r’(No.7). It follows, therefore, that the force p 
is equal and directly opposed to r/ the resultant of all the 
other forces Pp’, P”, &c. ; which it was proposed to establish. 
36. If the point m, to which the forces Pp, Pp’, P”, &c., are 
applied, be subjected to exist on a given surface, it is no 
longer necessary, in order to the equilibrium, that their re- 
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sultant should vanish ; it is sufficient. if it-be normal to the sur 
face, because then the point m cannot slide in any direction on 
this surface; and moreover, this condition will be necessary ; 
for if it was not satisfied, the resultant might be decomposed 
inte two forces, the one normal to the surface, which will be 
destroyed, the other a tangent to the surface which there is 
nothing to prevent from causing the moveable to slide. It is 
only therefore necessary to determine ineeach-case, the diret- 
tion of the resultant of the forces P, r’, Pp”, &c., and then ex- 
amine if it is perpendicular to the given surface, in order te 
know whether the equilibrium exists; but it is more conve- 
nient in practice to express, as has been done in the case of a 
free point, the conditions of the equilibrium by means of the 
equations which exist between the data of the question. Now 
the normal component of each of the forces which acts on the 
point m, is destroyed by the resistance of the surface; conse« 
quently, this resistance is equivalent to a force equal and con- 
trary to all the forces destroyed. Hence it appears, that we 
may abstract from the consideration of the given surface, and 
regard the material point as entirely free, provided that to the 
given forces p, P’, P", &c., a new force of an unknown mag- 
nitude and perpendicular to this surface be added. 

Therefore, if w represents this force, and if A, nu, v, denote 
the angles which its direction makes with the axes MA, MB; MC} 
each of the equations of equilibrium already given, will be in- 
creased by a new term, so that instead of equations (e), we 
shall have 


N.cosA -+ P.cosa +P’.cog a’ +P".cosa’ + &.=0, 
N.cos z+ P.cos 8 +P’.cos B’ + P".cos B" 4+- &e. = 05+ (f) 
N.cosy -+ P.cos y + P’.cos y+ P’, cos y” + &c. = 0, 
Let 2, y, z, denote the three coordinates of m referred to 


the axes parallel to Ma, MB, mc, and let b= 0, denote the 
equation of the given surface ; the direction of the force being, 
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by hypothesis, that of the normal at the point m, we shall 
have, by means of equations (5) of No. 21, 


cosh ev. 


di. du 
a ORE ay? cos vm y¥.—- 


dz’ 
in which, in order to abridge, we suppose 
di? ie 2 (du le 
— + ‘dazed peers —_ 
“= (=) + a) + z) ; 
The sign is undetermined, because we do not know before~ 
hand ii what direction of the normal, ‘the force v acts; but v 


disappears in the elimination of w between equations (f); and 
by means of the formule (c), we obtain(c) 


gts on, oe Sag (g) 
“dz dy "dr dz 7 8 
for the two equations which are necessary and sufficient for 
the equilibrium of a material point subjected to exist on a 
given surface. : 
37. If the position of this point on this surface, is not 
known, equations (g) combined with the given equation L=0, 
will enable us to determine the coordinates of the different 
points of this surface, in which the material point may be in 
equilibrio, When this position is given,» we shall only have 
to verify whether 2, y, z, the coordinates of the points of ap- 
plication of the given forces, satisfy equations (g). But, in 
this case, these equations may be simplified by making one of 
the axes MA, MB, MC, as for instance the first, to coincide with 
one of the two parts of the normal ; hence there will result 


cosh= +1, cosp=0, cosy = 0; 
and this changes equations (£) into the following 
+N+P.cosa + P’ cosa’ + P’. cosa’ + &e. = 0, 
P. cos 3 + P’ cos B’ + P” cos B" +4. &e. = 0, 
P.cosy +P. cosy +P" cosy" + &. = 0. 
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From the two last of these equations it appears, as is in- 
deed evident of itself, that in the plane which touches the 
given surface at the point where the normal meets it, the 
components of the forces applied to the material point, con- 
stitute an equilibrium, in the same manner as if this surface 
did not exist at all. 

The resistance n which the surface opposes to the forces 
p, P,P’, &c., is equal and contrary: to the pressure that it 
experiences from them. From equations (f) it appears, that 
in the case of equilibrium, this pressure is the resultant itself 
of these forces. In practice, the magnitude of this force 
ought to be calculated by means of equation (a), in order to 
know whether the surface is capable of supporting it. If the 
moveable is merely laid on this surface, which is that of a 
‘solid body, it is moreover necessary that the direction of this 
pressure should be such as to press the’moveable against this 
surface; which condition, as it cannot be expressed by any 
equation, must be verified in each case by determining the 
direction of this force, by means of equations (b). This veri- 
fication can ‘be effected in a simpler manner, by means of the 
first of the three preceding equations. 

In fact, let us suppose for greater clearness, that the part 
of the normal with which the axis ma coincides, is situated in 
the concave part of the surface. As it is known whether the 
given angles a,a’,a’, &c., are acute or obtuse; the sign of 
x, the sum of the components acting in the direction of 
this line will be known, and as the quantity n should be 
positive, it is necessary that in the equation in question, that 
is to say, 

tNn+4+x=0, 


we should take the sign — or the sign +- before w, according 
as the sum x is positive or negative. In the first case, we 
shall have cos = ~ 1, and the pressure contrary to n will 
act in the direction ma; in the second case, we shall have 
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cos\ == 1, and the pressure will act along the production of 
this determinate part of the normal. 

38. When the material point m, on which the forces P, P’, P", 
&e., act, is constrained to exist on two given surfaces, or‘on 
their curve of intersection, it is sufficient, in order to insure 
the equilibrium, that the resultant of all these forces should 
be decomposable into two forces perpendicular to the given 
surfaces, and which will be destroyed by their resistances. 
Consequently, if there be added to the forces p,r’, P", &c., two 
forces perpendicular to these’ surfaces, ‘but of an unknown 
magnitude, we may then altogether abstract from the con- 
sideration of these surfaces, and consider the material point as 
entirely free. : 

N,N’, being therefore these new forces ; A, pt; v, the angles 
which determine the direction of x with respect to the axes 
MA, MB, MC, and 2’, np’, v’, those which determine the direction 
of n’ with respect to the same axes, equations (¢) will become | 


N.COSA + N’.cosA’+-P.cosa-+P’.cosa’-+-P".cosa” + &e.= 0, 
N.c08 w--N’.cosp’-+ P.cos3-+-P’.cos(3’-P" .cosj3" + &c.=0, + (h) 
N.COS p++ N/.cos »' + P.cosy-++ P’.cosy’+ P" cosy" + &e.=0, 


Moreover, if x, y, 2, denote the coordinates of the point 
referred to axes parallel to ma, MB, Mc, and if L = 0, L’= 0, 
represent the equations of the two given surfaces, the values 
of cos A, cos yz, cos v, will be the same as in the last case, ard 
those of cos X’, cos p’, cos v’, will be obtained Sow: them by 
changing 1 into 1’. If these values be substituted in the 
three equations (h), and if w and n’ be then eliminated be- 
tween them, the equation of equilibrium which the given 
forces P, P’, P’, &c., ought to satisfy, will be obtained; also, 
if the position of the moveable on the intersection of the two 
surfaces is not given, this equation of equilibrium combined 
with equations L = 0, L’ = 9, will determine its three coor- 


dinates 2, y, =- 
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When the position of the moveable. is given.on the curve 
on which it should remain, the equation of equilibrium of 
the forces P,P’, P’, &e., may be obtained at once, by taking 
the axes mB and Mc, to whieh the angles p, B,B', &e. B's 
&e., refer, in the plane of the normals to the two given 
surfaces. The third axis ma will then fall on the tangent to 
their curve of intersection, it is, therefore, perpendicular to 
the normal forces n and n’, so that we have X= 90°, A’= 902, 
and likewise, in virtue of the first equation (h), 


P.cosa + P’.cosa’+ P".cosa’ + &e. = 0, 


for the required equation. 

This equation indicates, that the sum of the components 
of P,P’, P’, &e., acting tangentially to the intersection of the 
given surfaces, is equal to cypher; this is in fact the con- 
dition which must be satisfied, in order that the point m shall 
not slide on this curve. After having assured ourselves that 
it is satisfied, the values of the forces x and yn’, and the di- - 
rection in which they act, can be determined by means of the 
two last equations (h). If then two forces equal and contrary 
to N and w’ be taken, and if these are reduced to one by the 
rule for the composition of forces, this will be the resultant of 
the forces p, Pp’, e”, &c., and will make known the pressure 
exerted on the given curve, to which it will be perpendicular. 

_ 89. It appears from what precedes, that when the moye- 
able is constrained to exist on a given curve, there is only one 
equation ef equilibrium, that there are two when it is restricted 
to move on a given séfece, and three when the point is alto~’ 
gether free; so that the number of these equations increases, 
as they evidently ought, according as the possible movements 
of the moveable are less restricted. These different equa~ 
tions may be all embraced in one formula, which will con- 
sequently be the general equation of equilibrium applicable 
to any system whatever of material points. In order to obtain 
this formula, let us suppose that the moveable is transferred 
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from the point m, which it occupied in its position of equili- 
brium, to o another point infinitely near to m, and such that 
this displacement may be compatible with the condition to 
which the moveable is subjected, if it is not altogether free. 
Letr,p,p’,p", &c., denote the projections of the infinitely small 
line Mo on the directions of the forces x, 2, P’, P”, &c., in the 
first position of the material point, and let each of these pro- 
jections be considered as positive or negative, aceording as it 
falls on the direction itself of the force to which it refers, or 
on its production. If the force R be supposed to be the re- 
sultant of p, p’, Pe’, &c., the product rr will always vanish in 
the case of equilibrium; it will vanish for a material point 
entirely free, because then the resultant r should be equal to 
cypher ; it will also vanish, for a point subjected to exist on 
a given surface or curve, because the force R must act in 
the direction of the normal, hence as the infinitely small line 
mo exists in the tangent plane, or on the tangent, 7 its pro= 
jection on the direction of x will be equal to cypher. Therefore 
by equation (d), which has been already demonstrated, and 
which obtains equally when the line mo is infinitely small, we 
have - 

pp + p/p’ + Pp” + &e. = 0, (i) 
as often as the forces p, P’, p”, &c., constitute an equilibrium 
Conversely, the equilibrium will subsist, when this equation 
obtains for all possible displacements of a material point en- 
tirely free, or constrained to exist orf a given surface or curve. 
Every infinitely-small line, such as Mo, which the material 
point can be made to describe, consistenfty with the conditions 
to which it is subjected, is called its virtual velocity ; and the 
principle of equilibrium contained in the equation which has 
been just expressed, is termed the principle of virtual veloci- 
ties. Now, if it be successively applied to the case of a 
material point entirely free, to one subjected to exist on a 
surface, or constrained to remain on a given curve, we can, 
without any difficulty, arrive at the equations of equilibrium 
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which have been already obtained. Each of the equations 
(e) may be deduced from formula (i), by takeing for mo, the 
displacement of a1 on one of the axes MA, MB, MC; the equa~ 
tions of equilibrium, which have place in the case of a point 
subjected to exist on a given surface, will be obtained by éon- 
sidering its displacements in the direction of two axes traced 
in the tangential plane ; and formula (i) farnishes immediately 
the equation.of equilibrium of a point constrained to exist on 
a given curve, by assuming for Mo the element of this ‘curve, 
and for p, p’, p’, &e., the projections of this element on the 
directions of the forces Pp, PY, P’, &e. The angles which 
these directions make with the tangent to the curve being 
a, a’, a”, &c., we shall then have 


Pp=MOcosa, p’=Mocosa’, p”= Mo cosa”, &.; 


and if Mo, which is a common factor to all the terms of equa- 
tion (i), be suppressed, there will result 


P cosa + P’ cos a’+ P” cosa” + &e. = 0, 


as before. 


CHAPTER II. 
OF THE EQUILIBRIUM OF THE LEVER. 


40. Iw this chapter the ever is supposed to be an inex-~ 
tensible right line or curve, of an invariable form, which can 
only turn in a plane about c, (fig. 10,) one of its points, 
that is supposed to be fixed, and which is termed the prop of 
the lever. Most commonly there are only two forces applied 
to this machine, of which one is employed in keeping the 
other in equilibrio; the first is termed the power, and the 
second the resistance. But, in order that our conclusions may 
be as general as possible, we shall suppose that any number 
of forces whatever directed in the plane of the lever, act on 
different points of this line; and the object of this chapter is 
to find the conditions of their equilibrium. 

It is not proposed, in the present treatise, to apply the 
laws of equilibrium, which will be explained here, to the dif- 
» amt mechanic powers or machines. The student is referred 
to the various elementary treatises on statics for information 
on this subject ; but as the law of the equilibrium of the lever 
is a fundamental principle of mechanics, it will be necessary 
for us to dwell on it here ; and we now proceed to show how 
this principle is connected with that of the composition of 
forces which act on a detached point. 

41. When several forces are applied to a body which is 
supposed to be of an invariable form, the point of application 
of each of these forces may be transferred to another point of 
the body, assumed either on its direction or on its production. 
For example, if a given force P acts at &, the extremity of the 
lever, in the direction of the line az, and if m be another point. 
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belonging to this direction, which is supposed to be connected 
with the lever in an invariable manner, then we may replace 
the force p by another force of the same intensity, acting’ at 
the point m in the direction of the line ma. In fact, we can, 
in the first place, apply to the point m two equal forces, and 
acting in opposite directions, the one along ma, the other 
along its production ma’; moreover, if each of these forces be 
supposed equal to p, that which acts in the direction Ma’ will 
destroy the force p applied to the point & in the direction za, 
because these two equal forces act in opposite directions at the 
extremities of the line mz, which by hypothesis is of an in- 
variable length ; therefore, the only force which remains is F 
acting at the point m in the direction ma, by which, therefore, 
the given force p, which acts at the point x, is replaced. 
Forces act frequently on those bodies, in which the} excite, 
or havea tendency to excite, motion, either by pulling them by 
means ofa string which is attached to them, or by pushing them 
bymeans ofa bar that presses against their surface. As this string 
or this bar may be more or less extended or contracted, it is only 
when they cease to extend or contract that they are considered 
as invariable lines, which represent the direction of each force, 
the action of which is then the same as if it was exerted im- 
mediately at the points of the surface of the body at which 
these lines” terminate. Strictly speaking, a lever is not, as 
has been supposed. above, a line of an invariable form, it is a 
bar which is susceptible of flexure, however small it may be, 
and which also contracts or extends by a small quantity in 
consequence of the forces which are applied to it. It would 
be extremely difficult to determine before hand, the form 
which it should assume ; but it is only when it has attained 
this form, that it is considered as invariable; and it is to this 
digure, which differs very little from its natural form, that the 
conditions of equilibrium which we propose to investigate, are 
referred. & 
42, Let a second force @ act at F, the other extremity of 
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the lever, in the direction FB, and let the two directions EA 
and FB be comprised in the plane in which the lever can 
turn ; these two right lines, or their productions, must meet 
in a certain point m, which, from what has been already es- 
tablished, may be assumed as the common point of applica- 
tion of Pand q@. This being agreed on, we can determine by 
the rule of the parallellogram of forces, the resultant of these 
two forces, of which resultant m will also be the point of ap- 
plication, Now, in order that it may be destroyed, and that 
the lever may remain in equilibrio, it will be necessary that 
ita direction should pass through the prop c; and this will be 
sufficient, because by transferring this resultant to this point, 
which is fixed, it will be destroyed by its resistance. From 
what has been stated in No. 29, it appears that if from the 
point c, the perpendiculars ce and cu be let fall, on the di- 
rections of the forces p and @, we shall have in the case of an 
equilibrium 
PiQiiCH:CG; 


and conversely, the equilibrium will subsist, when this pro- 
portion obtains, Consequently, if we denote the perpendi- 
culars ce and cu by p and g, the equation of equilibrium will 
be 

Pp = aq- 

By the moment of a force with respect to a point, is meant 
the product of this force into the perpendicular let fall from 
this point on its direction. Hence the condition of equili- 
brium in the case of the lever consists in this, that the mo- 
ments of the power and resistance, taken relatively to the 
prop or point on which the lever turns, are equal; these two 
forces tending besides to make the lever turn in opposite 
directions. 

If the lines ce and cu be supposed to be invariably at- 
tached to the lever, c and u may be taken for the points of 
application of the forces P and q, and whatever be the figure 
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Ec¥ of the lever, it may be replaced by the bent lever Gcu 
(fig. 11.) The perpendiculars cc and cn, are termed the arms 
of the lever. The condition of equilibrium does not depend 
at all on the magnitude of the angle ccu ; this indeed is evi- 
dent @ priori. 

In fact, if from the point c as centre, and with a radius 
equal to cH, we describe an are of the circle uu’, which is 
supposed to be invariably attached to the lever, and if at the 
point ’ two forces equal to @ be applied, acting in opposite 
directions along the parts u’n’ and n‘s” of the tangent at this 
point, it is evident that the force q acting in the direction 
u/s”, will be destroyed by the force @ acting in the direction 
uB ; for as the two forces tend to make the system revolve in 
opposite directions, there is no reason why it should obey one 
in preference to the other. Hence the second of these two 
forces will be replaced by the force @ acting in the direction 
n’s’, and the angle ccu will be changed into the angle acu’, 
which may be greater or less, without the equilibrium being 
deranged. 

By this change, the angle of the two arms may become 
180° or zero; the lever will then be strait; the power and re- 
sistance will be parallel forces, acting in the same or in con- 
trary directions ; and in order to an equilibrium, it is always 
necessary that their intensities should be in the inverse ratio 
of the lengths of the arms of the lever. 

43. If n denotes the resultant of the two forces p and Q 
which meet at the point m (fig. 10), and m the angle amp 
comprised between their directions, we shall have (No. 29) 


R°= P?-4 Q?-+4 2PQ cosm; 


and the value of n will make known the doad which the prop 
sustains in the case of equilibrium. The direction of the force 
8 applied to this point, will be along the line cp, the pro- 
duction of wc. In figure 10, the point c is supposed to be 
situated between & and F, the points of application of the 
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power and of the resistance. In figure 12, the contrary is 
the case; but the same reasoning is applicable to both cases ; 
they differ from each other in this only, that in the first case, 
the forces p and Q act on different sides of the lever, and the 
angle amp is acute, while in the second, they act on the same 
side, and the angle ams is obtuse. 

If, the three points E,F,c, remaining the same, the point 
of concourse of the three forces P, Q, R, be supposed infinitely 
distant, these forces will become parallel. In the case of 
fig. 10, as the angle m becomes then infinitely small, we have 
cosm =: 1, and consequently 


R=P+Qa. 


In the second case, it is the supplement of the angle m 
which becomes infinitely small; hence we have cos m= — 1, 
and 

R=Q-?, 

P being supposed Z q. Consequently, the resultants of two 
parallel forces is equal to their sum, when they act in the 
same direction, and to their difference, when they act in op- 
posite directions, and in the last case, the resultant acts in the 
direction of the greater force. In these two cases, the com- 
ponents P and Q are in the inverse ratio of their distances from 
the resultant. 

This being so, ifa common perpendicular to the three forces 
be drawn, and if a denotes cu the part of this line (fig. 13 
and 14) comprised between the two components P and q, and 
x the distance cu of the resultant r from the component a, 
which is supposed to be the greater, we shall have 


PiQiiniawza, 


the superior or inferior sign is to be taken, according as p and 
Q act in the same (fig. 13), or in opposite directions (fig. 14). 
Hence we obtain, 

P:Q@trpi:ieia, 
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and, consequently, 
ar 


~etr’ 





by means of which, the position of the resultant, of which the 
value is Q + vp, will be determined. 

44, When the forces p and q act in opposite directions, 
and differ very little from each other, their resultant, which 
always acts in the direction of the greater, will be situated at 
avery great distance from the given forces. But when they 
are rigorously equal, this distance becomes infinite ; which in- 
dicates that two equal and parallel forces, acting in opposite 
directions, cannot be replaced by a single force ; and in point 
of fact, there is no reason why this unique force should act in 
one direction in preference to the other. * 

Two such forces acting at the extrémities of the same 
line cu, (fig. 15,) will cause this line to revolve about its 
middle point « ; which effect cannot evidently be produced by 
the action of a single force. They may be replaced in an in- 
finite variety of different ways by éwo other forces, which pre- 
sent the same case, for their action is not at all changed, by 
applying, for example, to the points ¢ and x along cz and 
ur the productions of the line cx, equal forces of any magni- 
tude whatever ; now the resultant of the forces acting in the di- 
rections Gaand GE, and that of the forces acting in the directiona 
uz and uF, will be also equal and parallel forces, acting in 
opposite directions along the lines Gc and up, and these re- 
sultants will replace the primitive forces, which act along Ga 
and us. If denotes the common magnitude of these two 
forces, and a their mutual distance, each of these two quan- 
tities will be changed by the operation that has been indi- 
cated; but their product ap will remain constant, as will be 
proved immediately. 

45. In fine, this particular case is the only one in which a 
system of any number of forces p, p’, P’, &c., existing in the 
same plane, and acting on material points connected together 
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in an invariable manner, cannot be reduced to a single force. 
For whether the two forces p and P/ meet in a point, or are 
parallel to each other, they may be reduced to a single force 
Q, by the rule of the parallelogram of forces, or by that of 
the preceding number. In the same manner, this first resultant 
qand e” the third given force, may be reduced to a single force 
Q’; then, the second resultant @’, and vr” the fourth force to a 
single foree a”; and so on until, all the given forces are re~ 
duced to two only, which may themselves be reduced to a 
single force x, unless they fall under the case of exception of 
which we have been treating. 

In the general case, this force x is the resultant of the 
given forces P,P’, P”, &e., and if to the components a force 
R’ equal and contrary to R be joined, there will be an equi- 
librium in the system. The magnitude of r, and its position 
in the plane of the given forces does not depend at all on the 
order in which these forces are taken, in the successive re- 
ductions which have been indicated ; for if, in changing this 
order, we should arrive at s a force different from x in magni- 
tude and direction, one of these two forces taken in an oppo- 
site direction would constitute an equilibrium with the other, 
which is impossible. In order to an equilibrium of the forces 
p, Pp’, P’, &c., when they are applied to a lever situated in 
their plane, it is necessary, in the first place, that they should 
be reducible to one sole force; for if they were reduced to 
sand s’, two parallel forces not reducible to a single force, and 
if s’ was the nearer to the prop, s’ may be resolved into two 
parallel forces q and q’, acting in the same direction, of which 
the first will be directly opposed to s, and the second will pass 
through the prop; each of thesé two forces will be less than 
s'ors, the force a’ will be destroyed, and there will only 
remain the force s — @, which will cause the lever to turn in 
the direction of s(a}. The given forces being reduced to a 
unique force k, it is moreover necessary for the equilibrium of 
the lever, that this force should pass through the prop. This 
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condition will be expressed by an equation, by means of the 
following theorem which we praceed to demonstrate. 

46. Let us first only consider two forces and their resultant, 
The moment of this resultant with respect to a point situated in 
the plane of the three forces, is equal to the sum or difference of 
the moments of the two components with respect to the same 
point; to the difference when the centre of the moments is 
situated within the angle of the components, or within its 
vertically opposite angle, and to the sum when this point 
lies without these two angles. In fact, let » and p’ be these 
two forces, ma and ma’ (fig. 16 and 17) their directions, @- 
their resultant acting along mB, c the centre of the mo- 
ments, p,p’,q, the perpendiculars ca, ca’, cb, let fall from 
the point c on the directions of P,P’,Q. Let each of these 
three forces be resolved into others, in the direction of the 
line mc and of Kmx’ perpendicular to this line; and let the 
perpendicular components be considered. We have evidently 


cos BMK = sin BMc = Z, 


¢ denoting the length of the line mc; hence the component of 


ag 


Q in the direction mx will be equal to on In like manner, 


the components of p and P’ perpendicular to mc will be <2 and 

Jyt 
a They act in opposite directions when the line mc trae 
verses the angle ama’ (fig. 16), and in the same direction, 
when it falls without this angle. Now, the sum of these com- 
ponents in the second case, and the excess of the gteater over 
the less, in the first, ought to reproduce the component of a, 
because q is the resultant of p and rp’; consequently, if the 
component of Pp bé supposed to be greater than that of P’, we 
shall obtain, by suppressing the common divisor c, 


ag=Prpt pp’; 
which was required to be proved. 
K 
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If the point c be supposed to be fixed, and if the perpen- 
diculars ca, ca’,cb, constitute.an invariable system, the forces 
Pp, P’, @, which may be conceived to act at a,a’,d, the ex- 
tremities of these lines, can only produce a motion of rotation 
about the centre of the moments. Now, it appears from the 
inspection of fig. 17, to which the superior sign of the pre- 
ceding equation refers, that when the point c falls without 
the angle amp, or its vertically opposite, the three forces 
P, P’,@, tend to cause their points of application to turn in 
the same direction about the point c; on the contrary, when 
this point falls within one of these two angles, figure 16, 
which refers to the inferior sign, shows that the forces p and 
p’ tend to cause the points a and a’ to turn in opposite di- 
rections ; and it is likewise evident, that in this case, the re-~ 
sultant @ tends to make its point of application turn in the 
same direction as the component which has the greater mo- 
ment. It appears from this remark, that the theorem which - 
which has been now demonstrated implies, that the moment 
of the resultant of the two forces is equal to the sum or dif- 
ference of the moments of these two forces, according as the 
components tend to make their points of application turn in 
the same or in opposite directions about the centre of the mo- 
ments, and that the resultant tends to make them turn in the 
direction of the component, which has the greater moment. 

As this theorem obtains for forces of which the directions 
make any angle whatever, it must obtain also when they 
become parallel ; this is, in fact, what it is easy to infer, from 
the composition of forces of this kind (No. 43). ; 

47. The advantage of this last mode of stating the problem 
is, that it can thus be easily extended to any number of forces 
p, P,P”, &e., which act in the same plane. The centre of 
moments being regarded as a fixed point, about which the 
forces tend to make the system, whose points of application 
are connected together in an invariable manner, to turn, the 
moment of the resultant is equal to the sum of the moments of 
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the forces which tend to make the system to turn in the same 
direction as it turns, minus the sum of the moments of the 
forces which tend to make it to turn in a contrary direction, 

For greater clearness, let the three first forces p, pr’, P”, be 
supposed to make the system turn in one direction, and all the 
other forces in a contrary direction. Let the series of reductions 
of No. 45 be resumed, and let @ be the resultant of p and P’, 
and q’ that of a and Pp”, or of p,P’,P”. Likewise, let PoP's P", 
q, 7; be perpendiculars let fall from the centre of moments on. 
the directions of p, r’, Pe”, a’, a3 by what has been already 
established, we have 


agate, aq’ = ag t+ P'p’, 
and, consequently, 


ag! = 1p +p +P'p’. 


In like manner, if we denote by q, the resultant of all the 
other forces pv”, P'”, &e.; by q, the perpendicular let fall from 
the centre of moments on its direction, by p’”, p!”, &c., the 
perpendiculars let fall from the same point on the directions of 
p’”, p¥, &c., we shall have also 


Ug = Pp’! + Ply pl 4. Bie, 
Now, x the resultant of all the given forces will be that of 
the two-forces 9’ and @,; hence if r denotes the perpendicular 
let fall from the centre of moments on the direction of R, and 


if we consider that these forces q/ and q, tend to produce a 
revolution in opposite directions, we shall have 

Rr = + (e’g’— an), 
according as 9’q/ will be greater or less than 9:9. In the first 
case, the force r will tend to cause the line to turn in the 
same direction as the force a’, and consequently in the same 
direction as the three forces p,r’,P’. Let the first case be 


that which obtains, by substituting for e/g’ and q@,¢, their 
values, we shall then have 
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Rr = Pp + P’p' + Pp! — Pp!” — vl pl? &e. ; (e9) 

which equation contains the theorem we proposed to establish. 

If the centre of the moments be supposed to be at the prop 

of the lever to which the forces p, r’, P’”, &c., are applied, it 

is necessary in order to insure an equilibrium in this lever, 
that we should have 


pp + pp! + e/p! — pp! — pl’ pl? — &e, = 0, (2) 


since, in this case, these forces must have a resultant which 
should pass through the prop (No. 45), and for which we have 
therefore r = 0. 

48. Equation (1) can be rendered more general, by sup- 
posing that by resolutions and recompositions of the forces 
p, ’, P”, &c., they are transformed into other forees s, 8’, 8”, 
&e., which taken together are equivalent to the given forces. 
If s,s’, s’, &c., denote the perpendiculars let fall from the 
centre of moments on the directions of s, 8’, 8”, &c., we shall 
find by the same mode of reasoning, as in the preceding 
number, 


so-ts's!-+s"s" -&e. = rp-+p/p’ pp! — pp” — ppl? — &e., (3) 


in which equation the moments of the forces s,s/,s”, &c., 
which tend to turn in the same direction as Pp, Pp’, P”, should 
be affected with the sign +-, and the moments of the forces 
which tend to turn in the same direction as p’”, P!”, &., with 
the sign —. The particular ease in which the forces P,P’, P’”, 
&c., are irreducible to a single force, is comprised in this last 
equation. Let then s and s’ be two equal and parallel forces, 
not directly opposed to each other; and let h denote their 
mutual distance. If the centre of the moments is situated 
between their directions, we shall have s-+s’= h; they will 
tend to produce a revolution in the same direction about this 
point; therefore, their moments must be affected with the 
same sign, and there will result 


ss + s’s’= sh. 


* 
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1f, on the contrary, the centre of moments dees not exist 
between s ands’, and if we suppose s> 3s‘, we shall have 
s —s'=h; these two forces will tend to produce a revelu- 
tion in opposite directions ; the moment of s must be affected 
with the sign + and the moment of s’ with the sign — ; and 
there will result 
ss— s/s = sh. 


Consequently, equation (3) will always become 
sh = Ppp + Ppl pip! pilp!— pvp &e. 


As the second member of this equation consists entirely of 
given quantities, it follows that if the values of s and 4 undergo 
any change, their product must remain constant, as has been 
already stated. It appears likewise from this last equation, 
that when its second member vanishes, the given forces cannot 
fall under the case of exception, in which they are irreducible 
toa single force; it follows, therefore, that equation (2) ex- 
presses at the same time that the forces P,P’, p’, &e., have 
an unique resultant, and also that this resultant passes through 
the centre of moments, consequently this equation is necessary 
and sufficient to insure an equilibrium of the lever, of which 
this centre is the prop. The resultant x which is obtained by 
the series of reductions indicated in No. 45, will express the 
pressure or load which the lever will have to support; when 
it vanishes, the forces P, P’, Pp”, &c., will be in equilibrio in 
their plane, without the aid of this fixed point. 

49. The condition of equilibrium in the lever may also 
be expressed by an equation analogous to formula (i) of 
No, 39. 

For example, Ict m, m’, m”, (fig. 18,) be the points of ap- 
plication of three forces Pp, P’, P”, which act on the lever ECF 
in the directions ma, M’a’, ma”, comprised in its plane. Let 
the lever turn by an infinitely small quantity about its prop c, 
in such a manner that M, m’,m”, may assume the positions 
m,m', im’. By the definition of No. 39, the infinitely small 


70 OF THE EQUILIBRIUM OF THE LEVER. 


ares Mm, M’m’, mm”, which may be assumed to be right 
lines, will be the virtual velocities of M,M’,M”, the points of 
application of the three forces, p,r/, Pp”. Let the perpendiculars 
ma, m’a’, m'a", be let fall from m, m’, m’, on the lines 
MA, M’a’, ma”, or on their productions ; ma will be the pro- 
jection of mm on the direction of the force Pp, which tends to 
make the lever turn in the direction of rotation that ensues ; 
‘a’ and ma” will be the projections of m/m/ and mm” on 
the productions of the two other forces P’ and Pp”, which tend 
to make the lever turn in the opposite direction. On this 
account, the first of these projections may be considered as a 
positive, and the two others as negative quantities. Let 
these three quantities be denoted by a, 7,2”. It is evi- 
dent, in virtue of the principle of virtual velocities, that the 
sum of the given forces multiplied respectively by the pro- 
jections, thus defined, of the virtual velocities of their points 
of application, vanishes in the case of equilibridm; and con- 
versely, the equilibrium obtains when this sum is cypher; so 
that the equation of equilibrium of the lever is 
Pr Pa! Pr” = 0; (4) 
and, in fact, it is easy to show that it coincides with that 
which has been deduced from the consideration of moments. 
For this purpose, let p, p’,p”, denote the perpendiculars 
ca, ce’, ca”, let fall from the point c on the directions of the 
forces Pp, P’, P”; let c,¢’,c”, be the distances cM, c’m’, cM”, 
of their points of application from the point c; and y, y', y”, 
the virtual velocities mm, m’m/,m’m’. As the infinitely small 
are Mm may be considered as coincident with its tangent, the 


triangles mma and cmc have their sides perpendicular to each 
other and are similar, hence we have 


M@:Mm::CG:cM; 
and because 
Mad=7, MMmy, CG=p, cM=e, 
we obtain from it 
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— PY. 


r=. 


In the same manner we shall have 





x’, ”, being by hypothesis negative quantities. Moreover, 
the form of the lever being supposed invariable, the three 
arcs Mm, M’m’, mm’, described in the same time, correspond 
to the same angle, and if they be divided by their respective 
radii cM, c’m’, c’m”, we shall have three equal ratios. De- 


noting by 0, the common magnitude of these ratios, there 
will consequently result 


y Fi rare 
c + = zr =, 


and, therefore, 
w= pb, w= —p'0, w= — pd. 
Now, if these values be substituted in equation (4), and if 


6, the factor common to all its terms, be suppressed, it will 
become 


pp — Pp~ e“p"= 0; 


which is in fact, the equation of equilibrium that we have been 
considering. Conversely, if this last equation be multiplied 
by 0, it will be changed into equation (4). The reasoning 
will be precisely the same, whatever be the number’ of given 


forces P, P’, P”, &e., and the direction in which they tend to 
make the lever to turn. 


CHAPTER IIE. 


OF THE COMPOSITION AND EQUILIBRIUM OF PARALLEL 
FORCES. 


50. Iv appears from No. 43, that the composition of pa- 
raflel forces may be deduced from the rule of the parallelo- 
gram of forces, by considering the point of application at an 
infinite distance, but by means of this same rule, we may also 
obtain the resultant of two parallel forces, by another way 
which it will be useful to know. 

Let P and q be the two components acting at the points 
r and F of the inflexible line er, along the parallel directions 
EA and FB, either in the same direction as is represented in 
(fig. 19), or in opposite directions as in (fig. 20). No change 
will be produced in this system of forces, by applying to the 
extremities of this line, equal forces respectively denoted by 
s and acting in opposite directions, along its productions, 
Ecand Fp. Let the force p’, which is supposed to act in 
the direction of ra’, that is comprised within the angle arc, 
be the resultant of the forces rp and s applied to the point 
£; in like manner, let the force Q’ acting in the direction 
of the line rn’, which is comprised within the angle BFD, be 
the resultant of the forces @ and s, then if the case of No. 44, 
in which the given forces p and q are equal and act in oppo- 
site directions, be excepted, the two lines ka’ and Fx’ will not 
be parallel. Consequently, if « their point of intersection be 
supposed to be invariably attached to the line EF, it may be 
assumed as the common point of application of the two forces 
p/and @’ (No. 41). Through this point x, let the lines 2’r’ 
and Kx’ be drawn parallel to the line Er and to the direction 
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of the forces p and q, and if thet eack of the forces pr’ and Q’ 
be decomposed in the direction of these parallels, it is evident 
that we shall find again the components s and p directed along 
kz’ and ku, and the components s and q directed along xr’ 
and kH (fig. 19), or along Kr’ and KH’ (fig. 20). Therefore, 
we shall have the same four forces as before, but all applied to 
the same point x. And if the two forces s be suppressed, 

there will remain the two forces p and @ acting in the direetion 
of the same line KH in the case of fig. 19, or along this line 
and its production KH’ in the case of fig. 20, in which it is 
supposed that q is the greater of the two given forces, Hence, 
the resultant of these two forces will be parallel to them; and 
if it be denoted by r, we shall have 


Ro=Qa&P, 

according as they act in the same or in opposite directions. 
In order to determine the point o, where its direction cuts the 
line Er or its production, Ict &/ and F’ be the intersections of 
the lines az and ur with the line &’r’; then the two quadri- 
laterals Ex’Ko, Fr’Ko will be parallelograms, and if their 
diagonals kz and xr be taken to represent the resultants e’ 
_ and Q’, we shall have 

8:P2:EO: KO, 

S:Qi:FO:Ko, 
for the ratios of the components. Hence we infer 


Pi Qi: FO: BO; 


by means of which the position of the point 0, which may be 
assumed as the point of application of the resultant R, can be 
determined, We can likewise infer 

P:Q Pi: FO:EF; 

Q:Q EP: EO: EF; 
in which the superior signs refer to figure 19, and ie inferior 


L 
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signs to figure 20; therefore, if the preceding value of x be 
taken into account, we shall have in the two cases, 


P:Q:Ri: FO: EO: EF; 


which shows that each of the three forces is proportional to 
the distance comprised between the points of application of 
the two others. : 

This proportion, and consequently the position of the 
point 0, are independent of the angle at which the directions 
of the given forces are cut by the line zr, which may be any 
line whose extremities terminate at these two directions. 

51. We can now resolve, without any difficulty, all questions 
which may be proposed on the composition of two parallel 
forces into one, and on the decomposition of a force into two 
others parallel to it. However, we will not enter into any 
details on this subject; neither will we hereafter revert. to 
the particular case of forces which are equal, but not directly 
opposed to each other, which has been excluded from the pre- 
ceding demonstration, since it has been sufficiently examined 
in No. 44. We proceed, therefore, to consider any number 
whatever of parallel forces, of which one part acts in one 
‘direction, and the other part in the opposite direction, and 
which, while they may or may not exist in the same plane, 
are supposed to be applied to points connected together in an 
invariable manner, as for example, to different points of the 
same solid body. : i. 

The magnitude and position in space of the resultant of 
all’ the given forces, will be obtained by compounding two of 
these forces into a single one, then this last and a third into a 
single one, and so on, until all the forces are exhausted, pro- 
vided that the two last forces which are considered, do not fall 
under the case of exception of No.44. This resultant will be 
evidently parallel to the common direction of the components ; 
moreover, it will be equal to the sum of those which act in 
one direction, minus the sum of those which act in the oppo- 
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site direction, and it will act in the directio# of the greater 
sum. If, therefore, the first be considered as positive, and 
the other as negative quantities (No. 11), and if they be repre- 
sented by p, P’, P”, &e., and their resultant by R, we shall have 
always 

Ro P+ Pp Pb &e. 


52. If while the given forces are made to turn about their 
points of application, their parallelism continues, the ‘result- 
ant of these forces will also turn about one of the points of its 
direction ; for its point of application, which is found by com- 
pounding the given forces one after another, in the manner 
already pointed out, does not at all depend on the common 
direction of these forces, and consequently, it remains the same, 
when this direction changes. Thus, for example, let us sup- 
pose that the given forces are three in number, namely P,P’, P”,, 
acting in the direction of the lines ma, M/A’, ma”, (fig. 21.) 
First, let we be the direction of the resultant of p and P’, 
which resultant will be equal to p + P’; let then n’»/ be the 
direction of the resultant of p + P/ and p”; this last force p” 
being supposed in the figure to act in the opposite direction 
from‘p and P’, and to be greater than their sum. If now the 
three forces p,P’,e’, be supposed to turn about the points. 
m,M‘,m", retaining their parallelism and the relative direction in 
which they act, and if sa, m’a’, ma”, be their new directions ; 
In this new state, the resultant of the forces r and r/ will meet 
the line mm’ at the same point w as before, since the position 
of this point depends solely on the ratio of the components, 
and not at all on the angle which the line mm’ makes with 
their directions (No. 50), it will now be directed along the line 
Nb parallel to ma, and m‘a’, and it will be still equal top+r’. 
For the same reason, the resultant of p +P’ and pe” will meet 
the production of the line mm‘ in w’ the same point as before, 
and it will act in the direction of the line n’d’ parallel to nb; 
consequently, while the three forces P, P’, r’, turn about their 
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points of application m, ™’, Mm”, their resultant will also turn 
about the same point n’. 

53. The centre of parallel forces is termed the point in 
which all the successive directions of the resultant intersect, 
when its components revolve about their points of application, 
which are supposed to be invariable. 

We shall see in the sequel, of what importance the con- 
sideration of the centre of parallel forces, is, especially in all 
questions respecting the equilibrium and motions of heavy 
bodies. We can already perceive, that if a solid body is soli- 
cited by any parallel forces whatever, and if the centre of 
these forces is determined and supposed fixed, the equi- 
librium will obtain in all positions which the body can assume 
about this point, provided that the given forces. continue 
always parallel and applied to the same points of this body ; 
for then their resultant will constantly pass through the fixed 
point, which is sufficient in order that it may be destroyed. 

The rectangular coordinates of the centre of parallel forces 
depend, as we now proceed to shew, on the products of 
these forces multiplied by the coordinates of their points of 
application. As these products occur in a great number of 
cases, a particular denomination has been given to them; the 
product of a force into its distance from a plane, is termed the 
moment of the force with respect to this plane. ‘Thus, P 
being the intensity of a force applied to a point of which the 
coordinates are 2,y,2, the products rz, py, P2, will be the 
moments with respect to the planes of the axes of # and y, of 
the axes of 2 and z, and of the axes of y and z. In general, 
this species of moments has nothing in common with mo- 
ments which refer to a point, and which havé ‘been defined 
in No. 42. These depend upon the direction of the force, 
and are independent of its point of application; on the con- 
trary, moments with respect to a plane depend on the position 
of the point of application of the foree, and are independent 
of its direction. These last are only made use of in the case 
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of parallel forces; 80 that they may be either positive or ne- 
gative, according to the sign of the force and of the. eoordi- 
nates of the point at which it is applied. 

54. Let u, w’, m”, &e. (fig. 22), be the points of applica 
tion of the parallel forces p, p’, e”, &c., of which it will be 
unnecessary to indicate the directions. Let the three rectan- 
gular axes ox, oy, oz, drawn arbitrarily, be the axes of the 
coordinates ; let 2, y,2, be the coordinates of M,2’,y’, 2’ 
those of m’, 2”, y”, x”, those of m”, &c.; and let these coor- 
dinates and forces be supposed to be given quantities, which 
may be either positive or negative. Likewise, let a, 9’, e”, 
&c., be the projections of the points m, Mm’, m’, &e., on the 
plane of the axes of # and y; so that we may have 

Merz M”’=2', miQ'"=2z", &e. 

Finally, let 2, 4,, 21, represent the three. coordinates of 
the centre of parallel forces, of which it is required to find 
the values. 

y+’, which is equal to the resultant of the two forces 
p and P’ will meet at the point n, the line mm’, or its pro- 
duction, according as these two forces have the same or op- 
posite signs, but in each case we shall have 

PrP + P's: MN: MM’. 

Let « be the projection of n on the plane of the axes of 
wand y. Through the point m, let mex be drawn parallel to 
the line ake’, meeting the lines NK and m‘Q’ at the, points 6 
and H, so that we may have ; 

MG = GK = HQ’; 
we shall also have 
MN:MM’::NG:M/H; 
and from this proportion, combined with the preceding, we 
obtain(a) - 
(e +’) ine = P’M’H. 


If to this equation, we add the identical equation 
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(P +P’) Gk = PQ + PHO’; 
there will result 
(PP) NK = Pz + P's’ 

The resultant of the two forces p + P’ and p’ will meet in 
a point n’, either the line Nm’, or its production, according 
as these two forces have the same or contrary signs} and if x’ 
be the projection of x’ on the plane of the axes of x and y, we 
shall find, as in the preceding case, 

(e+ P+ PY) NK) = (PP) NK + PP2"5 
consequently we shall have 
(PP PY) NR! = pz + Pz’ Pla". 

Jn this manner we can continue, until all the given forces 
p, P,P’, &c., are exhausted, and if r is their total resultant, 
we shall have finally 

RZ, = PZ + P/2/ + Pe" + &e. 

Figure 22 supposes that all the points m,m’,m”, &c., N,N‘, 
&ec., are situated on the same side of the plane of the axes of 
x and y, or that their ordinates parallel to the axis of 2, have 
all the same sign; but it is easy to perceive, that if the pre- 
ceding equation is true in this case, it will be also true when 
these ordinates are partly positive and partly negative. In fact, 
if the plane of the axes of x and y be transferred parallel: to 
itself, to any distance 4 from its primitive position, and if 
z, z', 2, &c., be the coordinates of M, m’, Mm”, &e., and 2, that 
of the centre of parallel forces relatively to this new plane, so 
that we may have 


Hhmanh 2oz—h, vm2'—h, wag wh, &e. ; 
and if from the preceding equation the identical one 
rh=Ph+Ph+ p’h-+ &e,, 
be subducted, there will result 


Ry = Vz + P's! 4 PZ" 4 &e. 5 
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in which equation the ordinates 2, 2,2", &e.. may be either 
positive or negative. . 

It appears, therefore, that in all cases, the moment of the 
resultant of any number of parallel forces with respect to a 
plane arbitrarily selected, is equal to the sum of the moments 
of these forces, with respect to the same plane. 

. 55. If the moments with respect to the three planes of the 
coordinates, be taken successively, we shall have by the pre- 
ceding notations, 


RY = PA + Pa’ Pa 4 &e,, 
RY = Py + Py’! + Py" + &e., | (1) 
RZ, = PZ + P/2/ 4h P/2" ob &e,; 5 
and since 
Ro P+ P+ pe" + &e,, (2) 


the three coordinates of the centre of parallel forces will be 
completely determined. 1f through this point a line be drawn 
parallel to the given forces, in the direction of the sign indi- 
cated by R, the direction of the resultant will be obtained. 
These four equations embrace, in the most general manner, 
the theory of parallel forces. 

The sum of the moments of the forces is zero, with respect 
to every plane passing through the centre of parallel forces 3 
for, if this plane be assumed to be that of the axes of a and y, 
it is necessary that we should have z,=0, and consequently 


PZ P’e’ 4 Pz" + &e, = 0, 


In the particular case in which Pp, P’, P”, &e., are reduced 
to two equal forces acting in opposite directions, their sum 
R = 0, hence the values of %5%1,%), will be infinite. Con- 
sequently, the centre of parallel forces is at an infinite distance, 
or rather it does not exist at all, no more than the resultant, 

56. When all the points of application M, m’, mw”, &e., of 
the given forces are situated in the same plane, it is evideng, 
from the nature of the centre of parallel forces (No. 52), that 
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this centre, if it exists, must also lie in this plane, this {s in 
fact what may be infcrred#frém equations (1) and (2). 
Let a, d, ¢, be three given constants, in this case we shall 
have ; 
zman+by+e, 
2/= az’ + by’+e, 
2? an + by" +c, 
7 &e. 


If these values of z, 2’, 2”, &c., be substituted in the third 
equation (1), it becomes 
RZ, = (Pa + Pax’ + Pe” + &e.) a 
+ (Py + Py + Py” + &e.)b 
++ (Pp + P+ P” + &e.) c. 
By means of the two other equations (1), and of equation 


(2), the coefficients of a,b,c, may be replaced by Ray, Ry, 25 
and if then, the common factor r be suppressed, there results 


= an + by +3 
from which it appears that the centre of parallel forces exists 
in the same plane as the points M, m’, mM”, &c. 

This centre may be likewise found, when all these points 
exist on the same right line, and then the first of equations (1) 
suffices to enable us to determine its position, provided that 
this line be assumed to be the axis of z. Moreover, if the 
forces P, P’, P", &c., are perpendicular to this line, the moments 
which have been considered at page 76, are the same with 
those which refer to a point 0, the origin of the abscisse 2, 
and the first equation (1) coincides with equation (1) of No. 
47. In fact, it is easy to perceive, that among the given 
forces P, P’, P”, &c., those which tend to produce a revolution 
about the point 0, in the same direction as the resultant Rr, are 
all forces of which the sign is the same as that of their dis- 
tances 2,2’, x”, &e., from this point, and that those which 
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tend te produce a revolution in the opposite direction, are 
forces of which the sign is contrary to, that of thesg same dis- 
tances ; consequently, the moments of the first must be added, 
and those of the second subtracted, agreeably to what has 
been stated in the number alreafly cited. 

57. The equations of equilibrium of the parallel forces 
Pp, P’, P”, &c., may be easily deduced from the theorem which 
has been just established. 

If there is no fixed point in the system, it is necessary, in 
order to an equilibrium, that, if one of these forces be ab- 
stracted, for example the force pr, rR’ the resultant of all the 
others should be equal and directly opposed to rp. Since then 
the forces p and kr’ are equal and directly opposed to each 
other, they must be equal and affected with contrary signs, or 
in other words, we must have p -- rn’ = 0. But nr’ is the sum 
of the components Pp’, P”, &c., it therefore follows, that 


P+pr’+4 p’-+ &e, = 0, (a) 
which is the first equation of equilibrium. In order to express 
besides, that the forces p and r’ are directly opposed to each 


other, let a, 8, y, be the three coordinates of the centre of 
parallel forces p’, e”, &c., so that we may have 


Ra = Pa + Px” +. &e., 
rB= Py + P’y" + &e., 
Ry = P’2! 4 PZ” + &e.5 


then this centre being the point of application of their result- 
ant x’, it is necessary that it should lie on the direction of the 
force p, in order that r’ may be directly opposed to this force, 
or, which comes to the same thing, this centre and m the point 
of application of the force r should exist on the same line 
parallel to the common direction of the given forces. If 
therefore, for greater simplicity, the plane of x and y be as- 
sumed perpendicular to this direction, it is necessary that. these 
two points should exist on the same perpendicular to this 
aa : 
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plane, they will then have the same projection on this plane; 
consequently, their coosdinafes parallel to the axes of'x and y 
will be the same, so that we shall have 


axa, Bry; 

hence, if 2 and y be substituted in place of a and PB in the 

first two of the preceding equations, there results, because 
vVvo-—P, 

Px + Pa’ + Pe + &e. = 0, | 


py + Py! + Py” + &e. = 0; | AP) 
= 


which equations indicate that the sum of the moments of all 
the forces P, P’, P”, &c., is cypher, relatively to the planes of 
the axes of x and z, and of the axes of y and z, parallel to their 
direction. 

Thus it appears, that in order to an equilibrium of these 
forces, it is necessary that equations (a) and (b) should ob- 
tain simultaneously. Conversely, when these three equations 
are satisfied, the equilibrium has place ; for we shall have, in 
virtue of these equations, 


wo-P, Razt—Pr, KB = — Py, 


and, consequently, 
axa, Br=y; 


so that this resultant will be equal, and directly contrary to 
the force p which has been omitted. It is not necessary, in the 
preceding proof, that the two planes relatively to which the sum 
of the moments of the given forces is zero, should be perpen- 
dicular the one to the other; it is sufficient if they are parallel 
to the direction of these forces, and it is easy to' perceive, that 
if this condition is satisfied with respect to two planes(é) 
parallel to this direction, it will be equally so with: respect to 
all others. 

Hence we may infer, that in order to the equilibrium of a 
system of parallel forces applied to a solid body entirely free, 
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it is necessary and it suffices—first, that thesum of these forces 
be equal to zero; secondly, that the sum of their moments be 
nothing, with respect to any two planes parallel to their com- 
mon direction. When all the forces exist in the same plane, 
this second condition will be already satisfied with respect to 
this plane, and it suffices that it be so likewise with respect to 
some one other plane. 

58. If one of the points of this solid body is supposed to 
be fixed, it will suffice for the equilibrium of parallel forces, 
that the sum of their moments should be eypher with respect 
to two planes passing through this point and parallel to their 
direction, and it will be no longer necessary that their result- 
ant should be equal to cypher; for then the distances of this 
resultant from these two parallel planes will be cypher, it will 
therefore coincide with their intersection, and be destroyed by 
the resistance of the fixed point(c). 

When this point is the centre of parallel forces, the sum of 
the moments will be zero with respect to all planes passing” 
through this point ; consequently the given forces constitute 
an equilibrium, whatever be their common direction, which we 
already know from other considerations (No. 53). 

If the solid body is retained by a fixed axis, about which 
it has solely liberty to turn, it will suffice, in order to the equi- 
librium of parallel forces applied to its different points, that 
the sum of their moments should be zero, relatively to the 
plane drawn through this axis parallel to their direction ; for 
as then their resultant lies in this plane, it will meet the 
fixed axis, and must be destroyed by its resistance. When the 
fixed axis is itself parallel to the given forces, the plane in 
question is indeterminate ; consequently the condition of equi- 
librium does not obtain, which indeed, it is evident of itself, 
must be the case, since the forces, which are all parallel to a 
fixed axis, cannot cause a solid body to turn about this line, so 
that in this case the equilibrium obtains independently of their 
intensities, and of their distances from this axis. 


CHAPTER IV. 


GENERAL CONSIDERATIONS RESPECTING HEAVY BODIES AND 
CENTRES OF GRAVITY. 


59. Tux force which¢precipitates bodies to the surface of 
the earth when they are let to descend, is termed indifferently 
gravity or weight. It acts on all material points, in directions 
perpendicular to this surface, or in the direction of vertical 
lines. The directions of gravity in different places of the 
earth, must therefore, when produced, converge towards its 
centre, because its form is nearly spherical; but considering 
the magnitude of the radius of the earth, relatively to the 
dimensions of those bodies, which are generally considered, 
we may, without sensible error, assume that for all the ma- 
terial points of the same body, gravity acts in parallel di- 
rections. 

Direct experiment proves, that the intensity of this force, 
at the surface of the earth varies with the latitude ; and that 
in the same vertical, it likewise varies with the elevation 
above this surface. But it is necessary that the changes of 
height and latitude should be very considerable, in order that 
these variations may become sensible, and they are evidently 
not so, in the extent of a body of ordinary dimensions, 

60. It follows from this that the resultant of the parallel 
forces, that act on all the points of a heavy body, (which 
forces are ipfinite in number,) is independent of its form; this 
resultant is what is termed the weight of the body. In homo- 
geneous bodies, the weight is evidently proportional to the 
volume; but daly experience shows, that bodies of different 
natures have not the same weight under the same volume ; 
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this may either arise from this, that the .attraction of the 
earth, which is the principal cause of gravity, as will appear 
in the sequel, depends on the nature of the material points on 

- which it acts, or from the circumstance that heterogeneous 
bodies contain, under equal volumes, different quantities of 
material points which are equally heavy. We will explain in 
another chapter, how philosophers have inferred from the ob- 
served motion of heavy bodies, that it is the second of these 
cases which obtains in nature. . 

It results from this, that the weight of any body is in a 
ratio compounded of its mass and éf the intensity of gravity 
in the place where it is situated. Hence, if we denote this 
weight by p, the mass by m, and the measure of gravity by g, 
we have 

Pa gM. 


This quantity g, which is independent of the particular 
nature of each body, is thus the weight of what has been 
arbitrarily assumed to represent the unit of mass. In the sequel 
it will appear how its value has been determined in different 
points of the earth, by means of the motion of bodies sub- 
jected to the sole action of gravity. We may likewise write 


P= wv, 


w denoting the weight of the body, which represents the unit 
of volume, and v its volume. The weight w is what is termed 
the specific gravity of the body that is considered, a denomi- 
nation which is evidently improper, for gravity is common to 
all bodies of different species, and therefore, there ought to be 
substituted for it, the denomination specific weight. 

Finally, if p represents the mass, under the unit of volume 
of the body which is considered, p will be what is termed the 
density of this body, and we shall have 


M= DY, P=gpVv. 


The preceding are the equations which obtain between the 


86 CONSIDERATIONS RELATIVE TO.HEAVY BODIES 


five quantities, Pp, g, M, D, v, each of which should be expressed 
numerically, by referring it to a unit of its species. 

61. The gramme, or unit of weight, is that of a cube of 
distilled water, of which one side is a centimetre, taken at its 
greatest density; which we know has place at about the 
temperature of 4° of the centigrade thermometer. This weight 
varies with the latitude and elevation of the place, in which it _ 
exists; however as the weights of other bodies, which it is 
made use of to ascertain, vary exactly in the same ratio, -it 
follows that the weight of any body expressed in grammes, is 
every where the same, and that there is no occasion to specify 
in what latitude, or at what elevation it has been determined. 
According to the experiments of M. Hallstrom, the weight of 
a cube of distilled water, of which one side is‘a centimetre, at 
the temperature zero, is 


oe™, 9998918. 


The density of distilled water at this last temperature, is 
most commonly assumed as the unit of density. The densities 
of a great number of substances have been determined by 
experiment, and expressed in numbers by means of this unit. 
Thus, for example, the density of mercury at this same tem- 
perature is, 

13,5975, 


and it increases or diminishes by 
1 
+. 5550’ 


for each degree of increase or diminution of the temperature. 


~ The density of air, taken also at that of melting ice, and when 


the barometrical pressure is 76 centimetres at the observatory 
of Paris, is found to be equal to 


769,4° 


> 
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and for each variation of a degree in the temperature, it varies 
in a contrary sense, by 

0,00375, 
like that of every other gas. 

As the weight of a column of mercury which expresses the 
barometrical pressure, varies with the latitude and elevation 
above the surface of the earth, the density of the ais, sub- 
jected to a pressure of a given height, varies at the same 
time. It is on this account, that it is not sufficient merely to 
assign this height, it is likewise necessary to specify in what 
place the observation has been made. The ratio of the 
density of mercury to that of air, corresponding to the.pre- 
ceding numbers, is 

10462. 

Whenever a phenomenon, such as, for example, caloric, ean 
be ascribedyto & material substance, this substance must be 
acted on by gravity, and the expression imponderable should 
refer solely to matter of which the density is so feeble as to 
elude all our means of investigation ; so that its presence does 
not increase in an appreciable manner either the weight or 
mass of the body of which it constitutes a part, however con- 
siderable the quantities of it are, that may be Bopposed to 
exist in the body. 

62. As weights are forces with which we are most familiar, 
and of which the relative values may be determineé by means 
of the balance, with the greatest precision and facility, it is 
natural for us to make use of them, in comparing forces of 
different natures. Thus, when the muscular force @f an 
animal, or any other force, acts on a body by the intervention 
of a chord attached to its surface, we can always conceive 
that this force is equivalent to a certain determinate weight, 
or we can even, without changing its direction, substitute for 
its action, that of this weight, by suspending it at the extre- 
mity of the chord, this chord having been previously made 
pass over a fixed pulley properly placed. 

The weight furnishes us with the most commodious measure 
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of the mess; in fact, without the aid of gravity it would be 
extremely difficult to determine the ratio of the masses of two 
bodies. It will appear in the sequel, that this measure may 
also be strictly inferred from the mutual collision of two 
bodies; but it is much simpler to substitute for the ratio of 
the masses, that of the weights, to which it is equal in every 
part ofthe earth, in virtue of the equation r= gm. Never- 
theless, as the weight is only a secondary property of bodies 
which may be rendered altogether insensible, by transferring 
them to a sufficiently great distance from the earth, without 
any change whatever taking place in the masses, we should 
be able to obtain a conception of the equality and relation of 
the masses, independently of the consideration eFake weight ; 
this point will be adverted to in a subsequent of this 
treatise. 

63. Since all the points of a heavy body are solicited by 
parallel forces, it follows, that if it be made to assume succes- 
sively different positions witl respect to the direction of these 
forces, their resultant will constantly pass through a given point 
of this hody ; this point, which in general has been designated 
the centre of parallel forces (No. 53), is in this particular case 
termed the centre of gravity. Its characteristic property in solid 
bodies, which are subjected to the sole action of gravity, con- 
sists in this, that ifit be supposed fixed, the body to which it 
appertains remains in equilibrio in all possible positions about 
this point, since in all these positions, the resultant of the forces 
appliedtoall the points of the body passes through the fixed point. 

It also appears, that when a heavy solid body is retained by 
another fixed point, it is necessary, and it suffices in order to 
an equilibrium, that the right line which connects this point 

- with the centre of gravity should be vertical; this centre may 
however exist indifferently, above or below the fixed point. 
Th fact, as the weight of the body is a vertical foree applied 
at its centre of gravity, its direction will coincide in this hypo- 
thesis, with the right line which connects this centre with the 
fixed point, or with its production, consequently this force 
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will be destroyed by the resistance of the fixed point, just as 
if it was immediately applied to it. 

For the same reason, if a heavy solid body be suse 
pended to a fixed point, by means of a thread, of which the 
inferior extremity is attached to a point of its surface, the di- 
rection of this thread will be vertical in the state of equilibrium, 
and its production will pass through the centre of gravity of 
the body. This will be also the case when the same body is 
suspended from the fixed point by attaching any other point 
of its surface to the inferior extremity of the thread, and the 
successive productions of the thread drawn in the interior of 
the body, will intersect in its centre of gravity ; this furnishes 
us with a practical method of determining the position of this 
centre in a body of any form whatever, whether homogeneous 
or heterogeneous. 

In all questions relating to the equilibrium of a solid body, 
we may abstract from the consideration of the weight of its 
different parts, provided that there be added to the given 
forees which act on the body, a force equal to its weight, and 
applied vertically to its centre of gravity. Thus, for example, 
in the case of the equilibrium of the lever, in the number of 
given forces of which the sum of the moments is cypher, with 
respect to the prop, there should be included the weight of 
the lever, acting in the direction of gravity, at its centre of 
gravity (No. 47). 

64. When cande’, the centres of gravity of the two parts 
of a body are known, and also their weights p and p’, x the 
centre of gravity of this hody may be immediately obtained ; 
for this centre is the point of application on the line cc’, of 
the resultant of the parallel forces p and Ps which act in the 
same direction at its extremities c and 6’; and we conse- 
quently have, in order to determine it, 

GRIGG: pip tp 


In like manner, if K and «, the centres of gravity ofa body 
N 
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and of one of its parts, be known, and if pand p be the respective 
weights of the body and of this part, ’ the centre of gravity 
of the other part may be deduced from them ; for this point will 
be situated beyond the point k on the production of the line 
Gx, and its distance from the point c will be determined by 


the proportion 
GG':GKi:P:P—p. 


If a body is divided into any number of parts of which the 
-weights and the centres of gravity are known, its centre of 
gravity may be deduced by a series of proportions; but it is 
more convenient to determine its three coordinates by means 
of the theorem which has been established respecting the mo- 
ments of parallel forces (No. a 

For this purpose, let p, p’, p", &c., be the weights of the 
different parts of the body, and ¥ the total weight, so that 


pop+p’ +p"+ &e. 


Likewise, let 2, y,z, be the coordinates of the centre of 
gravity of the part of which p is the weight, 2’, y/, z' 3, those of 
the centre of gravity of the part of which p’ is the weglit &e, 
All these quantities are supposed to be given ; andif 2,71, %15 
be the coordinates of the centre of gravity of the entire body, 
referred to the same axes as the preceding, we shall have, by 
the theorem just cited, 


Px, = px + p's’ + pa" + &e., 
Py = py + p'y' + p'y" + &e., 
2, = pz + pe’ + plz" + &e.; | 


by means of which the values of 2, 41,21, can be determined. 
65. In these equations, the weights may be replaced by the - 
masses to which they are proportional. Therefore, if m,m’,m", 
. &e., denote the masses of the different parts of the body to 
which the weights represented by p,p’,p”, &c., are proportional, 
and if m denotes the entire mass, so that 
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Mam + m+ m' + &e., 
there will result : 
, Ma, = mx + m'e! 4- m'x" + &e., 
My, = my + m’y’ + m'y" + &e., (1) 
Mz, = mz + m’2! + m2" + &e. 5 


from which it appears, that the centre of gravity is independent 
of the intensity of gravity, and that it will be always the same 
point of the body, in different latitudes and at different ele- 
vations above the surface of the earth. It was the consider- 
ation that this point does not imply the action of gravity, 
and that it depends solely on the masses and on their respective 
positions, which induced Euler, and other authors, to term it 
the centre of inertia ; however the denomination of centre. of 
gravity has more generally obtained. 

If the mass m be supposed to be divided into an infinite 
number of infinitely small parts m, m‘, m”, &c., we may 
assume whatever point of cach of these we choose for its centre 
of gravity, since the coordinates of all the points of the same 
element, parallel to the same axis, differ only from each other, 
by infinitely small quantities. In this case, the second mem- 
bers of equations (1) will consist of an infinite number of in- 
finitely small terms, the sums of which will be definite inte- 
grals, extended by the theorem of No. 13 to multiple inte- 
grals. “Consequently, we can always, by the rules of the 
integral calculus, determine, exactly or by approximation, the 
centre of gravity of any body whatever, without knowing that 
of any of its parts. 

In a body of which all the parts are homogeneous, their 
masses are to each other as their respective volumes ; we may, 
therefore, substitute the volumes for the masses in equations 
(1); and if the entire volume be represented by v, and the. 
parts corresponding to m, m’,m’, &c., by v, v’, v”, Bees we 
shall have 
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Vv o+ vo! + &e., 
Va, = ve + o'r! + vig + &e. 
vy = vy + uly’ + uly! + &e., 
v2, = vz 4 v2! b vz! 4 &e. 


The point which is determined by means of these equa- 
tions, is the centre of parallel forces applied to all the points 
of a body, and proportional to the elements of its volume ; 
this point is termed the centre of gravity of the volume, 
although a volume has neither weight nor mass. In like 
manner, the centre of parallel forces applied to all the points 
of a surface, or a line, and proportional to their elements, is 
termed the centre of gravity. Its coordinates are determined 
by substituting in the preceding equations, for the volumes 
v,v, v’,v”, &e., either the areas of the surface and its parts, or 
the lengths of the line and its parts. 

66. The masses m, m, m’‘, m”, &c., and the mutual dis- 
tances of their centres of gravity, are connected .together by 
an equation which may be easily deduced from equations (1). 
For this purpose, let the origin of the coordinates be placed 
at the centre of gravity of m; and these equations will then 
become . n 

mx + m'x! + mc" + &e. = 0, 

my + m'y + my! + &e. = 0, 

mz + m'2z! 4 mz! 4+ &e. = 0. 
By squaring the first, there results - 


na? + mx” 4. mg! 4 &e, = — Qmm'ze! — 2mm!r2" 
~~ 2m'm''x'x" ~ &e. 
If to the two members of this equation, there be added the 
quantity . 
m. (m! + ml + &e.) 2? 4m! (m +m! fe &e.) a? 
+ mn + m’ + &e.) x" + &e., 


there will result(a) 
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ot (ma? m'e?4.m"e'? 4 &e.) = mm'(e—2')? 4 mm" (2~ a!?P , 
+ m'm! (2! — ax? + &e. 
In the same manner, the second and third equations (1) will 
give 
M (ng? + m'y? + my’? + &e.) = mm! (y—y")? + mm"(y—y")? 
+m‘! (y—y") + &e, 
M (m2? 4+ m2’? + mz? 4. &e,) = mm! (z—2" mm" (2-2"7 
+ mm” (2/ — 2") + &e. 
Now, if these three last equations be added together, and 
if we make 
: e+y+2=r, 
a? yf? 22, 
Ped + y? + Zea —_— lla, 
&e., * . 


(e@- w+ y-yP + — 2 = p* 

(22+ y—y P+ - 2 = p® 

w= a'Pt VY y'P +e — 22 =p, 

&e., 
we shall have 

M (mr? + m'r? 4 mr!? 4. &e.) = mm’ p* + mm p® 
+ mm!" p’? + &e., 

for the equation which it was proposed to obtain, and in 
which p, p’, p”, &c., are the mutual distances of the centres of 
gravity of m, m’, m”, &c., and 7,7’, 7”, &c., the distances of 
these points from the centre of gravity of m. 

67. We can also infer from equations (1), a remarkable 
property of the equilibrium of a material point entirely free. 
It may be stated in the following manner. 

Let o be the point in equilibrio (fig. 23); and let the 
forces which} solicit it be represented in magnitude and‘ti- 
rection by the lines foa, oa’, 0a”, &c.; if their extremities _ 
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4,a',4", &c., be the centres of gravity of equal masses, the 
point o will be the centre of gravity of this entire system. 
In fact, if equations (1) be applied to these masses, and if 
their number be supposed to be x, we shall have 

nay eta’ t+ac’4+&e, 

ma=yty'ty' + &e., 

NZ Zp a fe’ + Ke, : 

On the other hand, if the angles which the force a makes 
with three rectangular axes drawn through the point o, be 
a, 8, y, and if a’, RB’, y’, be what those angles become rela- 
tively to the force oa’; and a”, 8”, y”, what they become re- 
latively to the force oa”, &c., the equations of equilibrium of 
these forces will be 

oa cosa + 04’ cos a’ + 04” cosa” + &e. = 0, 
0a cos 3.4 04’ cos B+ 0a” cos B+ &c. = 0, 
OA cos y ++ 04’ cos y’ + 0A” cos y” + &c. = 0, 

Now, if the origin of the coordinates be placed at the point 

0, the coordinates of the points a, a’, a”, &c., will be 
% =oacosa, y =oacosB, z = oa cosy, 
x = oa'cosa’, y= 04 cos’, 2 =0a' cosy’, 
x”=o0a"cosa”, y”=0a"c08 RB", 2” = oa’cosy", 
&e., 


therefore we shall have, in virtue of the equations of oqui- 


librium, a+a'+ a+ &.= 0, 


yty ty’ + &.=0, 
zt-2%2+2"4+&.=-0; 


hence we infer 
: 4=0, 7~=90, 21-9, 


for the coordinates of the centre of gravity of equal masses ; 
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consequently, this centre will coincide with the point 0; which 
was proposed to be demonstrated. 

68. There are several particular cases in which the centre 
of gravity is immediately known. Thus, the centre of gravity 
of a sphere, or of an ellipsoid, is evidently the centre of the 
figure; that of a parallellopiped is at the intersection of its 
four diagonals, that of a cylinder whose bases are parallel, at 
the middle point of its axis. The centre of gravity. of a 
circle, or of an ellipse, is likewise in the centre of thé figure, 
and that of a parallellogram at the intersection of the two 
diagonals. The centre of gravity of a right line is in the 
middle point of this line; hence may be inferred, without any 
difficulty, the centre of gravity of the perimeter of any polygon 
whatever, either by a series of proportions (No. 64), or by the 
equations of the moments of parallel forces. It appears in 
like manner, that when the centres of gravity of a triangle and 
of a triangular pyramid are known, we can deduge, by one or 
other of these methods, the centres of gravity of any given 
polygon, or polyhedron, since they may be respectively de- 
composed into triangles, or triangular pyramids. 

But in general, the determination of centres of gravity 
requires the application of the integral calculus, and in the 
following chapter, we propose to furnish all the requisite de- 
tails for this purpose. 


CHAPTER V. 


DETERMINATION OF CENTRES OF GRAVITY. 
Centres of Gravity of curved Lines. 


69. Ler s be the are of the given curve, terminating at 
any point m, and measured from a fixed point c. Likewise, 
let 2, y, 2, be the three rectangular coordinates of m. This 
curve may be considered as a polygon of an infinite number 
of sides, ds will be the side, or the element, of the curve 
which corresponds to the point m; and in whatever point the 
centre of gravity of this element may be, we can assume 2,y, 2, 
for its three coordinates, as they cannot, in point of fact, differ 
from those of mM, except by infinitely small quantities. 

Let I denote the length of the determinate part of the 
curve, of which it is required to determine the centre of gra- 
vity, and let sj and s, represent the given values of s which 
refer to the two extremities of 1. Let a1, 91,21, be the co- 
ordinates of the centre of gravity of this arc J, referred to the 
axes x,y,z. By the theorem of No. 13, the sum of the values 
of each of the products ads, yds, zds, in the entire extent of ¢, 
will be a definite integral taken from s= 89, to 8 = 5), 2, Y; 2, 
being considered as functions of s, depending on the nature 
of the curve in question. Hence we shall have (No.65) 


ln=\ ads, ly = Studs, lz= 4 ods, Q) 
So S80 So 


for the three equations, by means of which 2, y, z, can be de- 
termined. 

Suppose, for example, that the given line is a right one, 
and that its part J terminates at the point c, so that we have 
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%=%, 5 = Let a, B,y, denote the three angles which 
this part 7 makes with thé axes drawn through the point c, in 
the direction of the positive xs, ys, zs. Likewise lef a, b, c, be 
the three coordinates of the point c; for any point m we shall 
have 

Tma+s.cosa, yrb+s.cosB, z=e+48.cosy. 


By substituting these values in equations (1), integrating 
and then viding’ by J, there results(@) 


m%matslesa, y=b+4leosB, 2me+sleosy; 


which indicates that the centre of gravity of the line J, is 
situated at its middle point, as we know ought to be the case. 

70. When it is proposed to find the centre of gravity of a 
plane curve, if its plane be assumed to be that of the axes of 
«and y, the two first equations (1) suffice to enable us to de- 
termine the position of its centre of gravity in this plane. 
Moreover, if the portion Z of the curve be symmetrical on 
each side of the point c, we shall have sp=—42 and s,= 3h; 
the centre of gravity will be situated on the normal raised at 
the point c; and if this line be taken for the axis of x, it will 
be sufficient. to determine the value of x, which will be fur- 
nished by the equation 


Z a di 
a= ads. 
1 ~il 


The are of a circle is comprised in this particular case, by- 
assuming for the axis of x, the diameter which passes through 
its middle point. If the origin of the coordinates be at the 
centre of the circle, and ifwe denote its radius by a, we shall have 


8 
2= a.cos—, 
a 
for the abscissa of any point »; hence we infer(b) 


lx, = 2a? gine 


2a 
and if ¢ be the chord of the are 2, we shall have 
Oo 
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o=2asin 2, le, = ae; 
from which it appears that a, the distance of the centre of 
gravity of an are of a circle from the centre of the circle, is a 
fourth proportional to the radius, the chord, and the are. 
71. As the equation of a plane curve makes known one of 
the two variables in a function of the other, if the value of y 
is supposed to be given in a function of «, we shall have 


ds= Vi4 pats : 


and if a and 3 denote the values of a, which refer to the two 
extremities of the arc J, instead of the preceding equations, 


we shall have 
7 CVi4% 14 a 
ly = Pe /i4 8 +55 de, (2) 
y= Py 14% a 


If the given curve be a conic section, we can obtain by 
the ordinary rules, the values of the integrals contained in the 
two last equations (2), under a finite form. And in the case 
of the parabola, we can likewise obtain the value of the in- 
tegral of the first of these equations, so that the two(c) co- 
ordinates of the centre of gravity of an arc of a parabola may 
be always obtained in functions of a and 3 the abscissee of its 
extremities. Ly a theorem of Landens, the are of the hyper- 
bola may be expressed by means of two ares of the ellipse and 
of an algebraic part; as to the are of the ellipse, it must be 
considered as a function irreducible to other simpler functions ; 
however, by means of very extensive tables of this function, 
computed by M. Legendre, their numerical values may be 
computed to a very close approximation. Hence, when the 
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numerical yalues of a and , and those of the axes of the 
ellipse or hyperbola are given, it will be easy to compute the 
value of J, and consequently, x, and y,, the coordinates of the 
centre of gravity of an are belonging to one or other of these 
two curves. 

72. Let the are of the cycloid be taken for another ex- 
ample of the application of equations (2). In this curve, the 
length, the area, the surface, the volume generated by its 
revolution, and the coordinates of their centres of gravity, can 
bé determined exactly. The drawing of a tangent at any 
point of this curve is also extremely simple; its evolute is 
another cycloid, and moreover it may demonstrated, that by 
a series of successive developments, any curve whatever ap- 
proximates more and more to coincide with the eycloid, and it 
rigorously(d) coincides with it after an infinite number of de- 
velopments. We shall likewise see in the sequel, that the 
eycloid is a curve which possesses very remarkable properties 
with respect to the curvilinear motion of heavy bodies. This 
singular combination of such a number of curious proper- 
ties of different descriptions, all appertaining to the same 
curve, has rendered the consideration of it extremely useful, 
and of very frequent application in geometry and mechanics. 
Its equation may be obtained in the following manner. 

As the eycloid is a plane curve acs (fig. 24), generated by 
a given point Mm of the circumference of a circle, while it rolls 
without sliding on the right line an, if the generating point 
commences to move at the point a, when it arrives at the 
point 3s of this line, the interval ax will be equal to the circum- 
ference of the given circle. We may also perceive, that its 
diameter will be equal to the perpendicular cx, let fall from 
the summit of the cycloid on a8, and that it divides the curve 
into two parts symmetrically equal. Therefore, if ¢ denotes 
the radius of the given circle, we shall have 


ABx2re, cD = 2e. 
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In any position whatever of the circle, let ua,be its di- 
ameter perpendicular to the base ap, and H its poift-of con- 
tact with this line. From the point m let the perpendiculars 
Mk and Mp be let fall on ou and ap, and let 


AP=p, PM=q;3 


we shall have 
AH = AP -+MK = p+ V2cq—q, 
Qeq — Gg? 
aren = ¢.are(sin= Y2%= 2), ; : 


But as the generating circle rolls without sliding on the 
line aB, it follows that we have constantly 


AH = areMH3 


hence the required equation of the cycloid will be 
ees tae ey 
p+ V2%eq—g=a evare (sin = a!) 3 


for the point of which the coordinates are p aad g. 
By differentiating, we obtain(e) 


Paes 
P= V/2eq—@’ 


for its differential equation. From which it appears, that the 
two chords Mc and mu of the generating circle are the tan- 
gent and normal to the cycloid at the point m. If the radius 
of curvature at the same point be determined by the known 
formule, it will be found equal to twice mx ; hence it follows, 
that if mu be produced so that HN = MH, the point w will be 
the centre of curvature. Ifin the same manner, the line cpz 
be made double of cp, the point & will be the centre of cur- 
vature of the cycloid at c the summit of the cycloid ; and hence 
it is easy to perceive, that aNE, the evolute of the semi-cy- 
cloid amc, is an equal cycloid, reversed in such a manner, that 
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. its summit c is transferred to a, and its origin a to x. It fol- 
lows also that length of ame, or of amc, is equal to the right 
line cpg, and consequently, the entire length of the eycloid is 

“ equal to four times the diameter of the generating circle. 

73. In the different applications of the preceding equation, 
it will be more convenient to transfer the origin of the coordi- 
nates to the summit ¢ (fig. 25), and to take for the axes of 
and y, the lines cz and cy, which are respectively perpendicular 
and parallel to the base an. Hence, if from any point ma 
perpendicular mp be let fall on cz, we shall have 


cP= 2, MP=y. 

By comparing these coordinates with the preceding, it 
appears that = + 

pxhra—y, goa-a; 
(a denoting the diameter cp of the generating cirele.) Hence, 
if these values be substituted in the differential equation of the 
eycloid, and if a be put instead of 2c, it will become 
(a ~2) dx 
a> Vac— a (a) 

from which we obtain(/) 


ds = v2 dz, 


and if the integral of this equation be taken so that it may 
vanish when x = 0, there results 


sa 2y az; 
for the length of the are cm, of which the origin is at the 
summit. At the point a we have x =a; which gives, as 
before, 2a for the length of the semi-cycloid cma. It may be 
remarked here, that the equation s?= 4axr of the eycloid: is _ 


similar to that of the parabola, from which it only differs ia 
this, that the ordinate y is replied by the are s. 
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- If the two last equations (2) be applied to the determination 
of the centre of gravity of the arc cm, we shall have 


$a, = fo 2a8, n= VS ae; 


in which the integrals must be taken in such a manner that 
they may vanish with x. By substituting for s sts value, there 
results 


sl ae - yds 
227% = \Vzde, 2nVa=S ye 
Hence we obtain 
a = $2; * 

from which it appears, that the centre of gravity of an are 
‘cm, which is symmetrical on each side of the summit c, and 
which must therefore exist on the line cp, is distant from the 
point c, by one-third of cr, reckoning from the pointc. By 
integrating by parts, we obtain(g) 


We =2yVa— \Vady. 


Therefore, if we substitute for dy its value given by equa- 
tion (a), we shall have 
nV a= yVe—\Vanade, 
and, consequently, 
nay +3-[@- at ~ ava; 
‘ad this combined with the value of x,, completely determines 


the centre of gravity of the are cm. In the case of the semi- 
cycloid, we have s = a and y = 4ma; hence there results 


H= he, War whee 
74. When a plane curve revolves about a line comprised 
in its plane, which line may be taken as the axis of the ab- 
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scisse, it will generate a surface of revolution, the area of 
which can be expressed in terms of the length of this curve 
and of the ordinate of its centre of gravity. 

In order to demonstrate this, let « and y be the abscissa 
and ordinate of m any point of this curve, and s the are cm 
terminating at this point, and measured from the fixed point 
c; the element ds will generate the surface ofa truncated cone, 
and its middle point will describe a circumference equal to 
2 (y+ $y), or simply to 2xy, because ~dy is infinitely 
small. By the known rule, therefore, 2myds expresses the 
element of this surface. Hence if sy and s, denote the values 
of s, which answer to the two extremities of the generating 
curve, and s the surface generated, we shall have by the theo- 
rem of No. 13, 


s= ann ydse 


It should be observed here, that this expression implies 
that the generating curve is not intersected by the axis of a, 
if it is, then its parts situated on the opposite sides of this axis - 
will describe two different surfaces, of which s expresses only 
the difference. With this restriction, the expression will 
always obtain even when the generating curve is one which 
returns into itself, and in order to apply it to this case, it 
will be sufficient to substitute for s, the arc s) increased by the 
entire circumference of this curve. 

- This being established, we obtain by comparing this for- . 
mula with the third equation (2), : 


8 = 2rly, 


which shews thats the surface generated is equal to / the length 
of the generating curve, multiplied by 2 ry, the circumference 
described by the centre of gravity. This theorem will enable 
us to determine the value of s at once, without any compu- 
tation, and from the mere inspection of the curve, whenever 
the centre of gravity of the generating curve is known; it 
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will not be of any use, if it is-necessary to compute the or- 

z dinate Yo since this computation would be the same as that of 
s. Let us suppose, for example, that the generating curve is 
acirele; if we denote its by a, the distance of its centre 
from the axis of rotation by c, we shall have, on the supposition 
that ¢ is not less than a, 


l=27a, y=, 
and, consequently, 
: 8x 4rac. 
When the circle touches the axis of rotation, we shall have 
c= a, and the surface generated will be equivalent to a square, 


- of which the side is equal to 27a, the circumference of the 
generating circle(y). ; 


Il.— Centres of Gravity of Surfaces. 


15. Let a, y, z, be as before, the coordinates of any point 
M, and %, 71, 21, those of the centre of gravity which it is re- 
quired to determine; let z be considered as a given fanetion of 
«and y, and therefore 

dz dz 

oe Ree ee 
then if w be the element of the given surface which corresponds 
to the point m, we shall have (No. 21) 


w = dadyf1 +p? +4. 
In whatever point of w the centre of gravity of this element 
ts, its coordinates differ by infinitely small quantities from 
2,y,Z; we may therefore take w2, wy, wz, for the moments of 
w with respect to the three planes of the coordinates, and con- 
sequently there will result (Nos, 13 and 65) 


A=S$o, Am= Pro, Am=Yyw, Ae = Sew; 
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X denotes thé area of the portion of the surface, of which the 
centre of gravity is required, and the double integrals are sup- 
posed to extend to all the elements of 2. 

In the case of a plane surface; ¥f it be assumed to be that 
of the axes of a and y, the quantities p and q will be cypher, 
and we shall have only to consiger the three equations 


AxGWdedy, Ax, = Gudedy, Ay, = Wydady. 


If \ be terminated by the curve anc (fig. 26); to each abscissa 
zx or oP, there corresponds two ordinates pm and pN, which we 
shall denote by y and y’, and which will be given in functions 
of x, by the equation of this curve; also if a and SB be the ab- 
scissee op and ox of the points a and 8 where the tangents 
are parallel to the ordinates, then the integrals should be taken 
first from y’ = PN to y = PM, and then from 2 = atoz= 8; 
by this-means there will result . 


r= (PB g-yae, 
B= i (y—y') ada, — 
dn = 4 §Poe—y?) ae, 


If the area A, instead of being circumscribed by the reentrant 
curve ABC, is comprised between two different curves and be~ 
tween ‘ayo right lines parallel to oy the axis of the ordinates, 
the value of y should be deduced from the equation of the su- 
. perior curve, and that of y’ from the equation of the inferior 
curve, and the distances of these two parallels from the point 
o should be assumed for a and 8. In the case of most fre- 
quent occurrence, ox, the axis of the abscissz, replaces the 
inferior curve; consequently we shall have y‘ = 0, and simply 


Xr =(? ydz, t= (Prade, n= 38 yada, (2) 


P 
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by means of which the area and centre of gravity of a portion 
of a plane surface comprised between a given curve, the axis 
of the absciss and two ordinates of this curve, can be deter- 
mined. It may be remarked, that equations (1) can be also 
obtained in the following manner :—Let the area anc be di- 
vided into elements such as MNN’m’ infinitely small and pa- 
rallel to the axis oy. Let « denote the length of the line my; 
if through its two extremities there be drawn lines parallel to 
the axis oz, then whether triangles, infinitely small of the se- 
cond order, be added or subtracted from the element MNN‘M’, 
its magnitude will not be changed, consequently this element 
will be equal to udz. If is assumed to denote the distance of 
the middle point of mw from the axis oz, « and v may be taken 
for the two coordinates of the centre of gravity of this element; 
for it is evident that they only differ from it by infinitely small 
quantities. Therefore, from the other notations already re- 
ferred to, we shall have 


A= (Bute, Aq = ie audz, y= (Poude. (3) 


Moreoyer, as y and y’ denote always the coordinates pm and PN 
which refer to the same abscissa, we have likewise 
way-y, eaayty) 

from which it appears that these last formule coincide with 
equations (1). 

76. For the first example, let the centre of gravity of the 
triangle azc (fig. 27) be required. 

Let the origin of the coordinates be placed at the vertix 
c, and let the axis of x be perpendicular to the base aw; if we 
represent this base by 6, and the height cp by A, and if through 
any point p in the line cp, there be drawn mn perpendicular 
to this line, cre and mn will be the variables 2 and w, and we 
shall have the proportion 


wsaxr:bih, 
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from which we deduce 
ba 


i= ke 
We shall have besides, a= 0, B= 4h. By means of these 


values, the two first equations (3) will give 
A=hoh, Aw = Yd; 

from which results 

2 = fh. 
It will not be necessary to calculate the value of y3 for if © is 
the middle point of an, and if the line cz be drawn it will bi- 
sect all the elements of the triangle parallel to an, and will, 
consequently, contain its centre of gravity. Hence, if on cp 
there be taken a part 

cr=fcp=- mm, 

and if re be erected perpendicular to cp, the point c in which 
it meets cx will be the centre of gravity of the triangle. As 
the line re cuts cp and cE into proportional parts, we shall 
also have 

CG = $cE; 


from which it appears that the centre of gravity of a triangle 
exists on the line which joins its vertix with the middle point 
of the base, and its distance from the vertix is two-thirds of 
this line, and consequently its distance from the middle point 
of the base is one-third of the same line. 

77. This theorem may be also demonstrated without the 
aid of the integral calculus in the following manner: 

In fact, as it has been proved by the decomposition of the 
triangle asc (fig. 28) into elements parallel to an that its cen- 
tre of gravity exists on the line cp, which connects the vertix 
c with p, the middle point of this side; so, by decomposing 
the triangle into elements parallel to the side ca, it may be 
shown in the same manner, that this centre of gravity exists 
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also on the line BE drawn from the vertix 8 to x the middle 
point of ca; consequently this point must be at c, the inter- 
section of the two lines cp and BE. But, if the line pz be 
drawn, it will be parallel to cp, since it cuts ca and az into 
proportional parts, from which there results 

DE: CB ::AD:AaB::1:2, 

DG: CGi: DE: cB::1:2; 
so that pe will be half of ca, and consequently the third of 
cp, which it was proposed to demonstrate. * 

It is evident from this, that the three lines which are drawn 
from the three angles of a triangle to the points of bisection of 
the opposite sides, intersect in the same point, which is agree- 
able to a known theorem. 

If the vertices a, B, c, of the triangle are the centres of 
gravity of three equal masses, the centre of gravity of these 
three bodies will coincide with that of the triangle ; for, first, 
the centre of gravity of the two masses which answer to a and 
B is found at D, the point of bisection of the line an; and then 
the centre of gravity of these two masses and of the third will 
be «, a point in the line cp, so situated, that ep is half of ca, 
or a third of cp. 

It follows from this, and from the theorem of No. 67, that 
if there be applied to the centre of gravity of a triangle, 
forces represented in magnitude and direction by the lines ea, 
GB, Gc, drawn from this point to the three vertices, these three 
forces will be in equilibrio. 

78. Knowing the centre of gravity of a triangle, it is easy 
to deduce successively those of a circular sector or segment. 

Let caps (fig. 29) be the sector, and c-the centre of the 
circle. If the are apB be considered as a portion of a polygon 
of an infinite number of equal sides, the sector may likewise be 
decomposed into equal triangular elements which will have all 
these sides for bases, and their common vertix at the point c. 
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Let the force which acts on each of these elements be applied 
at their respective centres of gravity; and as the distance 
from the point c of each centre of gravity is two-thirds of the 
radius of the cirele, there will result a system of equal and pa- 
rallel forces applied to all the elements of the are a’p’n’ de- 
seribed from the point c as centre, and with a radius equal to 
3 cp. Consequently, the centre of gravity of the sector will 
be the centre of these parallel forces, that is to say, the centre 
of gravity of this are a’p’B’.. Now, if a, J, ¢ denote respec- 
tively the radius cp, the are aps and the chord 48, the analo- 
gous quantities corresponding to a’p’s’, will be $a, 21, $c, 
therefore if ¢ be the required centre of gravity, we shall have 
by the theorem of No. 70, 
v= Dae 
=.30 
(x being equal to ce). 

Now let s,s’, s;, denote the surfaces of the sector CADB, of 
the triangle cas, and of the segment apzz; if their centres of 
gravity, which will evidently be on the radius cp, terminating 
at p, the middle of the are aps, be c, ’, G3 and if 2, X', Ly 
denote the distances of these three points from the centre c; 
when parallel forces and proportional to s, s’, s,, are applied to 
them, the first will be the resultant of the two others; therefore, 
in considering the moments of these forces, we shall have 


sx = s’x/ + 8,2,. 


Besides, we have 


2ac 
30° 


sx 


al, «= 


tol 


And if cz, the altitude of the triangle of which the base is az , 
or c, be denoted by h, we have likewise 


s'ohech, # = 3h. 


Hence, as 
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§,=s8—s’=}(al—ch), 
the equation of moments will become 
tae = bch? +4 (al—ch) 2; 
by means of which, 2, the distance of the centre of gravity of 
the segment apBE, from the centre of the circle, can be deter- 
mined; for since 


ek l 
e= 2asing-, A= a.cos<, 


we can deduce (i) 
4a?sin? 1 
2a 


isa 3(2—asin +) 
When the are Z is the semi-circumference, we have J = Ta ; 
the sector and the segment coincide, as also the distances x 
and 2,, of which the common value is 

reas. 

79. Ifthe three conic sections be taken successively for 
the curve to which formule (2) refer, the integrations can 
be effected by the known rules, and the values of a, and y,, 
the two coordinates of the centre of gravity, may be obtained 
ina finite form. As this example has been merely adverted to 
as an exercise of the calculus, we will not enter into any de- 
tails, but pass on to the determination of the centre of gravity 
of the area of the cycloid, 

Let cpm (fig. 25) be the segment of which it is required 
to determine the centre of gravity ; if the abscissa cp and the 
ordinate pm be denoted by x and y, as in equation (a) of No. 
73, it is necessary that the integrals contained in formule (2) 
should vanish when a = 0; and these formule will become, by 
integrating by parts, 
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A= ay — Sady, : 
Aa = $2°y — 4fa'dy, ~ (4) 
An = 4 ay? — Saydy ; . 


the new integrals likewise vanishing at the same time as z. 
In virtue of equation (a), we have 


§2dy = § Vax — a de; 
but if w be the point where the ordinate mp meets the circle de- 
scribed on cp as diameter, this last integral expresses the semi- 
circular segment cnp; therefore, if in order to abridge, the 
area of this semi-segment be denoted by y, we shall have 
A=ay—y. : 
In the case in which the point m coincides with the point 
A, we shall have ‘ 
e=cp=a, y=va=4na, y = 4}ra’, 
and consequently, 
i A= $ra’. 

Hence it appears, that the area of the semi-eycloid is triple 
of that of the semicircle cnp, of which the radius is 3a, or in 
other words, the area of the entire cycloid is three times that 
of its generating circle. We shall have in like manner, 

§x'dy =SaYax— x*.dx, 
or, what is the same thing, 
§a'dy = haS§ Vax — x? dx—S(la—2) fax — x de. 

The last integral may be obtained at once, and because it 
must vanish when z = 0, we shall have(h) 

dey = oy — Jay +4 (aw — 28; 
by means of which the value of 2; may be obtained from that 
of 2. 


In the case of the semi-cyloid cap, in which we have at 
the same time 
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ema, yokna, yond’, A= jaa’, 

there results 

nas 

12? 

for the distance of its centre of gravity from the axis cy. 
Hence the centre of gravity of the area of the entire cycloid 
is at the distance of seven-twelfths of the height cp from the 
summit Cc. 

With respect to any other segment, such as cmp, the ordi- 
nate y, should also be determined; this, however, requires a 
much more complicated calculus. 

80. In virtue of equation (a), we have 


Saydy = Sy V ax — x da, 


and as the value of y given in No. 73 may be written as fol~ 


lows ; 
fa—a) da 


VES +3\ 7 , 
if we assume 
Vea 
Vara 
this integral being supposed, as in the other cases, to vanish 


when x = 0, we shall have 


yo Var— 2 + hazy 


from which results(?) 
Seydy = hax? — 40+ SaSzVar—a dz. (5) 
Because we made 
y¥=3$ Vaz—@ dz, 
we shall have by partial integration 
§2V az— a dx = zy —Sydz. 6) 


The expression for y may be written as follows, 


. 
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2 de _ (ja—z)de 
1210 \ SS Vax—a? 


and by integrating the second term by parts, there results 
dz seers eee 
yaoi Veoe (ja—2)Vae— 2? — (Var ar; 
hence we infer (m) 
; y= hoz —3(ha—2) Var— 2; 
and because ax — a*dz = dz, we shall consequently have 
Sydz = J, a’2? — L(ax—2°). 


If these values of y and §ydz be substituted in equation 
(6), there will result (n) 


§2V ax — a* de = gate? — 5 (¢ ~s) V ac—a"+ f(ax—x)?; 
which changes equation (5) into 


Saydy = fax + $ax®— 12° a 
+ sha%2*— Laz (La—2) Vaa—a. 
By means of this value and that of z, namely : 


2= 22) 
a > 





z=are (cos = 


the third equation (4) will not contain any unknown quantity, 
and will, therefore, make known the value of y,, for any 
segment whatever such as cmp. 
“In the case of the semi-cycloid cap, we shall have 
24, z= are(cos=—1l)=-7; 
and formula (7) will be reduced to 
r 
—_ 1 . 

Sydy=@(442); 

and because 


y= na, X= $a’, 
: ‘ 
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the third equation (4) will give 


_7a (i 4 ys 
nn “aN O/? 


which, together with the value of 2, given in the preceding 
number, will completely determine the position of the centre 
of gravity. 

81. Let s be the area of a zone of a surface of revolution, 
comprised between two planes perpendicular to its axis of 
figure. The centre of gravity of s will be on this axis; if 
this axis coincides with that of x, and if x, denotes the distance 
of this centre from the origin of the coordinates, a and 8 being 
the distances of the two planes which bound s, from the same 
origin ; the determination of the centre of gravity of this zone 
will be reduced to that of the value of x. 

Let s be resolved into elements of which each is the sur- 
face of a truncated cone described by the infinitely small side 
of the generating curve, as in No. 74; that which corresponds 
to the point m of this curve, the coordinates of which are # and 
y, will be equal to 2ny/dax® + dy’; its centre of gravity will 
be also on the axis of x, and the distance of this point from the 
origin of the coordinates can be assumed to be equal to a, since 
it can only differ from « by an infinitely small quantity. This 
being so, (by Nos. 13 and 65,) we shall have 


—9,(8 dy" 

s= anh y V1 4 2 de, 
dy* 

sx, = 2a Poy V 14 Shae, 


y being considered as a function of, which is known from the 
equation of the generating curve. 
If, for example, this curve is the arc of a circle ; by placing 
the origin of the coordinates at the centre, we shall have 
y= VE=P; 


(a denoting the radius,) from which there results(o) 


(8) 
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s = 2raVB—a, . 

sz, = 7a(P?— a’), 
and, consequently, 

%=3(B+a); 

from which it appears, that the centre of gravity of a spherical 
zone, is in the middle point of the part of the diameter comprised 
between the two planes that terminate it, and which is perpen- 
dicular to these planes. 

82. The cycloid will furnish us with two examples of the 
application of formule (8), by causing the are cm to turn suc- 
cessively about the axis cz, and the axis cy. 

In the first case, in virtue of equation (a) of No. 73, we 
shall have 

s= anVa\ y=, 80 = 2nVa\ yV Ede; 
Va 

the integrals being taken in such a manner, that they may 
vanish at the point c, where x= 0, By partial integration, 
and taking into account the value of dy, furnished by equation 
(a), there arises 


s= day Vax —4n/a\Va— ade, 
$2 = = ys Vaa~ 2 VaS eV a~ade, 
and, cansequently,(p) 


sx AnyV a+ 52a (aa)? — Fa’, 


sa = FeV aa (a—z)* 


16nr ,— ¢ 1607 , 
+35 a (a—zx) ~~ aR 


by means of which the surface generated by the are cm, which 
is concave towards the axis of the figure, and the distance of 
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its centre of gravity from the point c, are determined. When 
this are becomes the semicycloid ca, we have x =a and 
y= 437, and, consequently, 


, 2ra® 
8x 2na?(r— $), sam (x ~ $5). 


In the second case, it is necessary, in order to be able still 
to apply equation (a) of No. 73, to transpose x into y, in for- 
mulz (8), which by this means will become(¢) 


s=2n\x V/ 14% ae, 


2 
x 
dy? 
sy” = an (ry 14+ de; : 


y1 is the distance from the point c, of the centre of gravity of 
s situated on the line cy, and the integrals are supposed to 
vanish at the point c, that is to say, when « = 0. By means 
of equation (a), we shall have 


s= ana Sars i Vax; 


the value of sy, will be the same as that of sx, of the first 
case, and by dividing it by this value of s, the distance from 
the point c, of the centre of gravity of the surface generated 
by the are cm, which is convex towards the axis of the figure, 
will be obtained. When this are becomes the semi-cyloid CAy 
the surface generated will be equal to 47a’; in which case 
also, the value of the distance y, will be 


a 
n=5@— 1). 


It may be remarked here, that when the same arc of a 
curve turns successively about two rectangular axes, which 
pass through one of its extremities, the value of the second 
member of the second equation (8) continues to be the same, 
consequently the distances of the centres of gravity of the two 
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. surfaces which are generated, from this extremity, are in the 
inverse ratio of the areas of these surfaces. 

83. If the curve anc (fig. 26) turns about the axis oz, 
which is comprised in its plane, but does not meet it, its sur- 
face will generate a solid of revolution, of which the volume, 
denoted by v, may be expressed by means of the area of this 
surface and of y, the ordinate of its centre of gravity. 

For if all the notations of No. 75 be retained, it is easy to 
perceive that we shall have 


- 2 

rat Po-rye 

in fact, the infinitely small slice of this volume, generated by 
mww’m’ the element of the generating area, will beequal tory’dx 
— ny” dx the difference of two cylinders of which the radii are 
em and PN, and whose common altitude is dz; for we may 
neglect the infinitely small volumes of the second order, which 
are generated by the triangles that are added or taken from 
this element, by drawing through the points m and w lined 
parallel to the axis ox. Now by comparing this expression of 
v, with the third formula (1) of the number cited, we obtain(r) 


v= 2nd; 


from which it appears, that the volume generated by X, the area 
of a plane curve, is equal to this area multiplied by 27y,, the 
circumference of the circle described by its centre of gravity—- 
a theorem analogous to that of No.74. By means of this ex- 
pression the volume v can be determined when the centre of 
gravity of X is known d priori. It will also subsist, when the 
generating surface, in place of being circumscribed by a reen- 
trant curve, is comprised between two different curves, and be- 
tween two perpendiculars to the axis of the figure, provided 
that this axis does not pass between these two plane curves. 
Ifthe generating area is a semicircle revolving about its 
diameter, the distance of its centre of gravity from this axis 


of rotation will be equal to pa (No. 78), the radius being de- 
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noted by a; hence the length of the circumference described - 


by this point will be x; and as the area of the semicircle is 


41a’, we shall have 





4nd 
v=-ao5 

which is, in fact, the volume of the sphere. 

If the reentrant curve aBc is an ellipse of which a and } 
are the two semiaxes, and ¢ the distance of its centre from the 
axis of rotation; the area d will be, as is well known, equal to 
ab, and as its centre of gravity is evidently the centre of the 
figure, we shall have y, =; hence there will result 


Vv = 27’ abe, 


whatever may be the inclination of one or other of the axes of 
the ellipse to the axis of rotation. 

84. It is evident that the segment of the solid of revolution 
comprised between two planes passing through the axis of 
figure, is to the entire solid, as the angle contained between 
these two planes is to four right angles, or, which is the same 
thing, as the are described between the two planes, by the cen- 
tre of gravity of the generating area, is to the entire cireumfe- 
rence 2ry,. Therefore, denoting the length of this arc by 4, 
and the volume of the corresponding segment by 1, we shall 
have/(s) 

L=/,;3 a 
2 being always the generating area, which, by hypothesis, is 
not traversed by the axis of rotation. i 

This formula may be extended in the following manner to 
other segments which do not belong to solids of revolution. 

Let us suppose, in fact, that a plane curve moves without 
sliding or turning in its plane, and in such a manner that this 
plane may be constantly perpendicular to a given line, which 
may be either a plane curve or one of double curvature. In 
this motion, the same point of this plane will always remain 
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on the directrix, and the other points will describe curves si- 
milar to this line. Let X, 1, J, denote respectively the area of 
the generating curve, the volume generated by this surface, 
and the length of the curve described by its centre of gravity. 
If Z was the are of a circle, u would be a segment of a solid of 
revolution, but in all cases J may be divided into infinitely small 
parts, each of which will coincide with the osculating circle 
that corresponds to it. Let a denote one of these parts, and 
v the volume of the corresponding segment of i; then if it be 
supposed that the planes perpendicular to its direction, by 
which v is terminated, intersect each other in a line, that does 
not traverse the area of the generating curve, this element » of 
L will be a segment of a solid of revolution; and by the pre- 
ceding equation we shall have , 


voanr 


Hence, by taking the sum of all the values of v, and observing 
that the factor ) is constant, it will follow that the volume is 
equal to the product of / and ), as in the case of a solid of ree 
volution, he rule that results from this equation L = XJ, 
is very useful in practice, and susceptible of a great number of 
applications ; however, we should never forget that it does not 
obtain when the consecutive generating planes intersect on the 
surface generated, and form by their successive intersections 
what is termed by Monge, aréte de rebroussement. 

85. The consideration of the centre of gravity furnishes 
likewise a rule for enabling us to determine the volume of a 
prism or ofa cylinder with any base whatever, which is cut by 
a plane inclined to this base. 

Let y be the area of a section of the cylinder perpendicular 
to its sides, X the area of the inclined section which terminates 
it, 8 the angle of these two planes, w any element whatever 
of A, ¢ its projection on the plane of y, or the corresponding 
element of the area y, which is itself the projection of As By 
the theorem of No. 10 we have 


120 CENTRES OF GRAVITY OF SURFACES. 


y=Acos 6, «= woos. 


This being agreed on, let ) be the surface to which the general 
formule of No. 75 refer, and let @ be the inclination of its 
plane on that of z andy. If the third of these formule be 
multiplied by cos @, we shall have, (by making this constant 
factor to pass under the sign §§) in virtue of the values of y 
and ¢, 


yn = Sze 


Now, this double integral is the volume of the truncated 
cylinder comprised between the two sections y and , de- 
composed into elements infinitely small and perpendicular to: 
,y in which, however, it is always implied that these two sec- 
tions do not mutually intersect; it follows, therefore, that the 
truncated cylinder is equal to a right cylinder having the same 
base y, and for an altitude, z, the distance of the centre of 
gravity of the inclined section from this base. 

This theorem is evident in the ordinary case, in which the 
base of the cylinder is a circle, and the inclined section an 
ellipse; for if through the centre of this curve a plane be 
drawn parallel to the base, the volume of the cylinder is not 
changed, for the segment which is cut off from it is evidently 
equal to that which is added to it. F 

If the areas denoted by y and \ mutually intersect each 
other, the volume will consist of two segments, of which the 
integral §§ze will express the difference and not the sum. 
When the cylinder is terminated by two inclined sections, 
whose areas do not intersect, it may be always divided into 
two parts, of which the common base and perpendicular to the 
sides of the cylinder does not intersect either the one or the 
other of these two sections; and as their centres of gravity 
exist on the same right line perpendicular to this base, it is evi- 
dent that the entire volume will be equal to the area of this 
base multiplied by the mutual distance of these two points. 
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U1.— Centres of Gravity of Volumes and of Bodies. 


86. The determination of the centre of gravity of a volume 
depends, in general, on several triple integrals; but there are 
some bodies for which the position of this centre is determined 
by simple integrals. It is these which we propose first to 
consider, : 

The centre of gravity of a cone or of a pyramid with any 
base whatever exists on the right line which connects its sum- 
mit with the centre of gravity of the base; for this line meets 
all sections parallel to the base, in corresponding points which 
‘are their centres of gravity, and which can also be taken for 
the centres of gravity of the infinitely small elements of this 
body, that are parallel to its base. Consequently, the line in 
question contains the centre of gravity of the pyramid or of 
the cone, and there only remains to determine its on 
this line, 

Let J and x be the area of the base and that of a parallel 
section; and let h and x denote the perpendiculars let fall 
from the vertix on their planes ; it is evident that 


xilrrar:h’, 
.and, consequently, 


Ix? 


xm KE 


Moreover, we may take xdz for the element of the volume of 
the cone or of the pyramid ; and if v denotes the entire volume, 
and x, the value of x corresponding to the section which con- 
tains the centre of gravity, we can obtain, as in the preceding 
questions, 


v= ve xdz, va,= Vi exde. 
° 0 


By substituting for x its value, and performing the integra- 


tions, there results 
R 
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ies bh ees bh? | 
=3 May, 
from which we obtain 
a= fh. 


But if through the centre of gravity a plane be d#awn parallel 
to the base, it will cut the height / and the line drawn from 
the summit to the centre of gravity of the base, into propor- 
tional parts; it follows, therefore, that the distance of the 
centre of gravity of a cone or of a pyramid with any base 
whatever, from the summit, is three-fourths of this line, and 
therefore one-fourth of it, reckoning from the base. , 

87. In the case of a triangular pyramid, this theorem may 

‘be demonstrated without the aid of the integral calculus. Let 
ancp (fig. 30) be this pyramid. Likewise let » and F be the 
centres of gravity of the faces acp and pcp; let the lines BF 
and ak be drawn, their productions will meet in u, the middle 
point of the side cp; and then in the plane ans, let the lines 
ar and BE de drawn intersecting in a certain point c. This 
point will be the centre of gravity of the pyramid azcp; for 
by resolving it into elements parallel to the base acp, it is 
evident, as in the preceding number, that its centre of gravity 
must exist on the right line ne; and by resolving it into ele- 
ments parallel to bcp, it is likewise evident that this point — 
appertains to the line ar, and as these two lines exist in the 
same plane they must cut each other, consequently their inter- 
section ¢ will be the required centre of gravity. 

Now, in the triangle ann, the line xr is parallel to the 
base AB, since it cuts the sides au and Bu into proportional 
parts, that is to say, in the ratio of one to three, reckoning 
from H ; we shall have therefore 


FG:GA::EF:AB:: EH: AH. 


and, consequently, 


re: Gar:1:3: 
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so that Fe is the third of Ga, or the fourth of FA, which was to 
be proved. 

* Henee it may be shown that if 4, B, c, p, the four sum- 
mits of the‘pyramid, be the centres of gravity of equal masses, 
the point ¢ will be the centre of gravity of these four masses, 
for it was already shown in (No. 77) that the point ¥ is that of 
the three masses which are situated in B, c, D; and then the 
point G so taken that cr ts the third of GA, will be the centre 
of gravity of these three masses and of the fourth. 

lt follows from this (No. 67) that if to the centre of gra- 
Vity of the pyramid, forces be applied, represented in magni- 
tude and direction by lines drawn from. this point to the four 
summits, these four forces will be in equilibrio. 

88. The centre of gravity of a triangular pyramid being 
thus determined, it is easy to deduce that of a pyramid or 
cone of any base whatever, by decomposing this base int a 
finite or infinite number of triangles; the centre of gravity of 
this pyramid or cone must exist at the same time in the line 
drawn from the summit to the centre of gravity of the base, and 
in that plane parallel to the base, which cuts all lines drawn 
from the summit to this base, in the ratio of three to four, 
measuring from the summit, which agrees with the result of — 
No. 86. 

The centre of gravity of a spherical sector may be also 
déduced from it. In fact, if this sector be decomposed into an 
infinite number of pyramids, of which the common summit is 
at the centre of the sphere, and whose bases are the infinitely 
small clements of the base of the sector, their centres of gra- 
vity must all exist on the base of a concentric sector, the 
radius of which will be three-fourths of that of the given 
sector; hence we infer that the centre of gravity of the given 
sector will be the same as that of the base of the concentric 
sector; by means of which consideration its position may be 
determined. 

Let the spherical sector be generated by the circular sector 
capB (fig. 29) revolving about the radius cp, which is drawn # 


2 
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to the middle of the are an. The triangle cax and the circular 
segment apz will generate, at the same time, ‘a cone anda 
spherical segment; and the centre of gravity of this ségment 
can be determined when those of the apherical sector and of 
the cone are known. % - 

For this purpose, let v,, v, v’, denote the respective volumes 
of these bodies, and 2,2, a’, the distances of their centres of 
gravity from the point c, we shall have 

vowty, verve’ + Wo. (a) 
Let a denote the radius cp, ¢ the chord as, and f the sa- 
gitta pz of the are aps. Relatively to the cone, we shall 
have(r) 

Wore @-f), v=} (a-/). 
‘The base of the spherical sector will be equal to the product 
of the sagitta and of the circumference of the great circle, or 
to 2za/f;(s) and the value of its volume will be the product of 
ae, If from the point ¢ as centre, 
and with a radius equal to $cp, an are ofa circle, such as 
a’p’n’, be described, the centre of gravity of the surface gene= 
rated by this are will be in the middle point of the sagitta pz” 
(No. 81); or, in other words, at a distance from the point c 
equal to cp’ — }p’k’, the value of which is $(a—}/) (). 
Therefore, as by what has been stated, this centre of gravity 
is that of the spherical sector vy, we shall have 


this base and of 4a, ‘or 





Qraef 
= ze, ua i(a-4/). 





By substituting these different values in equations (a), it be- 
comes 

traf apr (af) tv, 

grad fa—3f) = ts we? (a—f) + Via 5 
by means of which the values of v, and x, can be determined. 
If / denote the length of the are 8, we shall have(v) 
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aod U 
e= acing, fea(i~ cos =) 


hence there results 


: ss : 
“y= Bet! (1 e087 


i l 
—1 sin?— a, 
3 aq 28m E08 x) 


2a 
«gt 
3a sin! — 
pi ea 2a 
nk 
7 Sgt t 
1~— cos— — Asin?— x) 
8( cos 5 — g8in® =~ cos = 


When the are J is the semi-circumferance, it is equal to wa, 
and, consequently, 
27a3 3a 


y= 


3” 8° ‘ 


v= 





89. The volume and centre of gravity af every bod: r 
which is symmetrical with respect to its axis, as for examplé 
an ellipsoid, may likewise be determined by simple integrals, 
Let x, y, 2, be the three rectangular coordinates of any point 
of the surface; let the axis of the figure be taken for that of 
a, and let x denote the area of the section perpendicular to 
this line, which corresponds to the extremity of the abscissa x. 
If the volume be decomposed into infinitely small elements 
perpendicular to the axis of the figure, xdz may be assumed 
equal to the volume of any element, and z may be taken as 
the distance of its centre of gravity from the origin of the co- 
ordinates. Therefore, if we denote by v a slice comprised be- 
tween two sections corresponding to the given abscisse a and 
B, and by a, the distance of its centre of gravity from the 
origin of the coordinates, we shall have 


v= Ne xadz, va, fe axdz. 
a a 


In the case of the ellipsoid, the equation of the surface is 


y 2 


ae 
a@tptasts ‘ 
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a, b, c, denoting the three semiaxes. Those of the section x 


will be (a) 
Wie ee 


hence we shall have 


a 
x = be (i - a) 
and, consequently, 


v= wbe (B—a) (i - e+ e8 +B, 


vay = } whe (32a?) ( me ete) ; 


2a? 








from which we deduce 


 _ 8(a+ Pf) 3(a + 3) (20?—a’- —B*) 
1= “G6e—a—ap—B%) 


If this formula be applied to the spherical segment which has 


been considered in the preceding number, we should take 


t 
a= acos 5, Bra; ; 
which gives 
_ 3a(1 + cos x) sin? = 
4. cosE 4 sin?, 1} 
this expression may be shown to coincide with the value of a, 
already found, by multiplying both its numerator and denomi- 





U 
nator by 1 — cos aa 


In order to obtain the entire value of the cllipsoid, it is 
necessary to make = a, and a = — a; which gives 





__ Arabe 
= 
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This value of the volume is also furnished by the triple inte- 
gral (Sd dy dz, extended to all the elements of the space ter- 
minated by the surface of the ellipsoid; but by making 


ara’, yroby’, z= e2', 
the equation of this surface becomes 
wt y? 4 2? = I, 
‘und the triple integral is changed into 
abeSSS dx'dy'dz'. 


This new integral should be extended to all the elements of 
the space circumscribed by the surface which answers to the 
preceding equation ; consequently it will express the volume 
of the sphere of which the radius is unity ; and as this volume 
dn Anabe 
3 
volume of the ellipsoid. 

90. Bodies which are symmetrical with respect to an axis, 
comprise solids of revolution. In what follows respecting such 
bodies, the axis of the figure will always be taken for that of 
the abscisse x. If then a solid of this nature be supposed to 
be generated by a plane arca comprised between two given 
curves, and the perpendiculars to the axis of « which corres- 
pond to x=a and 2 =, and if y and y’ denote the ordi- 
nates of these curves with respect to the same abscissa a, it is 
necessary to make 


is equal to ——; it follows that expresses, as before, the 





X=ay'—y), 


in the formulz of the preceding number ; this gives 
vor fe (P—y®)dx, vay =m (e (y—y?) «dz. 
a a 


In the most usual case, namely, that in which the interior 
curve coincides with the axis of the figure, we shall have, 


y’ = 0, and simply 
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vor (? ydx, Va,=7 ie yada. (b) 


The cycloid furnishes also, in this case, examples of the 
application of these formule, in which all the integrations may 
be effected under a finite form. 

In the case of the convex solid peuenited by the revolution 
of the area cur (fig. 25) about the axis cz, there will result 
by partial integration 


v = ray? — 2xSaydy, 
ay = hara®y? — wh ax?ydy ; 
the integrals being so taken that they may vanish at the point 


c, that is, where 2 = 0. Therefore, in virtue of equation (a) 
of No. 73, we shall have (y) 


vx rey? — WaSyVax— edu, 
vay = db raty? — hey Vax—a. de; 


and the calculations of these values can be effected by means 
of transformations similar to those of No. 80. Ia the case of 
the volume generated by the semicycloid cas, we obtain 


ne On _ (682°— —64)a 
veo 3 oor jm = 1307? —16)" 


In the case of the convex solid, generated by the revolution 
of the area cmp about the axis cy, it is requisite previously to 
change « into y and y into x in equations (b); from which 
there will result 


vo w§ardy, vy, = wh a?ydy; 
y, being the distance of the centre of gravity, which exists on 
the axis cy, from the point c, and the integrals being supposed 


to vanish at the point c. Therefore, in virtue of equation (a) 
of the eyeloid, we shall have 





ve rhaVae— vd, vy = MyeV ax— wade. 
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The first integral can be obtained without any difficulty, and 
the second by transformations similar to those of No. 80. In 
the case in which cm is an entire semicycloid, we shall have 

2 


re = (18 “he 
Y=? WEG + E/E 





91. Let now, 2, y1, 21, be the rectangular coordinates of 
the ceritre of gravity of a body of any form whatever, homo- 
geneous or heterogeneous, of which the mass is represented by 
mM. From what has been already stated in No. 65, it appears, 
that in order to determine these three unknown quantities, m 
must be divided into indefinitely small parts, consequently the 
‘preceding sums must be changed into integrals in the second 
members of equations (1) of this number. By this means, we 
shall have 


Ma, = QSxdm, my, = SSydm, mz,= SSzdm; ~ (1) 


dm being the differential element of the mass of the body cor- 
responding to the coordinates 2, y, z. Naming p the density 
of this same element, and dv its volume, we shall also have 


dm = pdv. 


The rectangular parallelopiped of which the adjacent sides 
are parallel to the axes of x, of y, and of z, and respectively 
equal to the differentials dx, dy, dz, may now be assumed for 
the element dv of the volume; hence there will result 


dv = dxdydz. 


If the body be homogeneous, its density will be constant; and 
denoting its volume by v, we shall have 


Mr pv; 
thus equations (1) will become 
va, = SSSxdv, vy, = yd, vay = SSzdv. (2) 


If the body be heterogeneous, two different cases may occur; 
either this body will consist of homogeneous parts of a finite 
s 
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magnitude, and the density will only vary from one part to the 

. other, in which case we can apply equations (2) to each of them, 
and then the centre of gravity of the entire body can be had . 
from knowing the centres of gravity of all its parts (No. 64). 
Or the density -will vary by insensible degrees in the interior of 
the body ; and then we should make use of equations (1), in 
which p ought to be a given function of 2, y, 2. 

We should however remark, that in the case both of a 
homogeneous and heterogeneous body, the division of the mass 
into infinitely small elements of which the densities are the 
same, or vary only by insensible gradations, supposes that this 
body is constituted of continuous matter. But this is not the 
case in nature, in which the bodies are, on the contrary, made 
up of detached material parts, and separated from one another 
by empty spaces, which in point of magnitude are comparable 
to the parts occupied by the matter. In the following chapter 
we will revert to this observation, and we will show that for- 
mul (1) and (2) may, notwithstanding, be applied to bodies 
as they exist in nature, just as if matter experienced no dis- 
continuity in its interior. / 

92. It will be sometimes necessary, in order to facilitate 
the integrations, to employ the polar coordinates of each ele- 
ment dm in place of the coordinates x, y, z. In this case, ifr 
denotes its radius vector, @ the angle which it makes with the 
axis of the positive zs, and x) the angle comprised between the 
plane of these two lines and that of andy; we shall have 
(No. 9) 


x=r.cos#, y=rsin§.cos}, z= r.sing.sing. 


We should also, at the same time, express dy by means of the 
differentials of those new variables 7, 0, y. There are general 
formule for the transformation of independent variables in 
multiple integrals; but the expression of dv, namely, 

dv = r*.sin@drdédt, 


may be also found directly, as will be shown immediately. 
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If pdo be put in place of din in equations (1), and if the values 
of x, y, 2, in polar coordinates be also substituted in these» 
equations, they will become 


Mx, = (Spr? sin ®. cos OdrdOdy, | , 
My; = SSSpr°sin’@.cosy, drdOdy, (3) 
Mz, = SW'pr* sin’@ .siny drdOdy, | 


to which should be joined the equation 
M = S§Sor* sin Odrd0dyp. 


As to the limits of these triple integrals, they will be different 
according as the origin of the coordinates is placed without or 
within the body. When this origin is itself one of the points 
of m, we should first integrate from r = otor= ww, in which 
u denotes a function of @ and y given by the equation of the 
surface; this being done, we should then integrate from @ = 0 
and y = 0 to 0=7 and yf = 2m, beginning with either of the 
angles or y as we please. Generally speaking, the limits 
will be more complicated, when the origin of the coordinates 
does not belong to the mass m. In this case, let «and u/ re- | 
present two given functions of @ and y, w and w’, two functions 
of 1, and a and a’, two given angles; if the question was re- 
specting a portion of a body comprised, on one part, between 
two surfaces of which the equations arer=wand r=u’; and on 
the other part, between conic surfaces, which have for a com- 
mon axis that of x, their common summit being also the origin 
of the coordinates, and for equations = w, 0 = w’; finally, 
between the two planes passing through this axis, and which 
make the angles a and a’, with the fixed plane from which 
the angle y is reckoned. We should integrate first from r = 
tor = w’, then from @ = w to 6 = w’; and finally, fromy ma 
to~=a’. For example, let us take for the two first surfaces 
those of two concentric spheres having their common centre 
at the origin of the coordinates, and of which the radii wee 
aand a’; at the same time, let the bases of the two eones ke 


x 


° 
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circles, or in other words, let the angles w and w’ be constant; 
moreover, let the density be solely a function of r ; so that the 
portion of the body which is considered, appertains to a sphere 
composed of concentric strata infinitely slender, each of which 
has the same density throughout its entire extent, and which 
density varies from one stratum to another, according to a given 
function of the distance from the centre. By making, in order 
to abridge, 


{3 prdr =a, \¢ prdr = B, 


and performing the integrations relative to @ and y, we ob- 
tain (z) 

M = A (a’—a) (cosw—cosw’), 

Ma, = $B (a’—a) (cos*w—cos*w’), 

My, = 3B (sina’—sin a) (w/—w—}$ sin2w’+ sin 2w), 


Mz, = $B (cosa—cosa’) (w’—w—4sin 2w’ + fsin2w); 


by means of which equations, the values of #,, yj, %, will be 
had, which, in this example, cannot be.deduced from equations 
1). 
; te the mass m forms a complete ring, so that we have 
a’ =a+2z, there will result y, = 0 and z,= 0, that is to 
say, the centre of gravity will be situated, as we know it 
should be, on the axis of this ring ; the value of a, its distance 
from the centre of the sphere, of which this ring is a part, 
will be (a’) 
B(cosw + co8w’) 
ce VRIES 

If the sphere be homogeneous, the dehsity p being then con- 
stant, we shall have 


A= $p(@°—a), B= ip(e%—a’'). 


When the portion of the ring that is destitute of matter dis- 
appears, we shall have w = 0; and finally, if it changes into a 


s 
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spherical sector, we will also have a = 0; hence there will 
result . 


: 3a’ 
“a= aa + cosw’) ; 


this accords with the value of the quantity denoted by x in 
No. 88, as appears by observing that the value(b’) of the sagitta 
denoted by f will be a’/(1—cosw’), and that the radius is a’. 

93. In order to obtain the expression of du, the differential 
of the volume, in terms of the differentials of the polar co- | 
ordinates, let (fig. 31) be supposed to be the point of which 
the coordinates are respectively r, 0, 3; so that o being their 
origin, om will be the radius vector r, @ the angle Moz com- 
prised between this radius and a fixed axis oz, and ¥ the 
angle which the plane of these two right lines makes with a 
fixed plane drawn arbitrarily through the second. - Let m’ be 
any point situated on the production of'om, of which let the 
radius om’ be denoted by r’. From the point o as centre, and 
in the plane m’ox, let the arcs MN and m‘n’, comprised be- 
tween the two lines omm’ and onn’, be described, and let the 
angle Nox be denoted by 0’; finally, let the plane of this 
angle turn about the axis oz, and let y/ represent, in its new 
position, the angle which it makes’ with the fixed plane. 
In this motion, the area mm‘n’n will generate a volume 
mm’Nn‘PP’Q’Q, which we shall represent by u. Now, this area 
being the difference of the two circylar sectors m/on’ and Mon, 
is equal to 

3 (7? — 7?) (0 — 6). 

Denoting the perpendicular let fall from its centre of gravity 
on the axis ox by u, u(y/—y) will be the length of the are. 


that this centre will describe about this line. Therefore, by 
the theorem of No. 84, we shall have 


v= S 4 en OH /—y). 


e > 
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This being established, if the three dimensions of u become 
infinitely small, and if, in consequence, we make 


r—r=dr, W-0=d6, y—yY=d, 


the factor r’ +-r will, at the same time, be reduced to 27; we 
can also take for « the perpendicular mu let fall from the point 
m on the axis oz, which is equal to 7.sin®, and which only 
differs from u by an infinitely small quantity ; finally, u will be 
changed into dv, and its value wilk-be 


dy = r*sin Odrd0 dy, 


which it was proposed to determine. 

In fact, it is evident that this volume dv may be consi- 
dered as a rectangular parallelopiped, the three adjacent sides 
of which are mw’ or dr, the infinitely small arc mn, the centre 
of which is at the point o, and whose length is rdQ, and the in- 
finitely small are mp, which has its centre at the point , 
and for length r.sin @ dp. 

mnap, the base of this parallelopiped, is the element of the 
spherical surface of which the centre is at the point o and the 
radius equal tor. Therefore, representing it by do, we have. 


doxr'sin@d0df, dv = dedr. 


Denoting the element of the spherical surface, of which the 
radius is taken for unity by dw, we shall also have(c’) 


dw = sinOd0df, dv=r'drdw. 


By integrating this expression of dw from 6 = 0 and y = 0 to 
60 = 7 and y= 2m, we obtain 47 for the ratio of the surface 
of the sphere to the square of its =e which is, in fact, its 
known value. 


CHAPTER VI. 


ON THE ATTRACTION OF BODIES. 


1.—Formule relative to any Body whatever, and to a Sphere 
in particular. 


94. Ifa material point o (fig. 32) be subjected to the at- 
tractions of all the points of a body of any form whatever ; by 
decomposing each of these forces into three others, acting in the 
direction of rectangular axes drawn arbitrarily through the 
point 0, and then taking the sum of the positive or negative 
components which act in the direction of each axis, we shall 
obtain the three components, the resultant of which will ex- 
press in magnitude and direction the entire attraction exerted 
on the point o. These three components will be the sum of 
an infinite number of infinitely small elements, extended to the 
entire mass of the attracting body; they will be expressed by 
means of triple integrals, and the calculation of these quantities 
will be similar to that of the coordinates of the centre of gra- 
vity of any body, with which we have been occupied in the 
last chapter; and, in fact, thisis the reason why the subject of 
the attractions of bodies is introduced in this place. 

This question is one which has engaged much of the atten- 
tion of geometers, both on account of the difficulties: which 
occur in the analytical investigations, as also on account of its 
connexion with the problem of the figure of the earth, and of 
the law of gravity at its surface; but in the present treatise we 
shall not enter on the considerations of these points in any de- 
tail, but shall merely restrict ourselves to giving those formula 
which are of most frequent occurrence, and some of their ap- 
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plications. For their more complete development, the reader 
is referred to the second volume of the Mechanique Celeste of 
Laplace, and to the memoir of the author on the Attraction 
of Spheroids inserted in the Connaissance des Tems for the 
year 1829. 

95. Let p be a fixed point assumed in the interior of the 
attracting body ; through this point let three rectangular axes 
Da, Dy, Dz, be drawn, these will be the axes of the positive 
coordinates; let 2, y, z, represent the coordinates of m, any 

. point whatever of the attracting body, and dm the differential 
element of its mass corresponding to this point m; likewise, 
let a, 8, y, and » denote the three coordinates and mass of the 
point 0; and finally, let « be the distance om, so that 


w= (a—2) + (B—y? + (y—2). 
The attraction exerted by dm on p will be in the direction of 
the line om. If this force be proportional to the product of 
the two masses, and in the inverse ratio of the square of the 
distance u, we shall have, by denoting it by r, 
Sudn , 
, 


r=‘-3 
wu 





Sfbeing a constant coefficient which expresses the intensity of 
the attractive force, relative to the units of distance and of mass. 
In order to obtain an accurate notion of this quantity f, let us 
conceive two bodies of any form and dimension whatever, the 
masses of which are equal, and respectively assumed for unity, 
and suppose that the attraction does not vary either in inten- 
sity or direction throughout the entire extent of these two 
bodies, so that it must be the same between any two elements 
whatever of their masses, equal respectively to dm and p, as 
between jz and dm the material points, which we are consider- 
ing, when their distance om is equal to unity; the force / is 
the entire attraction which will then be exercised by one of 
these two bodies on the other. 
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The projections of the line om, on the axes Da, DY, Dz, ; 
are a—ax, B—y, y—z; and by dividing them respectively by 
u, the cosines of the angles which determine the direction of 
the force ¥ will be obtained; hence its three components are 

a-®, Bry, y-2 


r, Cr ; 
rn cr ii 





and, u being considered as a positive quantity, they will tend, 
according as they are positive or negative, to diminish or in- 
crease a, (3, y, the three coordinates of the point o. Therefore, 
if we represent the three components of the entire attraction 
exercised on this point, by a, B, c, we shall obtain, by substi- 
tuting for ¥ its value, and observing that and fare constant 


quantities, 
saw) 5am 
»= WSS Esta, 0) 
c= uf NS Yam, , | 


these triple integrals being supposed to extend to the entire 
mass of the attrtting body. 

Denoting the density of the element dm by p, and its vo- 
lume by dv, we shall have 





dm = pdv. 


In the general case, p will be a given function of the coordi- 
nates of the point m; in the case of the homogeneity of the 
attracting body, it will become a constant quantity ; dv will be 
expressed by means of the differentials of the coordinates of m, 
and those are always selected which are most proper to facili- 
tate the integrations. ; 

96. The three triple integrals on which the values of : 
A, B, c, depend, may be reduced to one only, by a very simple 
consideration. 

T 
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The limits being supposed the same as in these integrals, 


r= (i. 


Since these limits are independent of the point o, if T be diffe- 
renced with respect to its coordinates, these differentiations 


may be effected under the sign § (No. 14); and as we have 
also 





1 1 1 
a za. a — 8B, ay z-y, 
da uw dp we dy we 


there will result 
f= het 
a =I Pam, 


= a 


by means of which, equations (1) may be changed into 








dr av fink dv | 
AS AE pe Bt ea ie if ay (2) 


so that the calculation of the three components a, B, c, depends 
only on one integral r. In determining it, it is material to 
recollect, that the denominator « must have constantly the 
same sign in the entire extent of the integration, and that it 
should be positive, if we wish that the components a, B, Cc, 
should tend to diminish or increase the coordinates of 0, ac- 
cording as their values furnished by equations (2) are positive 
or negative. 

If instead of an attractive, the point o is acted on by a re- 
pulsive force, it will be only necessary to change the signs of 
the values of a, B, c, or, what comes to the same thing, to re- 
gard fas a constant negative quantity. In the case in which 
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the force, whether attractive or repulsive, that acts on the 
point 0, does not vary, as has been supposed, in the inverse 
ratio of the square of the distance, and that, consequently, the 
coefficient of udm is, in general, represented by a given fune- 
tion of u, which we can denote by gu, if we assume another 
function of uw as @u, such that we may have 


et = — gu, 
then this should be substituted in place of.x, in the expression 
ofr. It may also happen that this force is attractive for one 
part of the body that acts on o, and repulsive for another part, 
in which case the function gu, in which is comprised the co- 
efficient f would change its sign, in the extent of the integral 
represented by 1. 

The components of the action exercised on a body of any 
Sorm or dimension whatever, may be deduced from the pre-~ 
ceding formule, by substituting for the differential element 
of its mass, which corresponds to the coordinates a, B, y, and 
then integrating with respect to these three variables for the 
entire extent of the mass; from this it appears, that the com- 
ponents of the action which one body exerts on another, will, 
generally speaking, depend on sextuple integrals, 

The preceding are the formula, by means of which attrac- 
tions or repulsions are computed ; it is, however, necessary, 
previously to our making any application of them, to explain 
how they can be adapted to the intimate constitution of bo- 
dies, and to examine the difficulty which was adverted to at 
the end of No. 91. : 

97. It was already observed (No. 60) that different bodies 
contain, under equal volumes, unequal quantities of ponderable 
matter, and as these quantities vary, for the same body, with its 
temperature and the exterior pressure to which it is subjectéd, 
philosophers have been led to’ regard natural bodies as ‘aa 
lection of material parts not in contact, but separated from 
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each other by pores or spaces destitute of ponderable matter. 
These material parts are termed atoms ; in consequence of 
their extreme minuteness, their dimensions, and those of the 
pores, elude our senses, and all our means of measuring them. 
The atoms are considered as indestructible, and the mass, the 
form, the volume of each of them, as invariable. The dimen- 
sions of the pores, on the contrary, vary with the different de- 
grees of heat, which is either introduced into or expelled from 
the body, and with the pressures to which it is subjected ; and 
as the changes in the volume of a body may be very great, 
without its mass undergoing any increase or diminution, it 
follows that the dimensions of the parts void of matter must be 
comparable, and generally greater than those of the full parts. 

Atoms of the same or of different natures combine in diffe- 
rent proportions to constitute other parts of bodies, which are 
likewise inappreciable by the senses, and which are termed 
molecules. Bodies differ from each other in the nature and 
proportion of the atoms which enter into the composition of 
each molecule ; and the atoms are regarded as invariable and 
indestructible, as has been already stated, because that when 
they are reunited in the same proportions, the same bodies, en- 
dowed with the same properties, are invariably reproduced. 

98. It is evident from this, that the division of the mass 
into infinitely small elements, and the hypothesis of a density 
in each element, which does not vary at all in homogeneous 
bodies, and which, in the case of heterogeneous bodies, varies 
by insensible degrees, is not the condition of bodies as they 
actually exist in nature; however this does not prevent us 
from making use of the formula which are founded on this 
consideration, and even from applying them, when the bodies 
have been divided into parts of a finite, but still insensible 
magnitude, 

In fact, the molecules are so small, and so near to each 
other, that a part of the mass of a body, which contains im- 
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mense numbers of them, may still be supposed extremely 
small, and its volume regarded as insensible. Let v be the 
volume of such a part, the magnitude of which is insensible, 
and which, nevertheless, contains myriads of molecules; like- 
wise, let m be the sum of their masses; and let m denote one 
of the points of v, which can, if we please,- be taken for its 
centre of gravity. 1f we make 

m 

eae 
this ratio p will really express the density of the body at the 
point M, (a) whatever may be in other particulars the masses of 
the molecules and their manner of distribution, whether regu- 
lar or irregular, through the extent of v. In like manner, 


denoting the number of the molecules that v contains by 2, 
and making ‘ 


3 


=e, 


sie 


this line <, of inappreciable magnitude, may be termed the 
mean interval of the molecules, which corresponds to the point 
m and the density p. In a homogeneous body, this ratio 
and this line do not vary with the position of the point m; in 
a heterogeneous body these two quantities vary by insensible 
gradations, and may be supposed to be given functions of the 
coordinates of this point. 

This being established, if it were required to know the mass 
of a body, or more generally, the sum of the extremely small . 
parts of this mass, multiplied by vu, a function of the coordi- 
nates of m one of its points; v the volume of this body, should 
be divided into extremely small parts such as v, and then the 
sum of all the products upv, which we shall denote by 


Zupr, 


should be taken, and extended to all the parts such as v of ¥. ‘ 
It appears from the theorem of No. 13, that if the terms of this 
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sum are infinitely small, and if their number be infinite, its 
value will be rigorously equal to the definite integral 
§updy, 

extended to the entire volume v, of which dv is the differential 
element. Now, we may conceive in general that the difference 
between this sum and this integral will diminish more and 
more according as the parts of the first become smaller, and 
their number becomes greater; so that the magnitude of v 
being insensible, but still always distinct from dv, we may 
nevertheless assume, without sensible error, the integral, in 
place of the sum. There is, however, one exception to this 
general principle, namely, when v is of the species of functions 
which vary very rapidly, and at the same time changes its sign in 
the extent of the integration ; this is the case, in point of fact, 
in the calculation of the forces which arise from molecular at- 
traction and from calorific repulsion, which are only sensible 
at insensible distances. But for the present, it is sufficient to 
observe, that this exception has no respect to the formule of 
Nos. 91 and 95, relative to the centres of gravity of bodies, 
and to attractions varying in the inverse ratio of the square of 
the distances, and that we can consequently apply them to 
natural bodies made up of detached molecules. 

99. Let us now revert to the calculation of attractions. If 
the distance of the point o from the attracted body, is very 
great relatively to the dimensions of this body, we can, in the 


. Pre 
expression for T of No. 96, develope the quantity qin a con- 


verging series, arranged according to the powers and products 
of 2, y, 2. By making 
a ico +y7= &, 
we shall then have 
TL av + Py + ie 3(at+-Py+yzP—(+y f2e 
= 34 Sot 2S 
&e, (b) 
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If p the origin of the coordinates be in the centre of gravity 
of the body, we shall have 


(Waam =o, (Yydm=0, (zd =o, 


because these integrals, divided by m, the mass of the body, 
will be the three coordinates of this point (No. 91). Therefore 
if this mass be denoted by m, we shall have 


t= “ + 5 When + By + yz)? dm 


_ a NY) (a? + y? 4 2°) dm + &e. 


When the distance op or 8 is so great that this value of 
T may be reduced to its first term, equations (2) will become 


Now these components are the same as those of a force 








equal to EY acting at the point 0, in the direction op; it 


follows therefore, that the attractions exerted on the point 0, 
by a body which is at a considerable distance from it, is very 
nearly the same, in magnitude and direction, as if m the mass 
of this body was condensed in its centre of gravity. 

When the body is a homogeneous sphere, or one composed 
of concentrical strata, we shall find that all the terms of the 
value of r, except the first, destroy each other. In order to 
demonstrate this, it is only necessary to substitute 7, 0, Y, in 
place of the coordinates 2, y, z, as in No. 92; by means of 
which the integrations relative to @ and 2% can be effected. 
Therefore, the theorem which has been stated above, will then 
be altogether exact, if the distance 6 is only so great that the 


1 2 : 
development of 3 may be a convergent series ; and in fact, we 


shall see in the following number, without having recourse 
to a reduction into a series, that this theorem obtains, what- 
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ever may be the distance of the point 0 from the attracting 
sphere, provided that it is not situated in its interior. It is 
easy to infer from this, that the attraction of one sphere on 
another is the same as if the mass of each sphere was con- 
densed in its centre; for, denoting by m and m’ the masses of 
the two spheres, and by c and c’ their centres, the attraction of 
M on 0, any point of m’, is the same as if the mass M was con- 
densed into the point c; moreover, this attraction of c on all ° 
the points, such as o of m’ is equal and contrary to the at- 
traction of all these points, or of m’on c, which is the same as 
if the mass m’ was condensed in the point c’; consequently, 
the attraction of the two spheres is the same as that of two 
material points situated in c and c’, and of which the masses 
are M and Mm’, 

100. The attraction exerted on the point o, by a spherical 
stratum, which is homogencous and of a constant thickness, 
will evidently be reduced to a force acting in the direction op. 
Hence, if this line be made to coincide with the axis pa, the 
components B and c parallel to the axes py and pz will vanish, 
and there will only remain the value of a to compute. In 
this computation, by making use of the polar coordinates 
7, 0,, as in No. 92, we shall have, since the axis pz coincides 
with the line po, 

opm= 0, po=a, BP=0, y=0; 


and as pM = 7 and om = 4, there will result . 
u? = a? — Qar cos 9 + 7. 


Becayse the angle yf is that which the plane opm makes with 
a fixed plane passing through the line po, we shall have 
(No. 93) 
dv =r*.sin.6 dr dé dy, 

for the element of the volume; and in the expression pdu = dm 
the element of the mass, p can be regarded as a constant fac- 
tor. After having substituted these values in the expression 
for r of No. 96, we should integrate from 7 = db tor =a, (a 
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and 6 denoting the exterior and interior radii of the spherical 
stratum) and from 6= 0 and ¥=0 to O=-m and p= er. 
As the variable y does not occur under the sign §, the inte. 
gration with respect to this variable, is in fact effected by sub- 
stituting 2 for the differential dy. This being so, we shall 
have 
” rsin 0d0 

saan ( acesaga) 


At the limits 9 = 0 and @ = mw, the radical will have for 

values 
Ha—r), +a+r); 

but as it expresses the value of u, which ought to be always 
positive (No. 96), it is necessary to assume a -+- 7 at the limit 
O=7, andr—a or a—rat the limit O= 0, according as 
the point 0 will be situated within or without the spherical 
stratum. We shall see immediately how we ought to proceed, 
when this point appertains to the stratum itself, in which case 
we have r>a in one part, and r Za in another part of this 
stratum, 

The indefinite integral being, relatively to-@, 


rsin §d0 1 se 
Se = 74 V a’—2ar cos 6-4-r*+ const. ; 


when the point is within the stratum, we must have(e) 
7 __rsin Odd 
t. V @—2ar cos 04-77 
consequently, the value of r will not all depend on a, and that 
of a which is deduced from it by means of the first equation 
(2), will be equal to zero. In the case where the point is 
without the stratum, we shall have 


=i[r-+a)—(r—a)] =2; 


7 r sin 6d0 
vy Va —2ar cos 6477 


and, consequently, 


={[letr) -@-n =%, 


- 
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3_ By 
na 480 (4 pty = Sn0(G e). 
a Jd 3a 

or, what comes to the same thing, 


M 
T=—, 
a 
M being the mass of a spherical stratum, of which the volume 
4. Wn @—8") 


5 Hence we deduce 


sa, : (3) 


which is the same force as if the entire mass of this attracting 
stratum was condensed in its centre. 

101. ‘These results may be immediately extended to the 
case of a spherical stratum of a constant thickness, but com- 
posed of other concentrical strata, the density of which varies 
from one to the other, according to any law whatever, which 
however, does not change in the extent of the same stratum ; 
for we can determine separately the attractions of these dif- 
ferent strata, and then take the sum of all these forces, which 
in the case of an interior point will be cypher, and in the case 
of an exterior point will be determined by formula (3); ™ 
always expressing the entire mass of the attracting body. 
Hence we infer eer 

Ist. That when the force varies in the inverse ratio of the 
square of the distance, the attractions exerted by all the points 
of a spherical stratum of a constant thickness, (which is either 
homogeneous or composed of concentrical strata, the density 
of which varies from one to the other according to any given 
law,) on a point 0, existing in the -void space circumscribed by 
this stratum, mutually destroy each other; so that this point will 
remain in equilibrio, wherever it may be situated in this space. 

2ndly. That the attraction of this same stratum, and con- 
sequently also, the attraction of an entire sphere exerted ono a 
point without the sphere, is the same as if the mass of the at- 
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tracting body was condensed into its centre. Ifthe point 0 makes 
a part of the attracting stratum, or, in other words, if we have 
a>band a Z a, this spherical stratum may be conceived te 
consist of two others, the exterior and interior radii of one of 
which will be a and a, and those of other aandd; as the point 
0 is within the first of these two strata, it will exert no action 
on this point, and if the mass of the second stratum, without 
which the point 0 exists, be denoted by m, the attraction of 
this stratum may be deduced from formula (3), by substituting 
min place of m. Therefore, the value of the entire attraction 
exerted on the point 0 will be 


— unt 
="} 


If the spherical stratum changes into a sphere entirely full 
of matter, and of which the density is every where the same, 
we shall have 

3 
m= 1800, , — Aewhe, 
that is to say, in the interior of a homogeneous sphere, the 
attraction is proportional to the distance of the attracted 
point from its centre. 

The same theorems obtain in the case where the force is 
repulsive, provided it varies in the inverse ratio of the square 
of the distances. 

102. The equilibrium of the point 0, situated within the 
space bounded by a spherical stratum, and which is attracted 
or repelled by all its points, may be easily verified. 

For this purpose, let this stratum be first supposed infi- 
nitely thin, if its thickness be denoted by «, by decomposing its 
surface into infinitely small elements, and denoting the area of 
that which corresponds to the point P (fig.33) by w, the cor- 
responding elements of the volume and of the mass of this 
stratum will be ew and pew; hence denoting the distande or 
by r, the value of the force acting in the direction of this line 
will be 
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pfpew 
= 





If we conceive the sides of a cone of which the base is 
and the summit 0, to be produced through o until they meet 
the spherical surface again in Pp’, a second element will be de- 
termined on this surface ; if we denote it by w’, and its distance 
from the summit o by 7’, the value of the force acting along 
this line, in an opposite direction from the preceding, will be 


* pfpew! 
ai 
now it is easy to show that these two opposite fies are equal 
to each other, that is to say, that 





In fact, if Pog and p’oq’ be sections of the two cones 
made by the same plane passing through their common sum- 
mit 0, then the similar surfaces and w’ will be to each other 
as the squares of the homologous lines rq and P’a’. Besides, 
as the triangles rog and p’oq’ are similar, we have 


PQ: PQ’: OP: 0P; 


therefore, by squaring the four terms of the proportion, we 
shall obtain 
erir’, 

from which it is evident that 3 = Si . 

Hence it follows, that the-actions exerted on the point 0, 
by al) the elements of the spherical stratum, destroy each 
other two by two, consequently the total action of this stratum 
will be cypher; and this will still be the case even when the 
thickness of the stratum is finite; for in this case it may be 
deconiposed into an" mapnite number of infinitely thin strata, 
the action of each of which on the point 0 is cypher. 
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II. Formule relative to the Ellipsoid. 


103. When the point 0 (fig. 32) belongs to the attracting 
mass, the integrations will frequently be facilitated by placing 
the origin of the polar coordinates at this point. The radius 
vector of any point m will be then w; hence denoting, as in 
No. 93, the element of the spherical surface of which the radius 
is unity, by dw, we shall have, 


dv = ududw, dm = pu*dudw ; 
and if the angles which the line om makes with the parallels 
to the axes bz, py, pz, drawn through the point 0, be denoted _ 


by g,h, 4, we shall likewise, agreeably to the notation of No. 
95, have 


cosg = “—*, cosh = YB cosh = =; 


Fy > 





this will change equations (1) of this number into the follow- 
ing(d), 

A= — pfSYSp cos gdudw, 

B= — pfWSp cos hdudw, 

c= — pf Sp cos kdudw. 
The integrals relative to u should be taken from u =0 tou=r, 
denoting by 7 the radius vector of any point of the attracting 
surface which terminates the attracting body. If, for greater 
simplicity, this body be supposed to be homogeneous, these 
integrations can be effected at once, and there will result 


A= — phSr cosgdw, 
B= — wfSfr coshdw, . ) 
c= — pfpSr cos kdw. 
In order to determine the value of 7, which should be sub- 
stituted in these formule, let 


F (a, y, 2) =O, . 
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be the equation of the surface of the attracting body, ex- 
pressed in rectangular coordinates. At any point of this sur- 


face, we have 7 


+ * 
zrat+resg, y= Pt+reskh, z=y+rcosk, 


as is evident from’ the preceding values of cos g, cos hk, cosk, 
the three coordinates of the point o, of which the values are 
given, being always a, B,y. Hence, if these values of x,y, z 
be substituted in the preceding equation, there will result in 
general, two values of 7, the one positive and the other nega- 
tive, but the negative value should be rejected, since the * 
radius vector 7 is a positive quantity, the direction of which is 
solely determined by the angles g,h,k, which may be acute 
or obtuse. After the substitution of the value of 7 in equa- 
tions (a), the double integral should be extended to all the 
elements, such as dw of the spherical surface, described from 
the point o as centre, and with a radius equal to unity. 

104. Let these formule be applied to the case of an homo- 
geneous ellipsoid, the equation of whose surface is 

2 2 2 
S+Gt5e1 5 
a,b,c, denoting the three semi-axes, and p the origin of the 
coordinates, being at the centre of the figure. Ifthe preceding 
values of x,y,z, be substituted for them in this equation, there 
results(e) 
pr+2qr= il, 

by making, in order to abridge, 





cos’ g i cos*h | cos? hk 








Fee emer a 
acosg , Bcosh | ycosk _ 
a + aes 
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Consequently we shall have 


—7+VF +l 
? : 

Now, as the quantity p is positive, and as the quantity Z 
is also either positive or cypher, (since the point o, which 
answers to the coordinates a, G, y, is situated in the interior 
of the ellipsoid, or at farthest at its surface,) in order that the 
radius r may not be negative, the radical must be affected with 
the sign +-. Moreover, this radical may be suppressed in 
. formule (a). In fact, the corresponding part of the integral 
contained in a, for example, will be 


a ive + ploos gdu 


but for each couple of elements such as dw, of which the radi 
are the productions the one of the other, the elements of this 
double integral mutually destroy each other; for in passing 
from one of these elements dw to the other, each of the three 
cosines cosg, cosh, cosk, changes its sign, the quantities p, J, g%, 
remain the same, hence the values of the coefficient of dw under 
the sign §, are equal, but affected with contrary signs. Thus 
all the elements of the preceding integral destroy each other 
two by two, and the value of a becomes, having regard to the 


value of ¢(f) 
15 wh (SoS) 2de 4B (Foo ay 


+245 eee ae). 


* r= 


Now, the two last of these three integrals are composed of 
couples of elements which correspond to the same values of 
hand of k, and to values of g, which are supplements, the 
one of the other. Hence, each of these couples of elements 
will be reduced to cypher, and consequently also, the entire 
integrals. Therefore, by suppressing these integrals and by 
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making the values of 8 anc Maskergo similar reductions, we 
shall have simply 


2 
3 I dy si, 





= 4hB Neo costh i, 
= er § wy, 


Now let @ be the angle comprised between the radius om 
and the parallel to the axis oz, drawn through the point’p, 
and yw the angle whtch the plane of hese two lines makes" 
with a plane passing through the second and parallel to that 
of the axes of x and y; we shall have (No. 8) 


cosg = cos, cosh=sin§.cosy, cosk = sin 6.siny, 
and at the same time (No. 93) 
dw = sin Od6dd ; 
from which there will result(y) 
a)? c?p = bc cos? 0 + (c? cos? yy + b* sin? yp) a? sin? 0, 


— Wha fea (( cos? 8 sin Adda 
P 

In order to include the directions of all the radii om, the 
integrals should be extended from 6 = O andy = 0 to =a 
and y= 273 but because the coefficient of d@ has the same 
value for 0 and for 7 — 9, it will be sufficient to integrate from 
0 0 to @=‘4n, and to double the result, and since the co- 
efficient of y is the same for y and for # + yf, it will likewise 
suffice to integrate from y=0 to y = $7, and to quadruple 
the result. This being agreed on, if we make 

- 


ad 
g=tany, dp= say 


then since 
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cos’ yy = ite” pea da ar 
there results(#) 





gm dp avel” dp 2 
0 p~ 0 (Gc0s"8--asin?O)\F+ (Peos Op asin Oop! 


~ ma’be 

 2V@eost 0-+-a?sin* 8) (Ccos*@p-a?sin®@) ° 
by means of which the value of a will only depend on the 
integral relative to 0. If we substitute 6 in place of a, and 
transpose the letters a and 5, we can deduce B from a without 
any new computation} and in the same manner, by substi- 
tuting y in place of a, and by transposing the letters a and c 
c may be deduced from a. In this manner, we shall have 
finally : 

a=4nfpahim , be cos" Asin Od 7 
~ 9 V @.cos*O-+-a°sin") (ccos* 8 -+-a?sin? 6) 
Sor ac cos? Osin 6dQ 

D=4ruif\ VE cs 0-50) (Heo TaD | ©) 





4 (i abcos* Osin 6d 
SoaPmHIPY OY (0°.cos’O-4-c*sin?9) (@ cos* 6+-c? sin?) 








These values of A,B, C, being positive, it follows that each 
of these three components tends to make the point 0 approach 
towards the centre of the ellipsoid; the contrary has place 
when the force is repulsive, in which case we should substitute, 
in these formifla, — f instead of f 

105. If we denote by 3a positive constant, then sup- 
stitute (1 + 8)a, (1 + 8)8, (1 +. d)e, instead of a, b, c, in for- 
mule (c), the factor 1 48 will disappear, and the values of 
4, B,C will remain the same as before. But by this substi- 
tution, the ellipsoid is increased by a part comprised betweam 
its primitive surface and a similar surface, and as the compo- 
nents a, B, c, do not change, it follows that the action of this 
additive part on the point o within this part is cypher, 


YY 
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Hence it appears, that 2 homogeneous stratum, comprised 
between two similat elliptiewurfaces, having the same centre, 
and their axes in the same directions, does not exert any 
attractive or repulsive’ action on a point o situated within the 
empty spacé terminated by its interior surface ; so that where- 
ever this point mii be situated in this space, it will remain in 
equilibrio; a theorem which includes that which has been 
already established in the case of a spherical stratum. 

From this it follows, that the action of an ellipsoid composed 
of homogeneous matter ,om a point 0 of its mass, is reduced 
to that which is exerted by the part of this mass, that is ter- 
mindted by the elliptic surface passing through this point, 
siinilar and similarly placed to that of the entire body. And 
it is evident from formulz (c), that the component of this force, 
parallel to each of the three axes of the ellipsoid, is proportional 
to the ordinate of the point o parallel to this axis, and depends 
solely on this variable(é). In the general case, in which the 
three semi-axes a,b,c, are unequal, the integrals relative to 
0, which these formule contain, can be transformed into 
elliptie. functions ; this enables us to compute their numerical 
values, by means of the tables of M. Legendre. These same 
integrals may also be obtained in a finite form, when two of 
the constants a, 6, ¢, are equal, which is, as we know, the case 
of an ellipsoid’ of revolution. 

106. Suppose, for example, that we havee =xb; the form 
of the integrals relative to @ will be different, according as the 
ellipsoid is oblate or prolate, that is, according as b>a or 
b Za. If we suppose the first case to obtain, and make, on 
this hypothesis(’), 


3 2" 
B— a= ae’, 4a Gre) =m; 
go that the fraction e may be the compression of the ellipsoid, 
and m its mass. There will result 
= 3yufina (37 cos? sin 8d0 | 
ae ee 0 14 cos? 6 ’ 


ATTRACTIONS—-FORMGL® RELAFIVE TO THE ELLIPSOID. 155 


and by performing the integration, we shall have” 


3ufma 
@e 


Az 





[e — are (tang = e)], 


for the component parallel to the axis of revolution. We shall 
also have 


c 3ufin (hr cos Asin 6d0 


B 
Boy @0+8d0 Agen 





As the components u and c are to each other as the or- 
dinates 8 and y of the point 0, it follows that their resultant 
will act in the direction of the perpendicular, let fall from this 
point on the axis of revolution. Naming a’ this force, and a’ 
the length of the perpendicular, so that 


‘= YBtec, a= VP +7, 
there results, by-performing the required integration() 


_ 3fuma’ 7 e 
v= “Said [are (tang = e)— Tre): 





The resultant of the two forces a and 8 will express, in 
magnitude and direction, the entire action of the ellipsoid’ on 
the point 0. 

When e isa very small fraction, these values of a and a’ 
may be developed into very convergent series arranged ac- 
cording to the powers of ¢. Because that 


e & @& 
z are (tang = ¢) => —gtz— ke, 
se po Rey 
1+e— 


we shall have(m) 


es eee (i _ 2 +8), 


a 





v= Ud Cee Se +8). 
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In the case of the sphere, in which e= 0, the resultant of 
a and a’ will be directed towards the centre, and it will have 
the same intensity as in No. 101. 

107. The determination of the attraction of an homo- 
geneous ellipsoid on a point without the ellipsoid presents 
much greater difficulties, but by means of a theorem, for 
which we are indebted to Mr. Evory, this case may be re- 
duced to that of an interior point; by which we are enabled 
to express the components of the attraction by simple in- 
tegrals similar to formule (c). The following is a demon- 
stration of this important proposition. By making, in first 
equation (1) of No. 95, 


dm = pdadydz, 
and observing that p is a constant factor, we have 
(a—2x) dudydz 
a= wh WSmarre [a=2) + B—a)+ 9-2 + 
If equation (b) is that of the surface, then by substituting 
au’, by’, cy’, in place of a, y, 2, it will be changed into 
apy? z= 1. 
At the same time the value of a becomes 
da’ dy' dz’ 
Ree (a—ax’) dr’dy 
A= nfpabe NN) [(a—ax')’+(p—by') Paqreyy’ 


and if we denote by =2,, the values of 2’ equal and affected 
with contrary signs, which are deduced from the preceding 
equation, the integral relative to 2 should be taken from 





a’ — %, to v/= a3 which gives 
dy'dZ 
A= pfpbe (S [any +@—by P+ Gee) ]* 





dy'dz' 
-Spaaheoer Tore): 


Each of these two double integrals should be extended to 
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all the elements of the spherical semi-surface of which the ra- 
dius is unity, and whase centre is at the origin of the coordi- 
nates ; the product dy‘dz’ is the projection on the plane of the 
axes of yand z, of any element whatever. Therefore, if @ de- 
notes the angle which the radius that is drawn to this element, 
makes with the axis of 2,, and if y is the angle comprised be- 
tween the planes of these two right lines and the planes of 
the axes of # and y, the area of this element will be sin Od0dy, 
its inclination on the plane of the axes of y and z will be the 
angle @, and therefore there will result 


dy‘ dz' = cos O sin 0d0 dy, 


for its projection on this plane. We shall have at the same 
time 
wv, = c0s8, y’=sinOcosy, x= sin Osiny. 


The limits of the two integrals will be now @ = 0, and 
@= 0, 0=4n and Y= 27; but if in the second, 7 — 0 is 
substituted instead of 0, it is easy to see that these two in- 
tegrals will unite into one, which will have the same limits 
with respect to y, and of which the limits relatively to 0 will 
become 6 = 0 and = 73(x) so that by making, in order to 
abridge, 


R= a?-+ B?+ 7? —~ 2 (aa cos 0-4 Bd sin 8 cos } +-ye sin sin p) 
+ @ cos? 0 + 6? sin? @ cos” xp + c? sin? 6 sin? y, 


and considering it as a positive quantity, we shall have simply 


' (27 cos O sin OdOd: 
a= wpe lo fy arene. 

The two other components B and c may in like manner 
be expressed by double integrals. 

Let us now consider the attraction of another ellipsoid 
having the same density p, the same centre, and its axes in 
the same direction as those of the first, let a, b1,¢,, denoge, 
the three semi-axes corresponding to a, b,c, and let o, be the 
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point which is subjected to this attraction, a, 31,71, its coor- 
dinates, and A, By, C;, the components of this force parallel to 
the three axes of the ellipsoid. If we denote as before the mass 
of the attracted point by ys, we shall have 


Qn cos O sin OdO dy 


Ry 





A= nfo.” 


Rr, being what x becomes, when a, b, ¢, a, 3, y, are changed 
into a, 5, C15 a1 Bis yi» respectively. The values of B, and c, 
may be obtained in a similar manner from hose of 3 and c. 
If the two ellipsoids have the same foci, and consequently’ the 
same excentricity, we shall have 


BPoe’+h, Coma@+h, bF=a?+h, c2F=aP?+h; 


h,h,h—k, being either positive or negative quantities which 
express, abstracting from the sign, the squares of the éxoen- 
tricities common to these two bodies. Moreover, let us supe 
pose that the point 0, attracted by the second ellipsoid exists 
on-the surface of the first, and the point o attracted by the 
first, on the surface of the second, By equation (b) and that 
of the surface of the second ellipsoid, we must have 


of + Bt rs =1, 
@) 
2 2 
f+ B+ += 


Finally, if p and g be two given angles, and if we assume 


a,;=acosp, Bi=bsinpcosg, yi=esin psing, @ 
=a, csp, Bb, sinpcosg, y=c sin psig? ) 


these values will satisfy the two preceding equations, and will 

establish a particular relation between the coordinates of the 
points o and 0,. If these values of a, B,y, be substituted in. 
the preceding expression for n’, there results by sa 
also the preceding values of 3”, ¢?, b,?, c,’,(0) 
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R= a? + a? + h (sin? p cos? g + sin? 8. cos* y) 
+ k(sin’p sin? ¢ + sin? @. sin? yp) 
— 2(a,acosp cos @ + b,bsinp cos q sin 8 cosy 
+ cesinpsing sin 6 sin). 


Now, it appears without writing down the value of r,°, 
that it will be the same as that of r®; for it may be deduced 
from it by the transposition of @ and a, b and },, ¢ and ¢,, 
hand k not undergoing any change, as being quantities com- 
mon to the two ellipsoids; hence it is evident, that this last for- 
mula is not changed by these transpositions. Since then 
R, = R, the values of a and a,, will contain the same double 
integrals; therefore, by eliminating it, we obtain 

Ajbe = abye,. 

Similar results may be obtained relatively to the other 
components, so that from the suppositions which have been 
made about the two attracted points o and 0,, we shall have 
finally 


AL bey Be ar Cah 


Do be eae eae °) 
In order to enable us to state the theorem which these 
three equations imply, let the two points on the surfaces of - 
the two ellipsoids, of which the coordinates are in the ratio of 
the semi-axes, to which they are parallel, be termed corres- 
ponding points. The point 0, of the surface of the first ellip- 
soid, of which the coordinates parallel to the semi-axes a, }, ¢, 
are a), 31, yi, Will have for its correspondent on the surface 
of the second ellipsoid, the point 0, of which the coordinates 
parallel to the scmi-axes a, 0,,¢, are a, 3, y5 since by equa- 
tions (2), we have 
aq @ Bu _ 4 yi_ ¢ 
a” a@” Bb” ye 
This being established, the following theorem results frém 
equations (3) : 
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If two ellipsoids have the same centre and foci, the at- 
traction in the direction of each axis, which one of these two 
bodies exerts on a point situated on the surface of the other, is 
to the attraction of this last on the corresponding point of the 
surface of the first, as the product of the two other axes of the 
first ellipsoid to the product of the two other axes of the second. 

108. When two ellipsoids have, as has been assumed, the 
same centre and foci, one of the two falls entirely within the 
other; consequently, if the point o is external with respect to 
the first ellipsoid, the point 0,, will be internal with respect 
to the second. In order to determine, by means of the ‘pre- 
ceding theorem, the attraction of a given ellipsoid on an ex- 
ternal point o likewise given, the surface of a second ellipsoid 
having the same centre and foci as éhe first, is made to pass 
through this point; by the formule relative to internal points, 
Ai) Bi, C;, the three components of the attraction of this se- 
cond body on the point 0, of the surface of the first, corres- 
ponding to the point 0, can be determined, then equations 
(3) will make known 4, B, C, the components of the attraction 
of the given ellipsoid on the given point. Thus the deter- 
mination is reduced to finding the values of three semi-axes 
@,b,,¢1, of the second ellipse, from knowing those of the 
first, (which are denoted by a,4,c,) and the coordinates a, B,y, 
of the given point o. 

For greater clearness, let a be the least of the three quan- 
tities a, b, c, then the quantities # and & of the preceding num- 
ber will be positive. If we denote the square of a, by u we 
shall have ‘ 


yoVu, =Vuth, aaVuph; 
and it only remains to determine this unknown quantity u, - 
which must be real and positive. Now, in virtue of the second 
equation (1), we shall have(p) 
Bu 
uth 





e+ + (4) 


= 
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this equation which is of the third degree with respect to « 
must have at least one real and positive root; for by sup- 
posing w to inerease from zero to infinity, its first member will 
be at the commencement greater, and afterwards less than the 
second; so that there must be at least one positive value of uv, 
which renders them equal; moreover, there is only one, for 
if we suppose that there are two, w and w', then we must have 
at the same time 


ae p y = 

Paar ery carves 

= BL y a . 
a +305 wth +k =1; 


and by ainaone these equations, the one from the other, 
and suppressing the factor w’— uw, which is common to all the 
terms, there will result 

ee a4 2 

we t+ Toe Pa "Et Ge DWE iy = 9 
which is evidently impossible. ‘ 

Therefore, there exists only one ellipsoid, which has the 
same centre and foci as a given ellipsoid, and which besides 
passes through a given point ; and the quantity 7, on which its 
three semi-axes a), 6,, ¢,, depend, is determined by equation ° 
(4), which was proposed to be proved. 

109. It may be remarked here, that the theorem of No. 
107 is true for all laws of attraction, which are functions of the 
distance, for the demonstration given above is founded on the 
form that the expression of rR? assumes, which is found to be 
identically the same for the two points o and o,, and not 
on the form of the function of r, which expresses the law of 





attraction. 

If the two ellipsoids become concentric spheres, the at- 
traction of each will be same on ai? the points of the surface of 
the other, so that it will not be necessary that o and 0, should 
be correspondent points. Denoting the radii of these twospheres - 

¥ 
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by aand a, the attraction of the sphere of which the radius 
is a, on a point of the spherical surface of which the radius is 
a, by p, and the attraction of the sphere of which the radius 
is a, on a point of the spherical surface of which the radius is 
a by Di, these forces will act in the direction of the radii of 
the attracted points, and we shall have(q) 


DiDy1@1a,’s 
whatever function of the distance expresses the law of the 
attraction. 

It is easy to verify this proposition, in the case in which the 
attraction is in the inverse ratio of the square of the distance. 
In fact, it appears from the results of No. 101, that if we sup- 
pose «> a), D the attraction of the sphere of which the radius 
is a on an internal point situated at the distance @ from its 
centre, and having a mass equal to p, will be 
Sayfa, 

3 


d= 3. 





and p, the attraction of the sphere of which the radius is a, 
on an external point, of which the mass is also p, and whose 
distattee from its centre is a, will have for value 


Ampyfa? 
a Bar 





and from a comparison of these values of p and D,, it appears 
that they are in the ratio of the squares of the radii a and a. 


BOOK THE SECOND. 


DYNAMICS. 


FIRST PART. 


CHAPTER IL. 


OF RECTILINEAR MOTION AND OF THE MEASURE OF FORCES, 


I. Formule of rectilinear Motion. 


110;, "Tug simplest motion that can be impressed on a 
material point, is that in which it moves in a right line, in 
such a manner that the point describes equal spaces in equal 
times. This rectilinear motion is termed uniform, and it is 
made use of in comparing every other description of motion. 

-When the ratio of the spaces described to the times am- 
ployed in describing them, is continually changing, the mpttn 
is ‘said to be variable ; when this change takes place after 
finite intervals of time, the motion will be a succession of uni- 
form motions. 

“In any motion whatever, the space described by the move- 
able, or more generally, its distance from a fixed’point assumed 
on the line that it desctibes, is a function of the time which 
has lapsed from a given epoch. Thus, denoting this time by 

_é and this distance by x,-we shall have in all cases, 


~ B= FE; 
* 
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and the various descriptions of motion will differ from each 
other by the form of this function rt. The variable t may 
be either positive or negative ; its positive values will refer to 
epochs posterior to that from which the time is reckoned, and 
its negative values to anterior epochs. Ke 

In uniform motion, if a denotes the space described in each 
unit of time, and J the distance from the fixed point at the 
commencement of the motion, that is to say, the value of x 
when ¢ = 0, we shall have, at any instant whatever, 


2=b+at; 


for, by the definition of this motion, the space a — 6 described 
in the time ¢, must be equal to the constant space a repeated 
as often as there are units in ¢. hap 

III. Neither time nor space can be defined ; however, this 
is not of any consequence, because, for the purposes of geo- 
metry and dynamics, it is sufficient that we are able to measure 
the dimensions of bodies and the dugations of their motions. 
‘The measurement of lengths may be easily conceived, being 
founded on the principle of superimposition; that of time, 
however, requires some explanation. 

It would be to reason in a circle, to say, on the one hand, 
that uniform motion is that in which the spaces descriked are 
proportional to the times; and on the other, that the measure 
of ¢ time is the uniform motion, that is to say, that the time is 
proportional to the spaces described in this motion. But the 
notion of equal times and the measure of the time, doex not 
necessarily imply any particular law of motion, and We can. 
consequently suppose them in the definitiog of uniform motion, 
and of any other description of motion whatever. 

In fact, we may conceive, that bodies perfectly identical 
move successively one after the other, and that, during the 
entire continuance of the motion, each of the bodies i is pre- 
cisely in the same state as that which precedes it : it is evident, 
that all these motions, of which the law is not given, are per- 
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formed in equal times, and that their number may be made use 
of to measure the time. Thus, for example, if we suppose bodies, 
such as the preceding, to be heavy, and to be retained by a fixed 
horizontal axis, and if we make them all to deviate equally from 
the position of equilibrium, and then remit them to themselves, 
in such a manner, that the motion of the second may com- 
mence when the first has returned to this position, and that of 
the third as soon as the second has returned in the same way, 
and so on of the rest; there will be no possible difference what- 
ever between all these successive motions, which will be per- 
formed in equal times. It will be proved hereafter, that it is not 
necessary for this, that different bodies should succeed each 
other, and, that the successive oscillations of the same body, on 
each side of its position of equilibrium, are also isochronous, or 
of equal duration ; but the preceding consideration, which does 
not suppose the solution of any problem of mechanics, is suf- 
ficient for the object which it was adduced to explain. 

The invariability of the apparent revolution of the celestial 
sphere about the carth, has been established by repeated and 
aceurate astronomical observations ; and in fact, theory does 
not indicate any sensible inequality in the rotatory motion of 
the earth, which is the cause of this apparent motion. The 
constant duration of this revolution is termed a sidereal day, 
which duration is less than the diurnal revolution of the sun. 
This last is not exactly the same at all epochs of the year ; 
and it is its mean magnitude which is assumed as the unit of 
time in ordinary usages, which on that account is called the 
mean day. In this treatise, the division of the day into 24 hours, 
of the hour into 60 minutes, and of the minute into 60 seconds, 
will be adopted ; so that the second will be the 86400th part 
of the mean day. The sidereal day contains 86164,09 seconds . 
hence it follows, that in order to express in sidereal days a por- 
tion of time which is given in mean days, it should be multi- 
plied by the ratio of 86400 to 86164,09, or by the constant 
number 1,0027379. 
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112. One uniform motion differs from another, by the 
magnitude of the space described in the unit of time. In each 
uniform motion this constant space is what is termed the ve- 
locity of the moveable ; indeed, strictly speaking, this space is 
not the velocity itself, but only the measure of the velocity. 
‘The velocity of a material point in motion is a quality which 
inheres in this point, by which it is actuated, and which dis- 
tinguishes it from amaterial point at rest ; it is not susceptible 
of any other definition. The velocity, which in uniform mo- 
tion is expressed by the space described by the moveable in 
each unit of time, supposes that we assume for the unit of ve~ 
locity that of the moveable which describes the linear unit in 
the unit of time. 

In any variable motion whatever, the velocity of the 
moveable varies by infinitely small degrees, and is a function 
of the time which may be deduced, as will be shown presently, 
from that which expresses the space described; but, it is ne~ 
cessary to know beforehand, the kind of motion which a mate- 
rial point would assume in consequence of its acquired velocity, 
if the foree which impresses this velocity on it, by its action 
continued during a certain time, should ccase to act, and the 
body be consequently abandoned to itself. 

113. It is in the first place evident, that if the moveable 
had previously moved in a right line, it will continue to move 
along this line ; for there is no reason why this material point 
should deviate from the direction in which it moved, to one 
side in preference to the other. But we cannot ailirm, a 
priori, that the velocity which has been impressed on it, will 
not diminish of itself, and eventually vanish altogether ; it is 
only by experience and induction that this question can be 
decided. 

Now, according as the obstacles to the motion of bodies, 
such as friction and the resistance of the media which they 
traverse, diminish in intensity, they are observed to persevere 
more and more in this state; and, as often as an alteration is 
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observed to take place in their velocity, we at once perecive 
that this effect can only be ascribed toa foreign cause. We are 
therefore led to conclude, that if it was possible for a material 
point, after being put in motion, neither to be solicited by any 
other force, nor to meet with any obstacle, its motion would 
be rectilinear and uniform, that is to say, the simplest of all 
motions. 

‘Thus, for example, if a mass of iron is made to move in a 
vacuo, on a horizontal plane, without friction, by the sole 
action of the pole of a magnet, and if the attractive power of 
this pole was suddenly annihilated by placing in juxtaposition 
with it an opposite pole of equal power, this mass would still 
be directed towards this point; but its motion will become 
uniform, and its velocity will be more or less considerable, 
according as the attractive force has been permitted to act for 
a longer or shorter time. 

The impossibility which bodies are in, of exciting motion 
in themselves, or of changing the motion which has been 
communicated to them, is termed the inertia of matter. This 
term does not imply that matter is ineapable of acting; for on 
the contrary, the cause of the motion of each material point, 
is always found in the action of other points, but never in itself. 

114, At the end of the time ¢, when the distance of the 
moveable from a fixed point taken on the line that it describes, 
is x, let v be the acquired velocity, that is to say, the velocity 
of uniform motion, which would have place if, at this instant, 
the force which acts on the moveable should cease to act. - 
The action of this force continuing, the space dx which the 
moveable would describe in the instant dé, will be described 
in virtue of this aetion and of the velocity v; vdt will be the 
value’ of the part of dz corresponding to this velocity, which 
would be described with a uniform motion. Therefore, de- 
noting by < the part of this space which answers to the action 
of the force during the instant dt, we shall have 


dx = edt +5. 
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Now, as the velocity varies by insensible degrees, and as 
its variations are solely owing to the action of the force applied 
to the moveable, it follows that in the time dé this action can 
only produce a velocity infinitely small; consequently, this 
same action can only cause to be described a space infinitely 
small of the second order, and evidently less than that which 
would be described uniformly by the body, if at the com- 
mencement of dt, it had received all the velocity which would 
be produced during this instant. ; 

We may, therefore, neglect ¢ relatively to vd¢ in the pre- 
ceding equation; and then we shall have 


' ose da 

~ dt? 

for the expression of the velocity in any motion whatever. If 
it were required to determine the part ¢ of the space described 
by the moveable in the time dé, in virtue of the action of the 
force which solicits it, the powers of dt superior to the first 
should be retained. Now, denoting the distance of the move- 
able from the fixed point at the end of the time ¢ + dt by 2’, 
we shall have by Taylor’s theorem, 


dx 
aa a tt +4 ides &e. 


for the complete expression of the space described in this in- 
stant dé. The first term, equal to vdé, is the space due to the 
velocity acquired at the end of the time ¢; therefore, if the 
third and higher terms are neglected relatively to the second, 
we shall have 


Px 
ex} pe 
* 
or, what comes to the same thing, 
ex tdedt, 


for the part of the space «’— a described by the action of the 
force. As the velocity which is at the same time produced by 
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this action is dv, it is evident that the space which the move- 
able would describe uniformly during this time dt, if at the 
commencement, it had received all this increase of velocity, 
would be equal to the product of dv and dt, or to double of the 
space ¢ which it actually describes. 

115. When the space described is given ina functionof the 
time, the corresponding velocity may be immediately deduced 


by means* of the equation va. For exathple; as the 


moveables in Atwood’s machine, describe spaces which in- 
crease as the squares of the times, i. e., in which s is: : J to ¢, 


it follows that a is :: 2 to é, hence their acquired velocities 


must be proportional to the times during which these spaces 
are described ; which, indeed, this machine furnishes us with 
the means of verifying. (Nos. 400, 401.) 

Conversely, if the velocity be given in a function of the 
time, by the definition of the motion, we can infer from it, by 
integration, the expression of the space described. Thus, after 
uniform motion, the simplest is that in which the velocity in- 
creases or diminishes by equal quantities in equal times, and 
which on that account is said to be uniformly accelerated or 

“retarded. Therefore, if we denote the constant increment, 
whether positive or negative, of the velocity, in each unit of 
time by g, and by a the velocity of the moveable when ¢ = 0, 
the velocity v at any instant whatever, in this description of 
motion, will be, 

vinatgt; 
by multiplying by dé, and integrating, we shall have 
r= b+at+490, 
for the distance of the moveable from a fixed point of the line 
that it describes, being this distance at the commencement 
of the time ¢. 

When the two constants a andé vanish, we shall have simply 

vrgt, «a hygt. 
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Therefore, the space described is proportional to the square 
of the time ; and the velocity acquired at the end of any time 
zis such, that in virtue of this sole velocity, the moveable 
would describe in a time equal to ¢, a space vt double of that 
which it actually describes. It follows, that if the space de- 
scribed in the first unit of time be known, we can obtain by 
doubling it, the value of the constant velocity g, by which one 
uniformly accelerated motion differs from any other motion 
of the same nature. 

The motion of heavy bodies which descend in a vacuo is of 
this description. In the same place, the velocity g is equal for 
all their points; so that, in fact, all of them describe vertical lines 
when actuated by a motion of this kind. This velocity varies 
from one place to another; by accurate experiments, it has 
been proved, that if the second is assumed for the unit of time, 
and the metre for the linear unit, 

9 = 9780896 
"at the Observatory of Paris. 

The force which produces equal velocities in equal times, 
is considered to be a constant force ; thus gravity is a constant 
force, which implies here that it acts with equal intensity on 
bodies already actuated with any velocities whatever, and not . 
merely as in No. 59, that its intensity is the same throughout 
the entire extent of a body of ordinary dimensions. 

116. The laws of equilibrium do not imply any particular 
relation between the forces and the corresponding velocities ; 
and to resolve the problems of statics, it is sufficient, if the 
numerical relations of forces, such as they have been defined 
in No.5, be known. The laws of motion, on the contrary, 
depend on the relation which should exist between the magni- 
tudes of the velocities produced by given forces ; and this re- 
lation, the knowledge of which is indispensable for the solu- 
tion of the dynamical problems, is the same as that of the 
forces, as we proceed now to demonstrate. 

Let « and v denote, as before, the space described and the 
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velocity acquired at the end of the time ¢, and at this epoch, 
let two given forces f and /” act simultaneously on the move- 
able, in the direction of its motion ; let % denote the infinitely 
small velocity that the force f would impress on the moveable, 
if it acted solely for the infinitely small portion of time r, and 
let wu’ denote that which would be produced by the force /’, 
in the same time, if the force fdid not exist, I say, that the 
circumstance of these forces being impressed simultaneously, 
will not modify the velocities of which they are separately 
capable, and that the velocity produced by the force f+" will 
be u + w’, that is to say, at the end of the time ¢ + 7, the velo- 
city of the moveable will be v+u+u’. In fact, the aug- 
mentation of the velocity of the moveable can only depend on 
the time 7, to which it will be proportional, and on the state 
of this material point, or in other words, on its position and 
velocity during this same time +; therefore, it can only be by 
influencing this state that the action of the force f” can modify 
the velocity which will be produced by the force 7 Now, as 
during the time 7, the distance of the moveable from a fixed 
point and its velocity, can only vary by infinitely small quan- 
tities, which may be neglected relatively to x and v; its vari- 
ations of distances from other fixed or moveable points, from 
which the forces fand /” may emanate, may in like manner 
be neglected, consequently, the velocity which the force f will 
produce during this interval of time r, cannot be modified in 
any manner by the simultaneous action of the force J’, and the 
same will be the case, relatively to the velocity produced by the 
force /”, which will not be changed in any respect by the action 
of f Therefore, the entire velocity impressed on the moveable 
during the time r by the force +f’, will be equal to u + w’. 

It is likewise evident, that if the force facts in the di- 
rection of the velocity v, and the foree f’ in the opposite di- 
rection, the increase of velocity produced by the pete ff 
will be equal to u — wv’. 

Whatever be the nature of each of the forces fand J’, if 
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they are capable of producing the same velocities in the same 
infinitely small portion of time, we may consider them as 
equal forces. If they are applied in opposite diregtions at the 
same time, they will produce no change in the velocity of the 
body, if it is already in motion ; and if this material point is at 
rest, it will continue so; this is conformable to the definition 
of equal forces given in No. 5. 

When the force which acts on the moveable in the direc- 
tion of the acquired velocity becomes double, triple, qua- 
druple, .... the velocity which will be produced in this time 
r, will increase in the same proportion. On the other hand, 
when this force is reduced to a half, a third, or a fourth, the 
velocity produced will be diminished in the same manner ; and 
generally, the infinitely small velocities produced in equal 
times, in the same or opposite directions from the acquired 
velocity, or impressed on a material point at rest, will be as 
the intensities of the corresponding forces. 

It is on this general principle that the measure of forces in 
dynamics is founded. It is usually presented as an hypo- 
thesis, here we give it as a necessary consequence of the cir- 
cumstance, that the velocities impressed by any force what- 
ever in infinitely small intervals of time, are always infinitely 
small, and of this, that in the same time, the displacements of 
the moveables are also infinitely small. 

117. If the forces to be compared together are constant 
forces, so that each of them produces during the entire time 
of the motion, equal velocities in equal times (No. 115), their 
intensities will be to each other as the velocities which they 
impress, in any equal times whatever, on the same material 
point. When, therefore, these velocities are given by obser- 
vation, the relation of the forces may be inferred, and con- 
versely, where this relation is known @ priori, we can assume 
it for that of the velocities. 

For example, let w, w’, denote the intensities of gravity at 
two different latitudes, if g,g’, the velocities acquired in a 
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second, by bodies which descend vertically ini a vacuo, at these 
places, be known; we shall have 
id wiwiigig’. 

The relation between these forces w, w’, will bealso that of 
the weights of the same body, or of two homogeneous bodies 
having the same volume, at these latitudes. It appears from 
observation, that the velocities produced by the action of 
gravity increase from the equator to the pole, and that the 
entire increment is very nearly zoo Of the least weight, or of 
that at the equator. It follows, therefore, that the weight of 
the same body, transferred from the equator to the pole, will 
increase by g45, and that, in order there should be an equili- 
brium between two homogeneous bodies placed in these two 
places, the volume of the body situated at the equator should 
exceed by a}, that of the body situated at the pole. 

Also if w denotes the intensity of gravity in the vertical 
direction, and w, its component in the direction of a line which 
makes the angle a with the vertical; then by the rule for the 
composition of forces we shall have 


@ = Os a3 


and if g, 9, denote the velocities which would be produced 
in a unit of time by these two constant forces, acting sepa- 
rately on the same material point, the proportion 


Ir wry, 
will also give 
A=~VJcosa. 


If this heavy material point rests on an inclined plane, 
which makes with the horizontal plane an angle equal to 
90° — a, the force w should be decomposed into two others, 
the one perpendicular to the given plane, and which will be 
destroyed by its resistance, the other directed parallel to this 
same plane, which will be the force w,. It is this last force, 
which, abstracting from the effect of the friction of the 
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moveable against the inclined plane, will produce the motion 
ina vacuo. This motion being caused by the action of a 
constant force, will be uniformly accelerated, and if 2, and v, 
denote the space described and the velocity acquired at the 
end of the time ¢, we shall have 


yr, arin’; 


in which equations we should substitute for g, its:value given 
above. a 

This example points out the necessity of knowing, d priori, 
the ratio of the velocities produced by the action of forces, of 
which the ratio is known ; for if g, could not be deduced from 
g, the velocity given by the observation, and if it was neces- 
sary, in order to apply the preceding equations, to determine 
also by experiment the value of g,, which answers to each 
value of the angle a, dynamics would be almost entirely re- 
duced to an experimental science. 

118. In order to measure a variable force, we should con- 
sider its effect for an infinitely gmall portion of time, during 
which it may be considered as constant. Therefore, in any 
rectilineal motion whatever, let ¢ be the force which acts on 
the moveable at the end of the time ¢, and which is considered 
as positive, or negative, according as it acts in the direction of 
the acquired velocity, or in the opposite direction, This ve- 
locity being v at this same instant, it will be v + dy at the 
end of the time ¢ + dé; so that the force ¢ will have impressed 
the velocity dv on the moveable in the instant dt. Therefore, 
if w denotes a constant known force, capable of impressing a 
velocity g in a unit of time, and which can consequently im- 
press the velocity gd¢ in the time dé, we shall have 


giwii dv: gdt ; 
hence we deduce 
_ wdv 
= oat 


When the linear unit and the unit of time are once arbi- 
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trarily selected, the constant g, and the value of a at the end 


of a given time may be expressed in numbers. This for- 
mula will then make known, at the same instant, the nume- 
rical ratio of the force ¢ to the known force w, and if this last 
be that of gravity, this ratio will be that of the force ¢ to the 
weight of the moveable on which it acts. So that if this ma- 
terial pointbe acted on by gravity, and solicited by the force 
gina direction opposite to that of gravity, it will be in equi- 
librio, if we have 5 ae 

The preceding formula will be simplified if and g be taken 
for the units of their respective species, which will reduce it to 

_ dv 
o= 

The unit of force will be then the constant force, which 
would impress on the moveable, in the unit of time, a velocity 
represented by the linear unit, so that if these two last units 
are the second and the metre, the unit of force will, by the 
value of g given in No. 115, be very nearly the tenth part of 
the weight of the moveable. 


It may be remarked here, that this measure e of the va- 


riable force ¢ is the velocity which would produce in the unit 
of time a constant force, that would retain during this time 
the same intensity, as the force ¢ during the instant dé. Thus, 
in the motion of a mass of iron towards the pole of a magnet, 
which we have already taken as an example, No. 113, the force 
@ depends on the distance from the pole, and is consequently 
variable ; but if we suppose, that at a given instant, the pole 
recedes from the moveable, so as that the distance of the one 
from the other may become constant, the force g will become 
so likewise, and the motion will be changed into one uniformly 
accelerated, and the increase of velocity in the unit of time 


* 
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will be the measure of this force at the instant it becomes 
constant. 

With respect to the value of « found in No. 114, it is evi- 
dent, we can also write 

Qe 
= Ee 

It follows, therefore, from this and the preceding formula, 
that a force may be expressed, either by the velocity which it 
produces in an indefinitely small portion of time divided by 
this time, or by twice the space which it causes to be de- 
scribed, divided by the square of this same time. In motions 
uniformly accelerated, these two equivalent expressions for the 
force obtain also, when the time is finite, and not as in the 
general case, infinitely small. 

119. From what has been established in the preceding 
numbers, it appears that the general formule of rectilineal 
motion are : "4 

ar Ft, ox S, g= 5: 
They point out the relations which, in any motion whatever, 
exist between the space described, the velocity acquired, and 
the force which acts on the moveable, and “how these three 
functions of the time may be deduced the one from other, 
either by differentiation or by integration. 

By eliminating v between the two last, we have 


xr 
o= ae 
which implies that ¢is taken for the independent variable, and 
that its differential d¢ is constant, an assumption which we 
shall make through this entire treatise, without having occa- 
sion to repeat it again. 
We shall also have by the elimination of dé, 


1a? 
Pag 
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which will enable us to determine « when the force ¢ is given 
in a function of 2, and conversely, this force, when the velo- 
city is known in a function of the space described. 

In the following chapter, it is proposed to give different 
applications of these general formulz. 


Il. Measure of Forces having regard to the Masses. 


120. Previously to our shewing how the masses should be* 
taken into account, in the comparison of forces which act on 
different moveables, an inaccurate expression, which fre- 
quently occurs, should be rectified, because it has a tendency 
to produce a confusion of ideas. 

Let us conceive, that a body is placed éa a horigontal 
plane, and that it is retained there without any friction. IF it 
was proposed to make it slide on this plane, it is necessary 
nevertheless, on account of the inertia of matter, that some 
effort should be made to effect this; and if to this body a 
second is attached, then a third, &c., it is necessary, in order 
to produce the same motion, that a more considerable force 
should be exerted, In each case, a sensation of the effort, 
which it is necessary to make, will be produced; but it ought 
not to be inferred from this, that matter opposes any resist- 
ance to this effort, and that there exists in bodies, what has 
been very improperly denominated a force of inertia. When 
such an expression is made use of, the sensation that is ex- 
perienced, and which results from the effort that is made, is 
confounded with the sensation of a resistance that does not 
really exist. 

When there is a friction of the body against the plane, 
there is an actual resistance to the horizontal motion, and the 
moveable cannot be displaced on this plane, unless an effort 
is made superior to this resistance. In like manner, if it was 
proposed to raise the moveable vertically, there is a resistance 
to this motion which must be overcome by an effort that sur- 

Da 
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passes it. In the two eases, no motion is produced as long as 
the effort which is made is not greater than the weight, or 
than its adhesion to the horizontal plane; but if it be sup- 
posed that the body has no weight, or that it does not expe- 
rience any resistance from friction, it can he put in motion, 
however feeble the effort that is made, or however great the 
mass of the body on which it is exerted ; and if it is necessary 
to make a greater effort, in order to communicate the same 
motion to one body than to another, it may be inferred that 
the first consists of a greater quantity of matter than the 
second: and if the magnitudes of these efforts could be accu- 
rately compared together, their ratio will be that of the masses 
of these two moveables. It is on a consideration similar to 
this, that is founded, as we now proceed to show, the measure 
of the masses deduced from the magnitudes of the forces, 
which cause them to move, and conversely, the measure of the 
forces, the masses and velocities being respectively taken into 
“account. . 

121, The masses of twowgpaterial points, belonging to 
bodies which may be of different natures, are equal or unequal 
according as forces, which are assumed to be equal, impress 
on them in the same time, equal or unequal velocities. Let 
us suppose for greater clearness, that the forces applied to 
these two points are vertical, and that when placed on the two 
dishes of a balanec, they are in equilibrio. These forces will 
be equal on this hypothesis, and this being the case, if the 
two points are rendered entirely free, and if the same forces 
excite motion in them, their masses will be equal or unequal, 
according as the infinitely small velasities with which they are 
actuated in the first instant, are equal or unequal. 

When, in this manner; the masses of different material 
points are ascertained to be equal, other points of which the 
masses may have any relation whatever, will be obtained by 
uniting these together. Thus, denoting the mass of each 
of the equal points by x, and by m,m’, the masses of two 
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other points made up of » and x’ of the first, m and m/ 
will be-to each other as these numbers n and n’, and we shall 
have 
man, m=on'p. 

Now, let u,v, v’, be infinitely small velocities, i and 7’ 

integral numbers, and 
vai vmiu 

If the two forces f and f’ impress on the masses m and m’, 

the velocities v and v’ in the same instant, we shall have 


SiS i moim’e'. 
In fact, the force fmay be considered as the sum of n equal 
forces, which would impress the velocity » on ?ach of the n 


equal points, of which m is composed, so that tenoting ne of 
these equal forces by k, we shall have 


S= nk. 


Moreover, let & be the force which would impress the vem 
locity on each of these equal points, during the same instant, . 
that the force & impresses on‘it the velocity v. These forces 
acting on the same material point, will be to each other as the 
velocities u and v (No. 116), and, because v = iu, there will 
result(a) 

* k= th. 
We shall have also _ 
Sanh’, Rail, 
J being considered as the sum of the n’ forces 4’, capable of 
impressing the velocity v’, on each of the equal points of which 
m' is composed, and denoting the force which would im- 
pgess on each of these same points the velocity u. Now, as . 
h, lv, are forces which are capable of impressing in the same 
‘instant, the same velocity u on two points of equal mass, 
namely, on two points of which the common mass has been 
represented by y, it follows from what precedes, that we mrast 
have h’= hk. Then by means of the preceding equatiens, we - 
shall have ; 
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fainh, fiainh'; 

and, if we take into account the values of m,m’,v,v’, there will 
result the proportion which it was proposed to demonstrate. 

122. This being established, let us consider a body of any 
magnitude and form whatever, all the points of which describe 
parallel lines with a common velocity, which may moreover 
vary with the time, Let this body be divided into an infinite 
number of material points equal in mass, such as they have 
been just defined. The motion of all these points may be 
ascribed to forees which are equal and parallel throughout the 
entire extent of the moveable; their resultant for any part of 
this body, is equal to their sum, and applied to the centre of 
gravity of this part. The forecs corresponding to any two 
parts will be therefore to cach other as their masses; conse- 
quently, if f be the entire foree which acts on the moveable, 
m its mass, and ¢ the foree which answers to a part of this 
mass, taken for unity, we shall have 


f= md. 
With respect to the force ¢, it will be proportional to the 
inerease of the velocity of the moveable during an infinitely 
small portion of time ; and if v denotes this velocity at the 


end of the time ¢, we may assume for its measure, as in No. 
118, : 


_ dv 
$= a" 
Hence there will result 
dv 
f= ane 


* 


for the expression of the force in any motion whatever, the 
mass of the moveable being taken into account, and all its 
points being supposed to be actuated by the same velocity. 
This farce f, which is the resultant or sum of all the in- 
finitely small forces, with which all the points of which the 
hody ig ‘composed, a 





aciuated, is termed the motive force, 
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the factor ¢ of its value mp, is called the accelerating force, 
and is no other thing than the motive force referred to the 
unit of mass. 

The motive force becomes a pressure, when the mass on 
which it acts, rests on a fixed plane perpendicular to its di- 
rection. A pressure and motive force differ from one another 
in the circumstance, that the velocities which a pressure tends- 
to produce, are continually destroyed by the resistance of the 
fixed plane that supports it, whilst those which are actually 
produced during each instant by the motive force accumulate 
in the body, so that after a finite time there results in it a 
finite velocity. Two pressures are to each other as the masses 
multiplied by the infinitely small velocities, which they tend 
to impress on them in the same instant, and which, in point of 
fact, they would impress on them, if these masses were ‘free. ° 

123. Ifthe motion that is common to al fhe points of 4 
moveable be a uniformly accelerated one, and if g denotes the 
increase of velocity which has place in each unit of time, we 


have 
g=g fomy. 


Likewise, for another constant force /” acting on @ mass m’, 
and producing a velocity g’, in a unit of time, we shall also 


haye 
Samy. 


Now, it appears from observation, that two heavy bodies, 
whatever difference there may be in the matter of which they 
consist, acquire the same velocity in falling in a vacuo during 
the same interval of time. Hence, in the case of gravity, we 
have g = g’, and consequently, the weights fand f’ of any two 
bodies are to each other as their masses m and m’, as has been 
assumed in No. 60. The sole fact, confirmed by daily ex- 
perience, that heterogeneous bodies have equal weights under 
different volumes is not sufficient to decide the question, 
whether their masses are equal or unequal; it is neceifary to 
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know besides, whether gravity impresses the same motion on 
them, to be able to infer from the equality of the weights, the 
equality of the quantities of matter. 

The weight of a heavy body which falls in a vacuo, is its 
motive force, and the gravity its accelerating force. For the 
sake of conciseness we give the name of gravity or weight to the 
velocity g, which, however, is only the measure of this force. 

124. If given forces act on the surface, or on other parts 
of a solid body, and if these forces impress on all its points, 
equal and parallel velocities, they must have a unique result- 
ant, which will coincide, in magnitude and direction, with the 
motive force, that has been defined above, and the accelerating 
force is obtained by dividing it, by the entire mass of the 
body. Be 

If, for example, we conceive a heavy body to descend in air, 
in water, or in any other fluid, and if it be symmetrical as to its 
form and density, about a vertical axis, when it is not homo- 
geneous, it is evident, that as every thing corresponds on 
each side of this axis, all the points of the body will describe 
vertical lines; in which case, since the body is solid, all its 
points must, at each instant, beactuated with the same velocity. 
The resistance of the medium, which acts on the surface of 
the body, will consequently be reduced to a force acting in 
the direction of the axis of its figure. Denoting its intensity 
at any instant whatever by x, the corresponding part. of the 
accelerating force of the body by ¥, and its mass by m; we 
shall then have 


R 
y= n 

As this force acts, during the descent of the body, in a 
direction contrary to that of gravity, the entire accelerating 
force willbe g —y. If the body is projected perpendicularly 
upward, the two forces would act in the same direction, and 
the total accelerating force will be negative and equal to 


-—gI— 
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The theory of the resistance of fluids is not sufficiently 
advanced to enable us to determine, @ prior?, the value of nr, 
which will depend on v the velocity of the body, on its form, 
and on the density and nature of the fluid. It is commonly 
assumed to be proportional to the square of v, and to the den- 
sity of the fluid, so that if this density be denoted by p, we 
shall have 

R = opv"; 
a being a coefficient depending on the form and dimensions of 
the body, on the nature of the fluid (namely, whether it is 
liquid or aeriform,) and on its temperature. 

In the case of a sphere, the coefficient o is assumed to be 
proportional to its surface, or to the square of its diameter. 
So that if we denote its radius by 7, and its density by p, in 


F 4 ‘ 
which case its mass m will be equal to > #’, there will 


sult, re 
= Pe. 

=i 
y denoting a numerical coefficient which will be the same for 
all spheres, the actwal value of which must be determined by 
experiment for each particular kind of fluid. As this quantity 
w is of the same nature as g, it follows that if & denotes a 
given velocity, we should have 


pr_ 
yo 9? 
in order that the expression of y may assume the form 
7 
Vp? 


eonformably to the principle of the homogeneity of quantities 
(No. 23). . 

125. The same constant force acting successively on dif- 
ferent masses, will produce uniformly accelerated motions, in 
which the accelerating force, or the constant increment of 
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the velocity in each unit of time, will be in the inverse ratio 
of the mass. 

Thus, for example, f being the weight mg of a mass m, 
if this mass be suspended to the extremity of a thread attached 
at its other end to another mass m’ laid on a-horizontal plane, 
it is evident, that if the friction and the weight of the vertical 
part of the thread are not taken into account, these two masses 
will both move with the same uniformly accelerated motion 
produced by the motive force f- Therefore, if the accelerating 
force of this motion be denoted by g’, we shall have 


_ 
I= mm 

or, what comes to the same thing, as f= mg, 

® J = GJ COS a, é 


4n which a denotes an angle, such that 
a m = (m ++ m’) cos 4. 


Consequently, the motion in question will be the same as 
that of a heavy body on an inclined plane, which makes the 
angle a with the vertical (No. 117). 

All bodies being moveable and susceptible of acquiring 
velocities which are in the inverse ratio of their masses, when 
they are subjected, during the same time, to the action of the 
same force, it follows, that no body can be considered as 
really fixed ; those which are said to be so, are bodies which 
have very great masses relatively to those, on which the mo- 
tive forces which are applied to them, depend, and which con- 
sequently, only receive extremely smal¥ ¥elocities from the. 
action of these forces. At the surface of the earth, bodies «’ 
attached to this surface, constitute one mass with that of 
the terrestrial globe ; and in fact, if m/ in the preceding ex- 
ample, be assumed to express this mass, it is evident that the 
velocity g’ which will be impressed on it, in the unit of time, 
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by a weight mg corresponding to a mass m of ordinary magni- 
tude, may be considered as altogether insensible. 

126. It is usual to term the product of the mass of a body 
by its velocity, its quantity of motion. This expression will, 
agreeably to custom, be still made use of, though it would be 
more correct to substitute that of the guantity of velocity, 
since it is the velocity that inheres in the body, whereas the 
motion is only a subsequent effect. : 

No force whatever ean produce instantancously a finite 
quantity of motion, The shock of a solid body in motion 
against a solid body at rest can impress on this last, in a space of 
time which, though very short, is not infinitely small, a velocity 
which may be sometimes very great ; and, during this interval 
of time, the two bodies do not suffer any sensible displacement. 
Though they may be supposed to be ever go hard, they are, 
always susceptible of some compression, however little it may 
be; thus thevelocity is transmitted from the one to the other by» 
infinitely small degrees; and if the elasticities of the bodies is 
not taken into account, their mutual action ceases, when their 
velocities become equal. 

This rapid transmission of velocity, without any ‘sensible. 
displacement of the masses, is what is termed a percussion or 
impulsion, it is equivalent, as appears, to a motive force acting 
for a very short time, with a very great intensity. By con- 
sidering the percussion in this manner, as the sum of the in- 
finitely small actions of a motive force, it can be shown, 
that it is resolvable into two other percussions acting in given 
directions, by the rule of the composition of forces, as also 
each of these successive actions. If, for example, there be 
directed against the+back of a wedge, a normal percussion 

ewhich we shall denote by Pp, it is resolvable inte two other 
pereussions perpendicular to its two faces, and if Q, Q’, repre~ 
sent these two components, K, K’, the lengths of the faces to. 
which they refer, and 4 that of the back of the wedge, it is. 
easy to perceive that by the rule adverted to, we shall have 
2B 
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Q:P::Kin, 
Q Psi KTH; 
hence we deduce 
PK PK’ 
v= : 


Thus, supposing that this percussion P arises from a mass 
m which strikes the back of the wedge with a velocity a, its 
two faces, or rather the fixed obstacle against which they are di- 
rected, will be in the same circumstances, as if they were struck 
perpendi¢ularly by the same mass m, actuated by velocities 


. or rp 
_ptopértional to, their lengths, and expressed by < and *. 


127. Ifa solid body at rest is struck at the same time, in 
opposite directions, by two other bodies, of which the masses 
are m and m’, and ‘the velocities v and v’, then if these three 
bodies are symmairical about the same axis as to their form 
and density, and if all the points of the two last move parallel 
te this line, their percussions on the intermediate body will 
constitute ag #quilibrium, when the quantities of motion mv 
and m‘v’ are equal, that is to say, these quantities of motion 
will in a very short portion of time he transmitted into the in- 
termediate body, and will mutually destroy each other’s effect, 
without this body being at all displaced. 

The equilibrium will equally obtain, if the intermediate 
body be suppressed, and if the transmission of velocity takes 
place at once from one body to the other. Thus, two solid 
bodies which move towards each other in opposite directions, 
will, if we abstract from a consideration of the elasticity, be 
reduced to a state of quiescence, when their masses are in the 
inverse ratio of their velocities ; and conversely, the products 
of the masses and velocities are equal, when there is an equi- 
librium in the impact of two solid bodies. 

In such a case, the two bodies are supposed to be, as was 
stated, symmetrically disposed about the same right line, and 
the directions of the velocities of all their points are assumed 
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to be parallel to this line, which is the one that passes through 
the centres of gravity of the two masses. The condition of 
equilibrium in the impact of these bodies, is consequently, the 
equality of their quantities of motion, or the equation 
mv = m'v’'; 

m and m’ being their-masses, and v and v’ their velocities. In 
a subsequent part of this treatise, we will determine the me- 
tions which have place after the impact, when these conditions: 
relatively to the magnitudes and direction of the velocities, and 
with respect to the form of the bodies, are not satisfied, and also 
when their elasticity is taken into account. ~* = 

It results from this law of equilibrium in the impact of 
two bodies, that percussion should furnish the most direct 
means of measuring the mass of bodies. A mown velocity a 
being impressed on alh the points of a body, ahe mass of which 
is taken for unity, if we could determine exactly the velocity 
v with which all the points of another body should be actuated 
in order to constitute an equilibrium with the frst, when they 
impinge on one another, moving in opposite directions, the 
numerical value of the mass of the second will then be the 


ratio ® but it is nearly unnecessary to state, that this means” 


is impracticable, and that we should always refer to the weights, 
when it is required to measure their masses. 

It also follows, that two percussions exercised on a solid 
body must be deemed equivalent when they: produce equal 

quantities of motion ; so that in the example of the preceding 
number, the back and two faces of the wedge will experience 
the same effects, or will be struck with the same energy, if 
for the mass m and the velocity a, there be substituted a mass 
m/ and a velocity a’, such that we may have ma = m’a’. 

128. When two percussions, arising from velocities which 
are in the inverse ratio of the masses, are simultaneously ex- 
erted on the two dishes of a balance, there will be an equili- 
brium between them; in this case the balance supplies the 
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place of the intermediate body which was considered in the 
preceding number. For example, this will be the case of 
two heavy bodies, of which the masses are m and m’, and 
which impinge at the same instant on these two dishes, having 
respectively acquired velocities v and v’ which are such that 
we have mv = m’v’. 

If the mass m is at rest in one of the two dishes, its 
weight will exercise a pressure which will be generally over- 
come by the percussion of the other mass; but it is not accu- 
rate to say, as is generally done, that this will be always the 
case, however great the pressure may be, or however small 
the percussiorf. In fact, we can substitute for the percussion 
of m/ a motive force acting on one of the two dishes, without 
sensibly deranging it, during an extremely short space of time, 
such as r. Denoting by m’ud¢ the infinitely small quantity 
of velocity, which this variable force is capable of producing 


during the instant dt, the product mi" udt will be the quan- 


tity of velotity which will be communicated to the balance 
during the time +. During this same time, the weight of m 
will produce a quantity of motion represented by mgr, g de- 
-noting the gravity. In order to an equilibrium in the sys- 


tem, it is necesssary that the integral \ udt should be the en- 


tire velocity v’ with which the mass mis actuated at the 
instant the percussion commences, so that there may not 
remain any degree of velocity when the shock has ceased, and 
this being so, it is sufficient that the quantities of motion mgr 


and m’ iv udt impressed in opposite directions on the balance 


while the shock is going on, should be equal to each other. « 
Hence the condition of this equilibrium will be expressed: by 
the equation 


my! = mgr; 


and according as we have m‘v' > mgr, or m'v’ Z mgr, the per- 
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cussion will prevail over the pressure, or the pressure over the 
percussion. Now, although the time r may be extremely 
small, this last case is possible, the mass m being supposed to 
be sufficiently great with regard to m’: in order that it should 
be impossible, it is necessary that the duration of the per- 
cussion be infinitely small, which is not the case in nature. 

As in dynamics there is a constant application of the prin- 
ciples that have been explained in this chapter, it is of great 
consequence to have accurate notions of them, before we pro- 


ceed to the resolution of the different problems relative to the 
motion of bodies. 


CHAPTER II. 


EXAMPLES OF RECTILINEAR MOTION. 


129. Iv appears from No. 119, that the equations of recti- 

linear motion are a 

o=%, ga, $= oe (1) 
(the last of which may be deduced from the two others ;) in 
these expressions a denotes the distance of the moveable at the 
end of the time ¢ from a fixed point in the line which it de- 
scribes, v denotes the velocity which it has acquired, and ¢ the 
foree that solicits it, which is positive or negative according 
as it acts in the same or the contrary direction from that of 
the velocity v. These equations are applicable not only to an 
isolated material point, but also to a solid body of any magni- 
tude whatever, of which all the points describe parallel right 
lines, and which consequently will be endowed with a motion 
common to all its points ; ¢ in this case will be the accelerating 
force, equal to the motive force divided by the mass of the 
moveable. 

The value of ¢ is supposed tobe given in each problem; and 
the question will be to deduce from the preceding equations, 
the expressions of v and z in functions of ¢. They will contain 
two constant arbitraries, the values of which can be deter- 
mined from those of # and v at the commencement of the 
motion, and which must be given in each example. In the 
problems which follow, the time will be always reckoned from 
this commencement, so that the given values of x and v 
answer to ¢ = 0. 

The integration will not be generally possible in a finite 
form, except when @ depends only, as in the following ex- 
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amples, on one of the quantities ¢,v,2. When the given 
value of ¢ contains all the three, or even two, the values of x 
and v can only be expressed by a series. 

130. Let the force ¢ be first supposed to be constant, 
then if it was required to determine the vertical motion of a 
body, which descends in a vacuo, in virtue of the force of gra- 


vity, we shall have 
Px 
Bao 


” 


g denoting this force ; hence we deduce, 
va gt, xa hgt, 
and, consequently, 
v = 29x, 

2 being the distance from the point of departure of the move- 
able, and the initial velocity being supposed to be cypher, so 
that we have 2 = 0 and v = 0, when ¢ = 0. 

If a denotes the velocity acquired in descending through. 
the height , we shall have 


a= V2gh; 
which is a convenient expression for the velocity in terms of 
the height, through which a heavy body should fall to acquire 
this velocity, and of the constant velocity g. The time of 
falling through this height being denoted by @, we shall also 


have 
a 2h —1,9—- 2 
on 2- 7%, hat =, 


If the body is projected vertically upwards, the equation 

of its motion in a vacuo will be 

Px 

We -— 79 
g being the same constant velocity as in the preceding case, 
since the action of gravity on bodies in motion is supposed to 
be independent of the ds~—‘on in which they move, as well 
as of the magnitude of their velocity. 
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If the initial velocity be denoted by a, we shall have 
v=a-gt, xmat—igt’, 
which express. respectively, the velocity and space described 
in any instant whatever. It is evident, that the moveable 
will continue to ascend until this velocity vanishes.. There- 
fore, if 9’ denotes the time during which it moves until v 
vanishes, and h’ the height to which it will attain, we shall 
have 
’ a 
emg Y= a5) 
and as these values coincide with those of @ and h of the pre- 
ceding case, it follows that a heavy body projected vertically 
upwards with a velocity a, ascends in a vacuo to a height, 
from which, if it fell, it would acquire this same velocity, and 
the time it takes to attain this height is equal to that of its fall ; 
his commonly called the height due to the velocity a, and. 
conversely, a the velocity due to the height h. 

131. Whether the body ascends or descends, it will be suf- 
ficient in order to obtain the equations of its motions on an 
inclined plane, to substitute in the preceding equations g.cos a 
in place of g, a denoting, as in No. 117, the complement of 
the inclination of the given plane to a horizontal plane. 

Hence, in the case of descent, we shall have 


vogtcosa, t= }gt cosa, v= 2gxcosa; 


now if Z be the length of the inclined plane, and & its height, 
we have 
hk =lecosa; 
therefore, if & denotes the velocity acquired in falling through 
1 the entire length of the plane, we shall have also 
B= 2gleosa = 2gh; 

which shows that this velocity is the same, as if the body had 
fallen through the vertical height A. If awe (fig. 34) be the 
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circumference of a circle situated in a vertical plane, and if 
AB represents its vertical diameter, we can determine, by means 
of the preceding equations, the time which a heavy material 
point would take to describe the chord Ac, which is terminated 
at the superior extremity of this diameter. For if from the 
point c the perpendicular cp be let fall on aB, we shall have, 


in this case, 
ac=l, ap=ah; 


and if the required time be denoted by 6, then 


=1 = 9h, 
l= 490 cosa = ya 


but by a known property of the circle, we have 


P= hb. 


4 denoting the diameter an; hence we can obtain 
20 2b 
O= oh = V2 7 

But this time is that of the fall through the vertical height 
5; consequently it follows, that the chord ac will be described 
in the same time as the diameter an. The same result would 
be obtained, if the time of describing the chord cn which is 
drawn to the lower extremity of the vertical diameter a8 be re- 
quired, for this time is also equal to that of describing the vertical 
diameter. As then it appears, that the time of describing any 
chord drawn to either extremity of the vertical diameter, is 
always the same, and independent of the length of the chord, 
it will be the case, when the chord becomes indefinitely small ; 
which arises from this, that then the component of the gra- 
vity in the direction of the infinitely small chord is no longer 
a finite quantity. 

132. Let now the motion of a solid body, which descends 
or which is projected upwards, in a resisting medium, and of 
which all the points describe right lines, be considered. In 

2c 
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order that the accelerating force may depend solely on the 
velocity, the density of the medium is supposed to be every 
where the same. 

In the case of a descent, we shall have 


y0-%, 


the resistance being supposed to be proportional to the square 
of the velocity (No. 124), and & denoting a constant and given 
velocity. As this value of ¢ is a function of v, we must make 
use of the second equation (1), and shall obtain from it(a), 


apes do _ hy de dy ) 
98 = Bop Oey tol 


By integrating and supposing that the initial velocity is 
nothing, so that v = 0 when ¢ = 0, there results 


gt = palog e+”, 


and, conversely, 








bao oy 
ko? ; 
hence we obtain(d) 
gs peal 
elhsee) 
Se ‘ 
! @) 
€ e 


In these and similar expressions, e denotes the base of the 
Naperian system of logarithms, and log a logarithm of this 
species ; however in formule, in which the base of these 
logarithms does not occur, the letter e will be employed to 
represent other quantities. Its value computed to an accu- 
rate approximation is 


e = 2,7182818; 


and that of the constant modulus by which the Naperian 
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logarithm of any number should be multiplied, in order to ob- 
tain the vulgar logarithm of this number, is 

0,4342945. 


Since de = vdt, we shall have by integrating and sup- 
posing that « = 0 when ¢ = 0(c), 


e pee 
a= Flog 4(¢ er), ~ @ 
We have also 
Rvdv 
gat = poy 
and, consequently(d), 

a a 

c= % log Boe? (4) 


is the value of w, considered as a function of v. 

133. ‘The preceding formule enable us to solve the pro- 
blem completely. It appears from a consideration of them, 
that the time being supposed to increase continually, the mo- 
tion approaches more and more towards uniformity, and that 
it becomes sensibly uniform when gé, the velocity arising from 
the action of gravity, is very great relatively to &. In fact, 

=e 
if e * , which in this case isa very small fraction, be neglected, 
-we have(e) 


he 
viokh, ¢=9, tne: 


As the resistance of the fluid is a force which acts on the 
surface of the body, the motive force that results from it is 
independent of the mass, and will be the same, whether the 
body consists of a very dense matter, or whether the interior 
matter be taken away altogether, and nothing left but a very 
slender envelope. Now, as the accelerating force is equal to 
the motive force divided by the mass of the body, it follows 
that the first of these two forces will, every thing else being 
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the same, be in the inverse ratio of this Mass, and conse- 
quently(f) & will be in the direct ratio of its square root. 
This is the reason why the final motion in a resisting medium 
is more rapid for those heavy bodies, whose density is greater, 
the form and extent of surface being supposed to remain the 
same. When the density of the medium is inconsiderable 
relatively to that of the body, the quantity & is very great, 
and in this case the motion will not approach to one of uni. 
formity until after the lapse of a considerable length of time. 
As long as the velocity gt does not become very considerable, 
we obtain in converging series 


at = at ‘ 
; or t e 
pF cF) oy oP ge, 


se et 242 af 
(<8 a) gt g 
whe be J) + opt ro gap t be 


sg =at 242 444 
i Gt t 
tog 4 tet) PE PP + eas) 


and formule (2) and (3) become 


3g 
vogt— joe + &e., 


4 
a= a0 = ae ae 

They are reduced, as ought to be the case, to those which 
a motion uniformly accelerated would give, when the density 
of the medium entirely vanishes, in which case the quantity 
k becomes infinite. 

134. In the case in which the body is projected perpen- 
dicularly upward, we have 


g=~9-"F. 


If its superior surface is the same as its inferior surface, the 
constant will be the same as in the case of descent; but if 
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these two portions of its surface are different, the values of & 
will be so likewise ; for example, if the projectile was. a cone 
of which the base was horizontal, the quantity & would in its 
ascenscional motion be greater or less than in the descent, 
according as its summit was situated above or beneath its base. 
If for greater clearness the body be supposed to be a homo- 
geneous sphere, of which the radius is 7, p its density, p that 
of the medium, then we shall have 

wo Pe R 

YP 

y being a constant arbitrary depending on the nature of the 
medium, (namely, whether it be liquid or aeriform,) and on 
its temperature. If the preceding value of @ be substituted in 
the second equation (1), there will result. 


kdv ~, 
Pe = : 


which, by integrating, and denoting the initial velocity of the 
body by a, gives(h) 


are (tang = i) = are (tang = ) _ e. % 


The value of v which results from this expression may be 
written under the form 


a 


. 2 
h(acos® — ksin# 
a= E k 





. a 7 
a.sin © + h.cos® 


By multiplying this expression by dt, and integrating a 
second time, so that when t= 0, x may be also equal to 
cypher, there results(/) 


= Slog ( sin & of + cos *. 


We shall also have 


Rev 
gd vdv 


Pv? 
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and, consequently(’), 
B+ a 
+ Cae 


If we make i =a, and then suppose a = 0, in order that 


Re 
7=35 log = z 


these formule may be applicable to the case of a body moving 
in a vacuo, they will assume the form > and by the known 


rule for determining the value in these cases, we find, as we 
ought, 
vea—gt, x=at— jg; 

aresult which we would arrive at by expanding these formule 
into a series as in the preceding number(2). . 

135. If hk denotes the greatest height to which the body 
can attain, and which corresponds to v = 0, we shall have 

he P+a? 
oy log a 

Likewise if @, denotes the time it takes to attain this height, 

its value will be (m) 


k a ° 
a= ; arc (tang = i) 

After having attained this height, the body will fall back, 
and its motion will be expressed by the formule of No. 132. 
If a’ denotes its velocity, when it will have fallen back the 
entire height 4, we shall have, by means of equation (4), 


ke 


: hay ep e qe 


and by making this value of h equal to the preceding, there 
results 
Re P4+a 
ca 
and, consequently, fae 
Crate 
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hence it follows, that a’ is less than a, so that the velocity of - 
the body, when it returns to the point of departure, is less than 
its initial velocity. 

Also, if 0’ be the time of the entire descent, in which case 
v = a’, we shall have 
kta 
= — lo log FS 
which, by substituting for a’ its value, becomes 


kh pe Aarts a Ve+h Poa. 
v= a 
8 Ve pe +h — a 
it is evidently different from the value of 6, the time of ascent. 
We obtain a simpler expression, by multiplying both the nu- 
merator and denominator of the fraction comprised under the 
logarithm, by a” + #* — a(n), by which means we get, 
k k 
0 = — log ——————-; 
gon Ve+h—a 
and if 8 denotes the entire time 6’ + @,, which the body takes 
in ascending and descending, we shall have 
“gO _a@ 
1 = (one =) 





+ liga, 
Ve+RP—a 

If the body be a bullet shot into the air by a cannon di- 
rected vertically upward, we can, notwithstanding the rapidity 
of this motion, determine the time § with some precision, and 
if we knew likewise a the velocity of projection, the preceding 
equation wouldenable us to determine the value of & with respect 
to r, the radius of the bullet. Also, from a consideration of 
the expression of 4? given in the preceding number, it appears, 
that if &’ denotes what & becomes, with respect to another 
bullet consisting of the same kind of matter, and of which the 
radius is equal to 7’, we shall have(o) 

=k 7 

r 
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136. If the effect of the force of gravity is not taken into 
account, the solution of the problem presents,a remarkable 
singularity, when the resistance of the medium is supposed to 
‘be proportional to a power of the velocity which is less than 
unity. 
Suppose, for example, that 
v ‘ 


o=—29V Z3 
g and & representing, as before, the force of gravity and a given 
constant velocity. The equation of motion will be = 


’ *! 
dv v 
qa— WV 5s 


from which, if the value of gdt be deduced, we obtain, by in- 
tegrating and denoting the initial velocity by a, : 


gt= Vk (Va— Vv), 


and, consequently, 
—(yz—9tY 
v= (v a— 5) : 


Multiplying the members of this equation by dt, and in- 
tegrating a second time, so that we may have x = 0 when 
t= 0, we obtain for the value of the space passed over at a 
given instant(p), = 

- ay ak 1 ( - ak). 
2=—35 + 39k gt— Vak). 

It appears from the value of v, that the velocity dimi- 
nishes from the commencement of the motion until the instant 
in which ¢= Yak 





; at this instant, the velocity vanishes; im- 


mediately after, the motion continues in the same direction ~ 
as before, and the velocity increases indefinitely. But as the 
velocity vanishes at a certain instant, the accelerating force 
vanishes at the same time ; consequently the body should stop 
at this instant and remain at rest. Now, it ought to be re- 
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marked, that the equation of the motion admits a particular 
solution v = 0; so that its complete solution is the sum of its 
. integral and of this equation v = 0; it follows, therefore, that 
the problem is resolved from ¢ = 0 to t= vak by the inte- 
gral of the equation of motion, and beyond this value of t, by 
the particular solution. During the first interval of time, the 
body describes, with a motion continually retarded, a line 
aV ak 
39 
~ maing at rest. 

This example, which is purely hypothetical, suffices to show 
how necessary it is to take into account particular solutions of 
the differential equations of motion, if there are such; it ap- 
pears, however, from the expressions for the forces in func- 
tions of the acquired velocity and space passed over, which 
have place in nature, that no such case actually occurs. 

137. We now propose to give some examples of motions, 
in which the accelerating force varies with the space passed 
over, . 

The simplest case is, that of a material point attracted 
towards a fixed centre in the direct ratio of the distance from 
this point, which is supposed to exist on the right line that 
the moveable describes. Let z be this distance at the end of 
the time ¢, and let the accelerating force at a given distance a 
be supposed equal to the gravity g, by the given law, we shall 
have 





equal to » at the extremity of which it stops and re- 


» _ g% 
Leas) 


a 


for its value at any instant whatever. If x is the space 
described at this same instant, and if ¢ be the distance of the 
point from the centre of attraction at the commencement of 
the motion, which is supposed to be directed towards this 
centre, we shall have 

2D 
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dz 


a=e—2z, v=——, 
and the third equation (1) will become 
Pz  —gz 


aa 
Its complete integral is 


z=acost if Dio cind V2; 
a a a 


aand B denoting two constant arbitraries. 
If the initial velocity of the moveable is supposed to be 
nothing, we shall have at the same time 
dz 


t=0, z=06, Prana 


hence we deduce 
Amc, B=0, 


z=ccost v4. 


From this formula it appears, that the distance zis nothing, 
or that the point will reach the centre of attraction at the end 
of a time which is independent of c the distance(g) of its point 


and, consequently, 


of departure, and equal to $7 vs; after that, it will per- 


form oscillations on each side of this centre, of which the con- 
stant amplitude and duration will be respegtively equal to the 


distance c and the time 
Ler f2 : 
ay reg 


138. For another example, let the motion of a heavy body 
in a vacuo be considered, the height from which the body falls 
being sufficiently great to require, that during its fall, the va- 
tiation of gravity should be taken into account. 
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Let Bak (fig. 35) be a vertical great circle of the earth, p 
the point from.which thé body departs in this plane, ™ its 
position at the end of the time ¢, on the right line pc, which 
is drawn from p to c the centre of the earth, and meets its 
surface in a, Let ca the radius, be represented by 7, the 
height ap by A, pm the space passed over by the body by a, 
and cm, its distance from the centre c, by z, so that we may 
have 

zarbh—a, 

_ The accelerating force ¢ will be the gravity at the point 
M; if g denotes this gravity at the surface of the earth, that 
is to say, at the point a; and if its intensity be supposed to 
vary in the inverse ratio of the square of the distance from the 
centre c, we shall have 

pigiims2?; 
hence we obtain : 


o=%s 


by means of which the third equation (1) will become 


oe = g 
= OF h—x)* 


If its two members be multiplied by 2dz, and then inte- 
grated, we obtain 


de 1 1 
we 9" (ai=s _ a) ; 
the constdnt arbitrary being determined by making & = 0, 


when é= 0; by means of this expression, the velocity ac- 
quired by the body, at any distance such as x from the point 
of departure, ean be determined. At the point a, wherez=h, 


this velocity will be(r) 
2gh V fl R 


7+ 
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and consequently less, as it ought to be, than if the intensity 
of gravity was the same, through the entjre height A, as at 
the surface. From the preceding equation we obtain(s) 


\ / 297" eae Chae) ae 


eRe Viti 





Now, from a comparison of this differential equation with 
the cquation (a) of No. 73, it appears that if a semi-cycloid 
voc is constructed, which may have its Summit at p, its origin 
at the point 0, situated on the line oc which is perpendicular 
to the right line cp, and the diameter of the genérating cirele 
equal to cp, then if through the point , mn is drawn perpen- 
dicular to the line pc, and meeting the cycloid in x, we shall 


have 

MN=t V2 as 
so that mx, the ordinate of the point x, makes known ¢, the 
time in which the abscissa pm is descrikedyand conversely. By 
integrating and observing that x = 0, when ¢ = 0, we shall 
have, in a finite form(t) 





= Vrthe—e +) atti te) 
xaV(r+hjc zs (r--h)are (cos scmcera ae 

When the height /, ‘and consequently the distance 7, are 
very small with respect to 7, this formula differs very little 
from that which is farnished when the gtavity is supposed to 
be constant. In fact, since 


a 


— ae par 
are (con = EAS **) = are (sin <2 REN* ), 





when the sine is very small, we may substitute it in place of 
the arc, which renders the second term of the second member 
of the preceding equation equal to the first. We may also 
substitute the radius r in place of r4-h — a, and, conse- 
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quently, reduce their sum to 2/rzx; by this means, the for- 
mula in question will become 


or simply, by neglecting h relatively to 7, 
Stor, 

As an example for the calculus, we shall suggest, before 
we quit this subject, but without entering into any details, 
the case in which the moveable is projeéted perpendicularly 
upwards ; and we now proceed to the consideration of the last 
case of rectilincal motion that we propose to give, namely, that 
of a material point attracted to two fixed centres situated on 
the line which it describes. 

139. Let a and 8 (fig. 36) be the two centres of attraction, 
m the position of the body at be end of the time ¢, and p its 
point -departure. Suppose, for greater clearness, that the 
motion takes place between the two centres of attraction and 
from a towards B ; “het 


DM=w, AM=Z, ADma, BMaC~—2j; 


so that a is the space described, the distance of the body 
from the point a, a the initial distance, and ¢ the length of 
the line an. If the attractions.be supposed to vary in the in- 
verse ratio of the squares of the distances, and if the intensities 
of the forees which emanate from the centres a and 3B, are 


denoted at the umit of distance, by a? and 0°, we shall have 
(2 2 
7 and 





» for their respective intensities, when the body 


(e— 2) 
isata1. The accelerating force ¢ will be the excess of the 
second toree which tends to augment the space 2, over the 
first which tends to diminish it; therefore, because dz = dx, 
the third equation (1) becomes 

@z Be a 

W2-koo {a) 
dP (e-zP z 
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dz, 4 . 
and a will express the velocity of the body at the point 
M. : 

By multiplying equation (a) by 2dz and integrating, we 
obtain, ¢ 
dB 2a? 
Wo ase? eh (b) 
y being a constant arbitrary. In order to determine it, let & 
be the initial velocity which answers to z = @}; then 





20? Qa? ° 
= — — k'; 
Y ¢—a a 


and if this equation be taken from the preceding, there will 
result 


farsa act s(t) 0 


c—a rd & 





this equation will determine the velocity of the body, in any 
position whatever between the points a b] 

140. There exists on the right line 8, a certaim point c, 
in which the two forces of attraction are equal; so that ifa 
body be placed there, or arrives at it without any acquired ve- 
locity, it will remain in equilibrio, Denoting the distance ac 
by h, we have 

e a 

From this equation two values of i may be deduced, of 
which one belongs to the point c situated between a and B, 
and the other to a point in the production of aB, in the di- 
rection of the centre of the least attraction. The first of these 


two values is 
ae 


=a +5° 
Let f denote the least initial velocity which must be im- 
pressed on the body in order that it may reach the point c, so 
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that when it attains to this point, its velocity may vanish; we 
shall have at the same time 7 


dz 
a 


and by virtue of equation (c) and of the value of 4, there will 
result(z) 


k=fp z=h, =0; 


~ o_, 26 | Qa? 2(a +5)? 
Cpadhatt tose, 
If the initial velocity be less than fj the body will fall back 
on A; if it is greater, it will pass beyond the point c, and will 
fallons. In the case of h =f; the body will take an infinite 
time to reach the point c, because that at an infinitely small dis- 
tance from this point, it will only be actuated by an infinitely 

small velocity, and solicited by a force which is equally so. . 

141, If a and B are the centees of two spheres, which are 
either homogeneous, or composed of concentrical strata, we 
may suppose that the attractions which have been considered 
are those of these two spheres; and then a’and 2°, the intensities 
at the unit of distance, will be to each other as their masses 
(No, 101). Supposing, for example, that a is the centre of 
the moon, and 8 that of the earth, if the non-sphericity of the 

earth is not taken into account, we shall have 





” 
c= 7B} 
for the mass 6f the_moon deduced from its action in raising 
the waters of the sea, is 7, of that of the earth. Hence we 
shall have(v) 


e 
h= —-—— = (0, 10352)e; 
aa Mooa082) 63 
so that the distance of the point which is equally attracted by 
the earth and its satellite the moon, from the moon, is very 
nearly the tenth part of their mutual distance. 


Let r be the radius of the earth, then ce, the distance of 
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“ 


the moon from the earth, is about 60r, and if the body begins 

to move from the surface of the moon, we shall have at the 

same time, by the knewn ratio of the radius of the moon to 
. os % 


that of thé-earth, a = ae By means of these values of r and 


b 
» and of a= ——, equation (d) becomes 
a, an Vis’ G ( ) 





20 
Sf? = (0,044894) —, 


and since if g denoges.the attraction of the earth at its surface, 
then : ee 
P= gr, 
is the expression for this force at the unit of distance ; hence 
if we make 
(0,044894) r= 7’, 
there will result 
Pag": 


Now, the attraction g may be assumed equal to the weight, 
of which it constitutes a principal part ; consequently, fis the 
velocity acquired in falling through the height 7’, and sinoe 


g = 9",80896, ars 20000000”, 
its value is 
S= 2368", 


As the atmosphere of the moon is not such, that its ree 
sistance can diminish the velocity of bodies prajected from its, 
surface, it follows, that if the earth and moon were at rest, a 
body projected from the surface of the moon, toward the 
earth, with a velocity greater than 2368 metres in a s€cond, 
will pass beyond the point of equal attraction, and at length 
fall on the surface of the earth. In the motion of the moon 
about the earth, the tight line as drawn from one centre 
to the other always meets the surface of the moon(z) in the 
same point, which must be the point p from which the 
body would be projected in the direction ps ; but, during a 
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second, the point p traverses on the circle described about the 
centre of the earth, a length of about 1000", consequently, the 
absolute velocity of the body will be, im magnitude and direc- 
tion, the resultant of a velocity in the direction of pp, and of 
a velocity of 1000" in a second, perpendicular to ps. This 
being so, the body will not remain on the moveable line AB, 
but will describe a curve(z) in space; so that the preceding 
formule are not applicable to its motion, neither will it fall on 
the surface of the earth, as it would do, if the moon was im- 
moveable. 

142. If the equation (b) be resolved with respect to dt, we 
obtain 


V 2@e— (2a? — 26 4 cy) z+ yz 


‘The integral of this formula may be always expressed by 
means of elliptic functions, so that when tables of these func- 
tions are constructed, the time which corresponds to a given 
distance such as z, may be computed, and reciprocally. But, 
independently of the cases in which one of the two attractions 
is supposed to vanish, there are also others in which the in- 
tegral of the preceding formula may be obtained in a finite 
form. These cases obtain when the quantity comprised under 
the radical is a perfect square ; this requires that we should 
have 7 

, 20 — 20 + cy) = 8arey; 


from which equation we can obtain 
2 
== (at by, 


If this value be put equal to that of y of No. 139, there 


a 20 Qa? (a by 
— +—-—. 
c¢~—a a c 


R= 


One of these two values of kis that of.f?, the other is 
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evidently-much greater. It follows, therefore, if even neither 
of the two quantities a or 6 is equal to cypher, that the time 
can be expressed in a finite form as 2 Amction of x, when the 
body is actuated by the least velocity f with which it can 
reach the point c, and also when a eertain velocity greater 
than this is impressed upon it(z). 

By substituting the double value of y in the expression for 


dt, there results 

7 <5 4, 

2 at — Vee Hide ad de. 

c ac—(atbjz 
which formula may be rendered rational, and integrated with- 
out difficulty, by the ordinary rules. The differential of d¢ 
must be always positive ; the differential of dz is positive while 
the body advances from p to B, and negative when it.returns 
towards a. In the first case, therefore, the sign of the radical 


Ycz—~ 2* must be the same as that of the denominator 
ac — (a + b)z, and, in the second case, it must be affected 
with a contrary sign. 

143. Suppose that b= 0, orc = a, the body will then only 
be subjected to the attraction of the centre a. The equation 
(c) will be reduced to 

da, (2 1 ) ; 

qe = te raat (e) 
the value of dt which can be obtained from this, may be inte- 
grated in a finite form, and will make known ¢ in a function 
of z. 


If we make & = 0, we shall have 


2a? 2a? 
—-—RP=—, 


a z 


by meané of which, the distance z at which the body will be 
arrested, can be obtained. In the case of 242 — ha this dis- 
tance will be infinite, which denotes that the body will never 
be arrested in its motion. This is also the ease, when 2a2Z Ka, 
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from which there results for z a negative value that cannot 
belong to any point of the indefinite line DB, in the direction’ 
of which the body hag been projected. In these tw cases, 
the motion of the body approaches more and more to wni- 
formity, according ag the distance of the body from a increases, 
When the distance z becomes very great, and the motion sen- 
sibly uniform, its velocity, as determined: by equation (e), will 


One : 
be very nearly equal to Ve ~ ae orto WA? — 2ga, on.the 


supposition that a = ga®, that is to say, on the supposition 
that the body is projected from the surface of a sphere, of 
which the radius is equal to a, and of which the attraction is 
equal to g, This shows that the diminution of the initial ve- 
locity & will be so much the greater, as this force and this 
radius are more considerable. 


CHAPTER IIE. 
OF CURVILINEAR MOTION. 


1. General Formule of this Motion. 


144. In curvilinear motion, the curve described by the 
moveable is termed the trajectory of this material point. At 
the end of any time ¢, let m (fig. 37) be the position of the 
moveable. If s denotes the are cm of the trajectory com- 
prised between the moveable and a fixed point c arbitrarily 
taken on this same curve, s will be a function of ¢; so that, 
in any curvilinear motion whatever, we shall have 


sx Ft. 


If at the same instant, 7,y,2 denote the three rectangular 
coordinates of the moveable, these variables will be also func- 
tions of ¢, and we shall in ike manner have 

ecaft, yoft, zaf"t 

When these three equations are known, we can deduce from 
them, by the climination of ¢, the two equations in x, y, 2, of 
the trajectory. By means of the equations of this curve, s can 
be determined in a function of one of the three coordinates, 
and, consequently, in a function of ¢; in this way the law 
of the motion on the trajectory will be obtained. Each of the 

" three preceding equations is that of the reetilineal motion of 
the projection of the moveable on one of the axes of the coor- 
dinates; it follows, therefore, that the complete determination 
of the curvilinear motion of a material point, is reducible to 
that of three rectilinear motions, which will be the motions 
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of its projections on oz, oy, oz, the three axes of the coordi- 
nates. When these three motions are uniform, that of the 
moveable will be also uniform and rectilinear, and con- 
versely(a). 

145. During the instant dt, the moveable will describe ds 
the element of its trajectory : if in this infinitely small interval 
of time, the action of the forces which solicit it be neglected, 
its motion during this interval may be considered as uniform 
and rectilinear. Therefore, denoting the velocity acquired at 
the end of the time ¢ by v, we shall have 


oa 
= 
If these forces cease to act at the instant in question, the 
moveable will continue to move with this velocity, and along 
mt the production of the element ds, that is to say, along the 
tangent to the trajectory, since, in consequence of the inertia 
of matter, it cannot then change, either the direction of its 
motion, or the magnitude of its velocity (No. 113). | Hence, 
a material point which describes any curve line whatever, may 
be considered as being actuated at each instant, by a velocity 
in the direction of a tangent to this curve, and expressed by 
the ratio of its differential element to the element of the time. 
If, at the end of the same time ¢,p, q,7 denote the velo- 
cities of the projections of the moveable on the three axes 
of x, Y, 25 we shall likewise have, in these three rectilinear 
motions, 


a a: a ead 
Pa Ia "ae 


Now if a, 8, y be the angles which the tangent to the tra- 
jectory, or the direction of the velocity v, makes with the pa- 
rallels to the axes of x, y, z, we have (No. 17) 


_ de _ dy _ dz, 
cosa =F cos B= cosy = a3 
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henee we obtain(8} : 
p=veosa, go=vecosP, r=veosy, (1) 
and also at the same time, 
Peetr ae 
As the time ¢ goes on continually increasing, its differen- 
tial is always positive. The velocities Pq, 7 are positive or 
negative, according as the coordinates a, Yy, 2 increase or de- 
crease. In equations (1), the velocity » may be regarded as 
a positive quantity. The direction of this velocity, or the 
part mr of the tangent to the trajectory, along which it will 
be directed, will then be determined by the signs of p,q, 7, 
which will indicate whether the angles a, , y are acute or 


< d: 7 r : 
obtuse. In the equation vy = a » the velocity v is considered 


to be positive or negative, according as the are s increases or 
decreases. 

The components of v the velocity of a material point, are 
P+ %T the velocities of its three projections on the rectangu- 
lar axes; and each of these three components is what is meant 
by the velocity of the moveable parallel to the axis to which 
it refers. From a comparison of equations (1) with those of 
No. 31, it appears that this composition of velocities is per- . 
formed according to the same rules as that of forces. Hence 
it follows, that if through the point a any line ma*be drawn, 
which makes with the parallels to the axes of a, y, 2, drawn 
through this same point, the angles a, b, c, which may be 
either acute or obtuse, the gencral expression for the com- 
ponent of the velocity v parallel to this line ma, will be 


p cosa +g cosh +7 cose. 


The quantity of motion (No. 126) of an isolated material 
point, and that of a body all whose points are actuated by 
equal and parallel velocities, can be decomposed into other 
quantities of this nature, and these may be reduced to one, 
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according to the same rules as the velocities which they have 
for factors. 

146. Let p +p’, g+4', r+7', be what the three com- 
ponents of the velocity of the moveable parallel to the axes of 
2, y, z, become at the end of the time ¢ + dt; so that p’,g’,7’ 
may represent the infinitely small increments of the velocity, 
which have place in these directions, during the instant dé. 
The increment of velocity in the direction of the line Ma 
will be 

Pp’ cosa +q' cosh +r! cos c. 


Now, whatever be the quantities p’, g’, 7, if we make 
uw = p? + g* + r?, 


w being considered as a positive quantity, we can always find 
three angles a’, 8’, 7’, either acute or obtuse, such that 


p= ucosa’, g/=ucosp’, r= u Cos y’ ; 


by means of which, the increment of velocity in the direction 
Ma will become 


u (cos @ cos a’ + cos cos (3’ + cos ¢ cos Y). 


Moreover, we know that the quantity between the brackets 
is the cosine of a certain angle «. Therefore, the increment 
in question is equal to x cos o; consequently, x is its greatest 
value, and it answers to the direction of the right line ma, for 
which the angles a,b,¢ are the same as a’, B’, y’, and thus 
renders the coefficient of u equal to unity. In any other di- 
rection whatever, the increment of the velocity will be equal 
to the greatest value w, multiplied by the cosine of the angle 
6, which thig direction makes with that of the greatest value; 
hence it follows, that it will vanish with respect to all directions 
perpendicular to those of its greatest value, 

Whatever be the variation of the velocity of the moveable 
in magnitude and direction, during the instant dt, there is 
always a certain direction, for which the increase of velocity 


216 GENERAL FORMULE OF CURVILINEAR MOTION. 


is a maximum, and to which this property belongs, namely, 
that for all direetions perpendicular to this one, the velocity 
is neither increased nor diminished. 

147. The direction of a force which acts on a material 
point in motion, is the right line along which it increases or 
diminishes the acquired velocity, and perpendicularly to which 
it does not produce any change. Thus, when we say that 
the weight of a body which moves in any direction whatever 
is vertical, like that of a body at rest, it is meant by this, that 
this force increases the vertical velocity, and does not pro- 
duce any change whatever in the horizontal velocity. 

This being agréed on, let u,v’, u", &c., denote the inten~ 
sities of the different forces which at the end of the time ¢ 
act on the material point, the curvilinear motion of which is 
considered; a, 5, ¢, a’, b’, ¢’, a’, b", c', &c., the angles which 
their given directions make with parallels to the axes of 
®, y,2; and x, y,z, the sums of their components in the di- 
rections of these axes; we shall have (No. 32) 


x= vcosa + vu’ cosa’ + vu” cosa” + &e., 
y= vcosh +0’ cosh’ + wo” cosh” 4 &e., 
Z = vcose +0’ cose’ + uv” cose” + &e, 


Let now wu, w’,u”, &c., be the infinitely small velocities 
which these forces u, v’, uv’ would produce during the instant 
dt, in their respective directions, on the supposition that each 
of them acted by itself on the moveable actuated by the velo- 
city v. It is evident, as in No. 116, that the circumstance 
of the forces acting simultaneously will, in no respect, in- 
fluence either the magnitudes or directions of the velocities, 
which are actually produced; consequently, if we still denote by 
p.d.1, the infinitely small quantities by which p,q, 7, the 
velocities of the projections of the point, are increased in the 
instant d¢, these quantities will be the sums of the components 
of u, u’, u”, &e., in the directions of these three axes; so that 
we shall have 
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p' = ucosa + u'cosa’ + u” cosa” +.&e., 
7 = ucosb + u! cos bi +. u’ cos b” + &e., 
7 = weose + u' cose’ + wu’ cose” + &e. 


Now, since it appears from No. 118, that the measure of 
any force is the velocity which it is capable of producing, it is 
evident that 

usudt, uwa=vdt, uv" = v'dt, &e.; 


hence, if the values of p’,q’,r’, be compared to those of x, y,z, 
there results 
p'=xdt, q’=ydt, r= zdt; 

which shews that the increment of the component of the ve- 
locity in the direction of each axis, in the imstant dt, is the 
velocity produced during this instant, by the entire compo- 
nent, in the direction of this same axis, of the given forces, 
which act on this material point. 

It is because the forces are proportional to the velocities 
which they impress on the moveable in an infinitely small 
portion of time, (which infinitely small velocities are the same, 
whether these forces act separately, or simultaneously,) that 
this result obtains. It likewise follows, that if three forces 
not comprised in the same plane are applied to the moveable, 
and that if, on the directions of these three forces U, U4, U”, 
there be taken, reckoning from their point of application, 
right lines of a finite magnitude, which are to each other as 
the corresponding velocities w, u’, uw’; the resultant of these 
forces will be represented in magnitude and direction by the 
diagonal of a parallelopiped of which these three lines are the 
aajacent sides, snd its magnitude will be to that of each of 
these forces as the diagonal is to the corresponding side. 

148. If the forces which act on the moveable are inde- 
pendent of its velocity and of its position in space, the motions 
of its three projections on the axes of the coordinates will be 


independent of each other; so that its projection on each axis 
rs gree 


' 
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at the end of any time whatever will be found at the same 
point, and it will have the same velocity as if the forces and 
the velocities parallel to the other two axes were cypher. In 
general, this will not be the case when the given forces vary 
in magnitude or direction, either with the position of the 
moveable, or with its acquired velocity ; its velocity and po- 
sition can, however, be always determined at each instant, in 
the following manner. Since all the forces which act on the 
moveable are reducible always to one, let u, which is ca- 
pable of producing the velocity u, be this unique force, and 
let ¢ be the space which it causes the moveable to describe in 
the instant dé, in its direction, independently of v, the velocity 
of this material point at the end of the time t. By “hat has 
been stated in No. 114, we shall have 


e= dude. 


But, in virtue of this acquired velocity v, and of the action 
of the force u, or of its components, the spaces traversed by 
the projections of the moveable on the axes of 2, y, z, during 
the instant d¢, will be 


pdt + gpdt, qdt+4q/dt, rdt+3ridt; 
therefore, because(c) 
pmucoa, ga=ucosb r= % COSC, 
and in consequence of equations (1) and the value of «, we 
shall have 
a — x= wcosa-+ ecosa, 
y —y = cos PB + cosb, 
2/— z= weosy +ecose; 
w being the space which the moveable describes in the instant 
dt in virtue of the velocity v solely, and 2’, y’, 2’, its three co- 
ordinates at the end of the time ¢ + dé, which were X,Y, Z, at 
the end of the time 4. 
This being established, let a (fig. 37) be the point of the 
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trajectory of which 2, y, 2, are the three coordinates, and mr 
the dircetion of the velocity v. Likewise let ma be that of 
the force vu. If on ma, at, there be taken the lines MH and 
MK equal to ¢ and w, and if the parallelogram mumM‘k, of 
which these lines are adjacent sides, be completed, the extre- 
mity M’ of this diagonal will be, in virtue of the preceding 
equations, the point of which the coordinates are a’, y', 2’, or 
the position of the moveable at the end of the time t-+-dt(d). 

Naming v’ the velocity of the moveable at the point m’, 
which velocity will be directed along mr’ the production af . 
the line mm’, its value will be the component of v in the di- 
rection of mu’, increased by the velocity produced in this di- 
rection, py the action of the force v during the instant dé. As 
the space ¢ is infinitely small, relativély to w, it follows that 
the angle rma’ is also infinitely small; therefore if we neglect 
quantities infinitely small of the second order(e), the compo- 
nent of v will be the velocity v itself. Moreover, if § denote 
the angle amo’, which the direction of the force vu makes with 
the side mat’ of the trajectory, « cos 8 will be the increment of 
the velocity which will be produced by the action of this force, 
hence there will result 


vy =v-+ucosd. 


If v'dt = w’, and if on Mx’ we take a part x’ equal to w’, 
and if ‘a’ be the direction of the force which acts on the 
moveable when it arrives at m’, by taking on this line a part 
m‘H’ equal to the space that this force causes the moveable to 
deseribe in an instant dt, and completing the parallelogram 

toe 


uk’, M” the extremity of the diagonal will be a third 
point of the trajectory. By commencing this series of con- 


M‘H 


structions at the point of departure of the moveable, where it 
is necessary to know its velocity in magnitude and direction, 
it is evident that all the points of its trajectory can be suc- 
cessively determined, whether it be a plane curve, or one of 
double curvature ; and also, at the same time, the velocity 


220) GENERAL FORMULA OF CURVILINEAR MOTION. 


with which it is actuated at each of these points. If the inter- 
vals of time which have been supposed infinitely small and 
denoted by dt, are only extremely small, a series of points 
will be obtained, which will be the summits of a polygon, and 
these will differ so much the less from the trajectory as its 
sides are smaller. If the velocity on each side be regarded 
»48 constant, and if for its value there be assumed the semi-sum 
of the velocities with which the body is actuated at the two 
extremities, the time employed in describing any portion of 
the polygon may be computed ; consequently we can in this 
maiiner determine, to any required degree of accuracy, the 
curves described by the moveable, and also its velocity and 
position at any given instant on this curve. But #@ is pre- 
ferable to make the values of the coordinates of the moveable 
in functions of the time, depend on differential equations, 
which can be afterwards integrated, in these cases in which it 
is possible. 

149. These differential equations of curvilinear motion are 
an immediate result of the principles established in No. 147. 

In fact, the components of the velocity of the gear 
ce dy dz 
dt? dt’ 
at the end of any time ¢, their increments, during the instant 


parallel to the axes of the coordinates 2, y, z, being 2” a 


dx di 
dt, will be dS d. 7A sd. a » and as each: of them arises 


from the component - the force, which acts at this instant on 
the moveable, parallel to the corresponding: axis, it is evident 
that if x, y, z, denote the components of this force parallel to 
the axes of the coordinates x, y, x, we shall have 

dx d dz 

d.F=xdt, ade vdt, d.G mad, * 
or, what is the same thing, 2 
Ge dy Pz 


We7* w-* Wea* Q) 
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The problem in each case will depend on the integration 
of these three equations of motion; and the process of the 
preceding number may be considered as a general method of 
approximation, in order to this integration. Their integrals 
will contain six constant arbitraries, which can be determined 
by means of the three coordinates of the moveable at the com- 
mencement of the motion, and of the three components 6f the, 
initial velocity, that is to say, by means of the values of the 
- dx dy dz 

dt’ dt? dt 
case of £= 0. These integrals, and their first differentials, 
will then make known the position of the moveable at any in. * 
stant whatever, and also its velocity in magnitude and di- 
rection. If the time ¢ be eliminated between them, the two 
equations of the trajectory will be obtained. If it is known 
beforehand, that this curve is plane, its plane may be assumed 
for that of the axes of a and y for example; which will reduce 
the three preceding equations to the two first. 

150. At the end of the time ¢, let a,b,c, be the coordi- 
nates of a second material point, whose position it is proposed 
to compare with that of the first. The axes of the coordinates 
being those of a, y, z, let 


six quantities 2, y, —, which will be given in the 


e=ata’, yobty, “wmet+7; 


the variables 2’, y’, 2’, will make known at each instant the 
position of the first point relatively to the second; and by 
equations (2), we shall have 


Py! Pa dy’ Ph Pz! dc 
de ~*~ Gp? Ge =~ ae ae tt ae 





by means of which they can be determined in functions of the 
time. 

When the motion of the second point is not known, but 
there are only given ,B,c, theeomponents of the force which 
solicits it, parallel to the axes of the coordinates, we shall have 
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a a’b @e 
Ge~Y Gr ar 
and there will result 
Px! Pz! 
a =*—* “de — RT hs 
for the equations of the relative motion of the first point. 
If the force of which 4, B,c, are the components, acts at 
the same time on the two moveables, these components will 
also occur in the value of x,y,z, and will disappear from these 
last equations. This will be the case, for example, with 
respect to bodies moving at the surface of the earth, the po- 
Sitions of which are referred to determinate points of this sur 
face: the forces relative to these points, which arise from the 
diurnal motion of the carth, do not occur in the equations of 
the different motions which are considered on its surface ; and 
they should not at all be taken into account in the formation 
of these equations, 

However, it is not to be understood by this, that the mo- 
tions which are observed are altogether independent of the 
velocity of rotation of the earth, for it influences i in a small 
degree the intensity of gravity, and, consequently, the vertical 
motions. Moreover, when a body falls from a considerable 
height, the velocity of rotation with which it is actuated at 
the point of departure, is somewhat greater than that of the 
velocity at the foot of the vertical drawn through this point ; 
hence it is easy to perceive, that the moveable must deviate a 
little from this linc, and meet the earth at asmall distance from 
its lower extremity. This deviation, which has been actually 
observed, proves by direct experiment the motion of the earth 
ahout its axis(/). The motions which are independent of this 
rotation are those which are produced by the shock of tito 
bodies, and also those which arise from the muscular action of 
men and other animals. 

151. Equations (2) are those of the motion of a material 
point entirely free ; but it is easy to extend them to a material 





T= Y—B, 
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point constrained to move on a given surface. For this pur- 
pose, it is only necessary, as in the case of equilibrium 
(No. 36), to join to the given forces which act on the move- 
able, a force of unknown magnitude representing the resist- 
ance of the surface. This force will be normal to the given 
surface. If Nn denotes this force, and ), #, v, the angles which 
it makes with the productions of the coordinates «, Y 2, the 
equations of motion will then become 


Px 

Geax tN cosa, 

ay ne 
FY + Ncosp, (3) 

‘dt . 

OF = aE woos. a 


lf the equation of the given surface be x = 0, and, if for 
conciseness, we make 


2-4 
vere (G+ +55) : 
we shall have (No. 21), at the same time 
ex: cos p= v2, cos y = yo 
dx dy ~~ dz 
If after having substituted these values in equations (3), 
the product wv be eliminated between them, the two equations 
which result, combined with L = 9, will enable us to determine 
2, ¥, 2, in functions of £. Then from one of equations (3), or 
from any combination of these equations, the value of nv 
may be deduced, and as N must be always a positive quantity, 
the sign of this value will indicate that of v, by means of 
which the normal force and the direction { in which it acts can 
be completely determined. 
If the moveable is constrained to move on two given sur- 
faces, or on their curve of intersection, it may, likewise be 
considered as entirely free, if with the given foxces there be 
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combined two unknown forces N, Nn’, normal to these surfaces ; 
let A, ps v, be the angles which determine the direction of the 
first with respect to the axes of 2, y, z, and d',n’, v’, those 
which refer to the second, then there will result 


OF = x +N 008) 4+¥'c0sN, ] 

2. 
TY my 4x c08n +N’ cosy’ (4) 
Pz 


Gp = % +N cosy +n’ cos v’, 


for the equations of the motion. If: = 0 is the equation of 
the surface of which n expresses the resistance, and if L’ = 0, 
be that of the surface to which w’ refers, the values of cos A, 
cos , and cos y will be the same as in the preceding case, 
and those of cos A’, cos 1’, cos v’, may be deduced from them 
by changing v and 1 into wand L’,. When both the one and 
the other are substituted in equations (4), the products wv, 
n’v’ can be eliminated, and the equation which results from 
this elimination, combined with the given equations 1 = 0, 
L/= 0, will enable us to determine the values of 2, Y 2 in 
functions of ¢. This being done, we can deduce from any two 
of equations (4) the values of nv and n‘v’, the signs of which 
will make known those of v and v’; and by this means, the 
normal forces n and n’ can be determined, and also the di- 
rections in which they act; their resultant will be expressed 
in magnitude and direction, by the resistance of the curve on 
which the moveable is constrained to move. 

152. A more simple form can be assigned to equations 
(4) in the following manner, let m be the mass of the move- 
able, and mp the pressure, which in its state of motion it ex- 
ercises on the curve it is constrained to describe, if w, wv’, w", 
be the angles which the direction of this force makes with the 
productions, on the positive side, of x, ¥, 2, the coordinates of 
this point, the resistance which the curve opposes to the mo- 
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tion of the moveable, considered as an accelerating force, will 
be equal and contrary to p; by joining it to the given forces 


X, ¥, Z, which act on the moveable, we shall have, in place of 
equations (4), 


Pe 

Ge = X— P cosa, 

Ge = Y — P-c08w’, (5) 
Pz, 





de = 2 P-c08 w”. 

The direction of the force r is not given d priori, it is 
only known that it is normal to the given curve, from which 
it follows that the cosine of the angle comprised between this, 
direction and the tangent to the trajectory must be equal to 
zero ; this gives 


‘ 


da dy ’ dz 1 ae 
Ja C08 OH GZ, C08 w+ F- 08 w = 0. (6) 


Moreover, the angles w, w’, w” are connected together by the 
equation 
08? w + cos? w’ + cos? w” = 1. 

P,w,’, w” can be eliminated between these equations, for 
by adding together equations (5), after having first multiplied 
dz 
ds 
equation (6), and making, in order to abridge, 


them by pa respectively, and then taking into account 


dz dy dz_ 
*et tag t7Ggah 


we shall have 
dePx + dy@y + dzPz _ 
dsdé? “=o 


If the identical equation 


da? 4 dy? dz _ dst 
ae — Te? 


2296 GENERAL FORMULE OF CURVILINEAR MOTION. 


pe differentiated, and then divided by 2ds, it will appear that the 
first member of the preceding equation is the same thing as 


a therefore we shall have simply 
ads 
put (2) 


The force ¢ is the sum of the components of the given 
forees acting along the tangent to the trajectory, which com- 
ponents can be regarded as positive or negative, according as 
they tend to increase or diminish s, the are described by the 
moveable. Consequently, equation (7) indicates, that in curvi- 
linear, equally as in rectilinear motion, the force which acts on 
the moveable in the direction of its motion, is equal to the second 
differential coefficient of the space described ; and because 
2= z we may also state, that it is equal to the first differential 
coefficient of the acquired velocity. This equation being 
independent of the resistance of the curve, obtains equally 
in a motion entirely free, and in that of a material point 
constrained to exist on a given curve; but it is principally 
in the case of a material point which moves on a given 
curve, that this equation can be useful. The values of a, y, z, 
in functions of s, may be deduced from the equations of this 
curve, and after having substituted them in equation (7), it 
only remains to integrate this equation of the second order be- 
tween s and é. The two constant arbitraries which are intro- 
duced in this integration, can be determined by means of the 


values of s and when ¢ = 0, that is to say, by means of the 


initial position and velocity of the moveable. When the three 
coordinates x, y, z, shall have been determined in functions of 
t, by means of the integral of equation (7), combined with 
the two given equations of the trajectory ; equations (5) will 
enable us to determine at any instant whatever, the three 
components of the pressure Pp, to which the curve, on which 
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the moveable is constrained to move, is subjected. In the fol- 
lowing chapter there will be given a simpler determination of 
this force both in magnitude and direction. 


II. Principal Consequences of the preceding Formula. 


153. When the moveable is solicited by a force directed 
towards a fixed centre, the three first integrals of equations 
(2) can be obtained at once. For this purpose, Jet the origin 
of the coordinates be placed at this point, let the radius vector 
represent, in magnitude and direction, the force which solicits 
the moveable, and let the parallellopiped, of which this radius 
is the diagonal, and the axes of 2, y, z, its three adjacent sides, 
be constructed. The three coordinates 2, y, 2, of the move- 
able, will be equal to these three sides respectively, and will 
represent the three components of the given force, so that we 
shall have 

XrVigr:Vryizs 
hence we deduce 
XY = YX, 2e= x2, Yz= zy. 


On the other hand, equations (2) can be replaced by the 
following : 

y@u — xd?y = (xy — x2) dt®, | 

adz — zd’x = (4a — xz) dt’, f 

j 


2d’y — yP2z = (¥z — zy) dt’; 
but, in virtue of the preceding equations, their second mem- 
bers vanish, and as their first members are the differentials of 
ydu — xdy, edz — zdx, zdy — ydz, we shall obtain by inte- 
grating 


(a) 


ydx — ady = edt, : 
adz— zdx = edt, * (b) 
zdy — ydz = edt, 
e, c’, e”, being three constant arbitraries. 
154, The theorem contained in these first inteerals of the 
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equations of the motion, impliés, that the area described duritig 
each instant dt, by the radius vector of m, the projection of 
the moveable on the plane of z, y, is constant and equal to } cdf, 
and the same is likewise the case for the projections of the move- 
able on the planes 2,2; y, 2; for at the end of the time ¢, let 
AmB (fig. 38) be the projection of the trajectory of the move- 
able on the plane of the axes of the coordinates and y, op and 
up, the abscissa x, and the ordinate y; c being the point where 
this curve intersects the axis oy, let « denote the sector com, 
p the area copM, q the triangle opm; we shall have 
u=p-q, = hay. 

If m/ is the projection of the moveable at the end of the 
time ¢+ dt, mom’ will be the area described by the radius 
vector of this projection during the instant dé; likewise this 
will be the differential of w, or of p — gq; and because 

dp = ydx, dq = hady + jzydr, 

we shall have 

du = }(ydx — ady); 
hence it appears that the first equation (b) indicates, that the 
area described during the instant dt, by the radius vector of m, 
the projection of the moveable, is constant and equal to }cdé; 
therefore, also, the area described during ¢ any time whatever, 
is proportional to this variable and equal to }ct. The areas 
described in this same time, by the radii vectores of the pro- 
jections of the moveable, on the planes of x and x, and of y 
and z, will be likewise equal to c’t, $e"t. 

It may be therefore inferred, that when a material point is 
subjected to the action of a force constantly directed towards a 
fixed centre, the areas described about this point by the radius 
vector of its projection on any plane whatever, passing through 
this same point, are proportional to the time employed to de- 
scribe them. 

Conversely, when this property obtains with reapect to 
three rectangular planes drawn through the centre of the 
areas, it may be inferred that the force, or the resultant of the 
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forces which soli¢it the moveable, isco tantly directed 
towards this fixed centre. 

In fact, if equations (b) are given, we shall obtain by dif- 
ferentiating them, . 


yee ~ ay 0, adz—z@Pr=0, zy —yd’z= 0; 


consequently, in virtue of equations (a), which are those of any 
motion whatever, we shall also have 


xy Y¥@, zemxz, Yz=2y3 


therefore, the forces x, ¥, Z, will be to each other as 2, y, 2, 
the coordinates of the moveable ; which is all that is required 
in order for us to be assured that their resultant must be con- 
stantly directed towards the origin of the coordinates. In fine, 
this force may be either attractive or repulsive, that is to say, 
it may act along either the radius vector of the moveable, or 
along its production. ; : 

155. When a material point is subjected to the action of 
a force directed towards a fixed centre, it is evident that its 
trajectory is a plane curve, since there is no reason why it 
should deviate towards one side rather than the other of a 
plane passing through the direction of its initial velocity and 
through the fixed centre. This may likewise be inferred from 
equations (b), for if we multiply them by 2, y, x respectively, 
and then divide them by dé, there arises from their addition 


ez + cy+e’r=0~ 


As this plane may be assumed for that of a and y, it fol- 
lows, that the area described by the radius vector itself of the 
moveable, in the plane of its trajectory, will be proportional 
to the time ; and moreover, the preceding theorem is reducible 
to this proportionality. In fact, if it obtains for the area 
described on the plane of the trajectory, it will equally obtain 
for the area described by the radius vector of the projection 
of the moveable on every other plane, for this other area is 
no other than the projection of the first on this plane; and 


230 OF CURVILINEAR MOTION. 


we know (No. 10) that the projection of a plane bears a con- 
stant proportion to the projécted area. 

156. The infinitely small area mom’ may be also expressed 
in polar coordinates. For this purpose, let r denote the radius 
vector om, 8 the angle mox which it makes with the axis of x. 
With the point o as centre, let there be described the are of 
the circle om, which cuts at the point n the radius vector om’ 
corresponding to the angle @ — d@, the length of which are 
will be rd9. The circular sector Mon will be equal to 4r°d0, 
and may be assumed for the area mom’, by neglecting the in- 
finitely small area mwa’ of the second order. Consequently, we 
should have 

ydx — ady = r7d0, 
an equation, which may in fact be verified, by means of the 
values 
w=recos0, y=orsing, 
and of their differentials, 

dx = cos 6dr + rsin0d0, dy =sin 0dr — r cos 0d0, 
because that of the angle @ is in this case — d0. In this man- 
ner, the first equation (b) will assume the form 

r'd0 = cdt, 
which is that under which it is usually employed. 

The element of the curve may be also expressed in polar 
coordinates. Denoting the are cm by o, and this clement by 
do, we shall have at the same time 

MM’=do, MN=?rd0, NM/= dr ; 
by considering mwa’ as a rectilineal triangle, right angled at 
N, we may therefore conclude 
do? = dr? + rd; 
which we might also deduce from the formula 
da? = dx? 4. dy?, 
by means of the preceding values of dz and dy. 
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It may be obsetved on this oecasion, that in a plane tra- 
jectory, the components of the ‘velocity of the moveable in 
the direction of mo’ the production of the radius vector mo, 
and in the direction of the perpendicular to this radius, are 
respectively expressed by 

dr rd0. 

a a 
for the angle o/mt which this production makes with the tan- 
gent mt, is the complement of the angle m of the jase 
m’MN ; by this triangle therefore we have 


Z dr aoe rd0 
coso’MT= —, sino‘MT= ——; 
ds dg 


re by multiplying this cosine and this sine by the velocity 
a 7 directed along mt, we shall have the components in ques- 
na It is frequently convenient to employ them. They 


differ from a= — the components Fs the same velocity in this, 


that the Pierced of these last are fixed, while those of the 
preceding vary with the position of the moveable. 


The velocity with which the radius vector om describes 


the angle com reckoned from a. fixed right line, is termed the 
angular velocity of the moveable. It may be obtained, as i8 


evident, from aes its velocity perpendicular to om, by di- 
viding it by the length of this radius. 

157. Let us now revert to the differential equations of 
motion. If equations (5) of No. 152 be multiplied by dx, dy, 
dz, respectively, and then added together, there will be ob- 
tained by taking into account equation (6) of the same number, 
and obesvring that 

dada + dyd’y + dz@z ds? 
dé = id. a= 4d.v’, 


dd. = xdu + xdy + 2zdz. 





(¢) 
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If the expressions of the given. forces X, ¥,Z, do not involve 
the time ¢ or the velocity v, explicitly, and if, 2, y, z, being 
regarded-as independent variables, this formula is an exact 
diferential, which consequently implies that 


xdu + vdy + zdz = d.¥ (a,y,2); 


in which F denotes a given function ; then by integrating equa- 
tion (c) we obtain 

v= 2F(a,y,z) +c, 
in which’ expresses a constant arbitrary. In order to elimi- 
nate it, let a, b, c, k be the initial values of x, y, z,v; we shall 


have 
R= 2x (a,b,c) +c, 


and by taking this equation from the preceding, there results 
v= + 2 (a, y,2) — 2K (a, b,c). (a) 


As this result is independent of n, the resistance of the 
curve, which resistance is equal and contrary to the force Pr, 
that occurs in the equations from which it has been obtained, 
it follows that it has place equally in the motion of a material 
point entirely free, and in the motion on a given curve or 
surface. 

The immediate consequence of this equation (d) is, that 
the velocity is constant and the motion uniform, as often as” 
the moveable is not solicited by any given force ;. for then the 
function F is eypher, and we have v=’, whether the motion is 
performed on a given curve or surface, or whether the moveable 
is entirely free. 

This equation shews us moreover, that in the hypothesis 
which has been made respecting the nature of the forces x, Y,Z, 
the increment of the square of the velocity of the moveable, 
in passing from one point to another, is always the same, 
whatever be the curve described, and depends solely on a,,c, 
&, y, z, the coordinates of the two extreme points. When this 
curve is given, or when the moveable is only constrained to 
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move on a given surface, k should be assumed as the velocity of 
the moveable, which is tangential to this curve or this surface. 
If the percussion impressed, on the moveable at the commence- 
ment of its motion has not this direction, it can be resolved 
into two other forces, the one normal, the other tangential ; 
the first will be destroyed hy the resistance of the given curve 
or surface ; so that it is the second which will produce the ve- 
locity k, and determine its direction. 
¢ denoting a constant arbitrary, the equation 


F(2,y,z)= Cc, 


will be that of a surface which will be reached with equal velo- 
cities by all moveables subjected to the action of the same forces, 
which commence to move from a point of which a, b, ¢ are the 
coordinates, with the same velocity 4, in different directions. 
When, for example, these moveables ‘are only acted-on by the 
force of gravity, this equation is that of a horizontal plane. 

In the case of a given curve, if the values of 2, ¥, Z, be de- 
duced from its equations in functions of the are s, there will 


result by substituting them in equation (d), and putting S in 


place of u(y) 
, dt = sds, 


where s is a given function of s, consequently, in this case, the 
determination of the time as a function of the space described, 
will be reduced to the integration of a given differential. But. 
the supposition on which equation (d) is founded, and conse~" 
quently, this equation, has not place when the moveable expe- 
riences any resistance in its motion through a medium, for this ig, 
a force dependent on the velocity ; neither will it obtain, when 
the question is respecting the motion of a material point, which 
is attracted or repelled by other points that are themselves in. 
motion ; a circumstance which will introduce the time explix, 
citly in the values of x,y,z. In these two cases, if the tra~’ 
jectory be a given curve, equation (c) ought to be employed, 


234 OF. CURVILINEAR MOTION. 


in which should be substituted in place of v, by which 


means this equation will be changed into equation (7) of 
No. 152. ; 

158. The formula xdz + ydy + zdz will be an exact dif- 
ferential as often as the moveable being attracted or repelled 
by fixed centres, the intensities of these forces are expressed 
by functions of the distance from the centres from which they 
emanate. 

In fact, let e, fg be the three coordinates of ene of the 
fixed eentres, referred to the same axes as 2, y, z, and 7 the 
distance of the moveable from this point, we shall have 


P= (e—aP+S-yP+g-273 , 


and the cosines of the angles which this line 7 makes with the 
axes drawn through the moveable in the directions of the posi- 
tive xs, ys, zs, will be the ratios ofe — 2, f—y,g — =z, tar. 
If x denotes the attractive force directed from the moveable 
towards this fixed centre, the expressions of its three compo- 
nents will be 

R(e—z) r(f-y) RY—z), 

iste ie ps 

and consequently, the part of xdx 4+ ydy 4+ zdz which arises 
from R, will be 


*[(e~ 2) de + (f—y)dy + (9 — 2) az]. 
But by differentiating the value of 7? we obtain 
rdr = — (e—a)dx—(f—y)dy—(g—2)dz;_.. 


which reduces the preceding quantity to — rdr. If the force 
which emanates from the fixed centre was repulsive, it is only 
necessary to change the sign of this quantity, which will then 
become rdr, R being regarded, in all cases, as a positive 
quantity. 
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It follows from this, that if the moveable is solicited by 
any number whatever of forces, such as R, R’, B”, &e., which 
emanate from fixed centres, and bf which the distances from 
this material point, are r, 7’, 7”, &e., we shall have 

Xdx + yrdy + zdz= = Rér = 2’dr’ = Rdr" = &e.; 

the superior signs have place in the case of attractions, andthe 
inferior signs in the case of repulsions. Now, supposing that 
each of these forees is a given function of the corresponding © 
distance, all the terms of this value of xdz + vay + 2dz will 
be différentials depending on one sole variable, and, conse- 
quently, this formula will be an exact differential, which was 
to be proved. * 

It appears from this and equation (d), that the increment 
of the square of the velocity arising from each of the forces 
RX’, R”, &e., will be the same as if it solely existed; for.ex- 
ample, with respect to the force r, this increment will be ex 
pressed by + 2§rdr, the integral being taken in such a man- 
ner, that it may vanish for the initial value of r. 

159. In the case of a heavy material point, which moves 
on a given curve in a vacuo, and without any friction on this 
curve, equation (d) will be reduced to 


Poh + 29 (z—c), 


g denoting the gravity, and the direction of the axis of the 
positive zs being supposed to be that of this force, so that we 
may have 

x=0, y=0, zag. 


Let apuc (fig. 39) be the given curve, B its lowest and a 
its most elevated point, which need not exist in the same ver- 
tical as B, and p the point from which moveable sets out.. If 
the origin of the vertical coordinates z be placed in this last 
point, and if the initial velocity & be due to the height A, we 
shall then have é 
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ex 0, _ R= gh, 
and, consequently, 5 


vAQg(h+2). 


At follows from this, that when the moveable attains the 
point 8, the maximum velocity, will be the same as if it fell 
from the height A, inereased by that of the point p, above the 
horizontal plane drawn through the point B. In virtue of 
this acquired velocity, the moveable will ascend along BcA; 
its velocity will diminish continually ; and if h = 0, it will be 
nothing at the point c situated in the same horizontal plahie as 
p. Having reached the point c, the moveable will ‘reglescend 
along cp, and it will thus oscillate from p towards c, and from 
c towards*p. When the constant A does not vanish, the 
moveable will ascend above the point c. If the elevation of - 
the point 4 above the horizontal plane, which comprises p and 
c, is greater than 4, the moveable will not reach the point 4; 
its velocity will be cypher at a certain point c’; and if through 
c’ there be drawn a horizontal plane which intersects the curve 
in another point pv’, the moveable will oscillate indefinitely 
from c’ towards p’, and from p/ toward c/, The oscillations 
will be all ¢sockronous, or of equal duration. This is evident 
with respect to those which are performed in the same direc- : 
tion; and it appears also, that the duration of each oscillation 
from c’ to p’ is the same as that from p’ to c’, for any element 
whatever of the curve will be described with the same velo- 
city in the two cases. This common duration of each of the 
entire oscillations, will depend on the form of the curve and on 
the magnitude of h. 

When the elevation of a above the horizontal plane which 
passes thrgugh the point of departure is equal to A, the 
moveable will approach indefinitely to the point a, but will 
not attain to it until after the lapse of an infinite time. When 
this elevation is greater than h, the moveable will pass beyond 
the point a, and traverse the entire circumference of the given — 
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curve. When it returns to the point p, its velocity will be the 
same as at the cémmencement of the motion ; hence it follows, 
that it will perform an infinite series of revolutions, the dura- . 
tion of e&ch of which will be equal, and dependent on the form 
of the curve and on the magnitude of h. % 

If the given cufve(h). is comprised in a vertical plane, 
which is a tangent to a cylinder of any baSe whatever, and if ‘ 

"this plane is enveloped on the cylinder, so that the given curve, 
may become a line of double curvature, the motion of the 
moveable, whether it be oscillatory, or one of revolution, will 
not be at all changed, it being always however supposed, that 
the point of departure and initial velocity remain the same; 
for then the value of ¢ in a function of s, determined a8 has 
been‘alfeady stated (No. 157), will only depend on that of z 

ina function of s, which will not bes changed, whatever be the 
base of the vertical cylinder on which the given gurve is 
traced. 

160. In alf cases in which equation (d) obtains, and in 
which the moveable is not constrained to move en a given 
curve, that which it deseribes in passing from one given point 
4 to another given point B, possesses the following remarkable 
property. If the moveable be entirely free, ‘the integral Suds, 
taken from the point a unto the point , is less than if it moved 
along any other curve, terminating at these two points} fif it is 
constrained to move on a given surface, this property’ of the 
traféctary obtains only relatively to all curves traced ow this 
surface, and which always terminate at the points aandn. In 
these two cases, ds is the differential element of any curve : 
whatever, which corresponds téthe coordinates 2,9, z; and v 
is a function of these three variables and of a constant k, which 
is given by equation (d). OO : 

The demonstration of this theorem consists in proving that 
in virtue of the equations of motion, the variation of Suds is 
nothing, (the limits of this integral being supposed to be 
fixed). In consequence of this, §vds will be either a maximum 


238 OF CURVILINEAR MOTION. 


or minimum, but itis evident that it must be a minimum in this 
case, in which the moveable is entirely free ; for the integral 
§rds increases indefinitely with the length of the curve, and, 
consequently, cannot be susceptible of having a maximum 
value. ~~ 

Now, by the rules of the calculus of variations, we have 


8.Seds = §S.eds,  8.rds = Beds + vdds, 


moreover, dt being the element of the time, we have ds = edt, 
therefore, ; 
duds = 3.dt3.v2. : 
If equation (d) be differentiated, and if the variations 
dx, dy, 82, be substituted for the differentials dx, dy, d%& we 
shall have 


}e.v°= xOx + voy + 2dz. : 
By substituting for cos), cosy, cos p, their values given 
in No, 151, and observing that(é) 


dt du du 
Tg + ay + E= = 61, 


equations (3) of same number will give 


Pn. dy. . dz 


xon + vey + 28s = Ee oa Gel + 7 oz — nvoL. 


Now if the moveable is entirely free, the term nvdz will 
not occur in this equation, and when it is constrained to move 
on a surface of which the equation is 1 = 0, this term is 
cypher, for as all the curves, which are compared to the tra- 
jectory of the moveable, must also be traced on this surface, 
we have $1 = 0, therefore, in all cases this term must be 
suppressed; it follows from this that 


Px dy Pz 
=i 2 Y S 
dvds = fdt8.? = a7 ox di oy + We oz, 


With respect to vdds the second term of the variation of vds, 
we have 
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ds? = dx? + dy + dz’, 
and, consequently, 


Sds ds = “eae + Yeay qe Fade 


hence, because ds = vdt, by changing the order of the cha- 
racteristics d and 6 in the second member, we shall have(A) 


vbds = SF dB + 1 dBy +E ates 


and by adding together these two parts of the value of 8.rds, 
there results, 


dx dy . 
S.eds = a(Gar4 Y by +22); 
consequently we i 


§8.uds = Bon 4 Yay 4 di = 82 + constant, 


for the indefinite integral of 8.vds. But as the two extreme 
points a and 8 are supposed to be fixed, the variations 8, dy, 
dz, which respect these points, must be nothing. Therefore; 
the definite integral §d.eds, taken from the point a to the 
point B, which is equal to the variation $.{vds, will be re- 
duced to eypher ; which it was required to demonstrate. 

161. When the moveable, being constrained to move on 
a curved surface, is not solicited by a given force, its velocity 
is constant (No. 157), and the integral §vds is. then the 
product vs. Consequently, the arc s described by the move- 
able is, in general, the shortest line betwéen ghe points a and 
zB; and from the uniformity of the motion, it follows that, in 
this case, the moveable goes from one point to another, in a 
less time than if it was forced to describe on the given sur- 
face any other curve than its trajectory. However, if this 
surface is closed on all sides, as a sphere, for example, the 
points a and » will be the extremities of two ares of a 
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great circle, one of which will be less and the other. greater. 
than all other ares of lesser circles of the sphere, terminating 
at the same points; and the moveable can describe either the 
one or the other of these two portions of the same great circle, 
according to the direction of the initial velocity 4, which -is 
tangential to the sphere. 7 

The differential equation of the trajectory may be presented 
under a form, in which the property of the shortest line on any 
surface whatever will be immediately apparent ; which consists 
in this, that its osculating plane in each point is normal to this 
surface. 2 

The forces x, ¥, 2, being supposed to be cypher, equa- 
tions (3) of No. 151 are reduced to : 


Pe ~ i 


dy z : 
pe? -cos A, TY — x08 p15 =N.cosy. 


&. 
de dt 
Because v is constant, and that ef = s, we have 

@e ptt ty ely Pz _ gts 

dt: ds? dt® ds? dt#? ~~ ds” 
the are ¢ being assumed as the independent variable ; and this 
being the case, the preceding equations may be replaced by the 
following : 











dud?y — dyPx _ & {dx di 

ee (G cos — 608 r)s 

dzPx —drPz _N (dz CL re ao 
“igi = alas A= Ts O88?) 


a > f2: - 
Gye 5 ey ee = 5 es cos y — . cos n)s 
which may be deduced from them without any difficulty. If 
they be multiplied by €0sv, cos, cosA, respectively, and 
then added together, the quantity n disappears, and we have 
simply 
dxPy — dyPx dzd?xr—dad’z 
as cos y+ ask See 


ok: (e) 
@ ety cosA=0; 
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hence from the values of cos X, cos H, COS v, cited in No. 151, 
we shall have 


drd’y — dy@x du Es dz@x—dxd*z du | 





ds* dz ds? “dy , 
dy@z—dzdy du _ 0 ® 
ade = 


for the second differential equation of the trajectory. If in 
this, there be substituted the value of one of the three coor- 
dinates x, y, z, in a function of the two others, deduced from 
L>=0, the equation of the given surface on which the curve is 
supposed to be traced, and if the equation between the two 
variables, which results from it, be then integrated, the two 
constant arbitraries which the integral will contain being de- 
termined, by subjecting the curve to pass through the two 
points a and B of the given surface, the equation which will 
be obtained in this manner will be independent, as is evident, 
of the magnitude and direction of the initial velocity k, and 
must be that of the shortest line between these two points, 
Now if a, 3, y be the angles which the normal to the oseu- 
lating plane of any curve whatever, at the point of which the 
coordinates are x,y,z, makes with their productions in the 
positive direction, and if, im order to abridge, we make 


[(dud?y —dyd'x)? 4 (dzda—ded’x)+(dy@z—dzdy)}!=h, 
we shall have by formule (3) of No.19, in which these angles 
are represented by A, p, v, 


cosa = k (dy@z — dzd*y), 
cosB= i (dzdx — dad’z), 
cosy = ; (dxd?y — dyd?x), 


consequently in virtue of equation (e), we shall have 


cos cos a + cos 8 cos p+ cos y cos p= 0; 
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which shews that the normal to the osculating plane of the 
trajectory, and the normal to the given surface are perpendi- 
cular, the one to the other; hence we infer, that equation (f) 
which belongs(g) to the shortest line, is also that of the curve 
which has every where its osculating plane normal to the 
given surface, so that these two lines are ond and the same 
curve traced on this surface, when both the one and the other 
are constrained to pass through the same extreme points 
Aand B. 

It follows from this, that when these two points belong 
to one of the lines of curvature of the given surface, this line 
is the shortest from one point to another; for its osculating 
plane in any point whatever, contains two consecutive nor- 
mals to the given surface, and is, consequently, normal to this 
surface. 


III. Digression on the Motion of Light. 


162. The theorem of No. 160 is known by the denomina- 
tion of the principle of least action, which was given to it, 
from the metaphysical point of view in which it was first con- 
sidered, but this has been since properly abandoned. How- 
ever it may be useful here, to give one of the first applications 
which was made of this principle, namely, that which is relative 
to the reflexion and refraction of light in the system of 
emission. ; 

As long as a ray of light moves in a medium of uniform 
density, its velocity and direction remain the same ; but when 
it passes from one medium to another, its direction js inflected, 
and its velocity changes. At the instant of the transit, the light 
describes a curve of inappreciable extent, which consequently 
we may neglect without any sensible error. Therefore, the 
trajectory of each luminous particle may be supposed to con- 
sist of two Hines, each of which is described with a uniform 
velocity. Thus, if y, y’ be the lengths of these lines, 2 the 
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velocity of light in the first medium, and 7’ its velocity in the 
second, ny will be the value of the integral Suds taken from 
the point of departure of the particle to its entrance into the 
second medium ; andn‘y’ the value for the part of this integral re- 
lative to the second medium ; consequently, this integral taken 
in the entire extent of the trajectory, will be expressed by 
ny + n'y’, and it is this sum, which, by the principle of least 
action, should be a minimum. = 
Before we proceed further, it is necessary to observe, that if 
the second medium is a diaphanous and crystallized substance, 
the velocity of light in this substance will, in general, depend 
on the direction of the luminous ray; so that it will be con- 
stant for the same ray, but variable from one ray to another. 
The phenomenon of double refraction which is observable in 
Iceland spar, and the greater number of transparent crystals, 
arises from the difference of velocity of the different luminous 
rays which traverse them. ‘The velocity n’ should then be re- 
garded as a function of the angles which determine the direction 
of each ray ; and the Jaw of refraction depends on the form of 
this function. Laplace succeeded, by means of the form which 
he assigned to this function, in deducing from the principle of 
the least action, the law of double refraction, which was 
originally discovered by Huyghens, and afterwards confirmed 
by the experiments of Malus; but as this is not the place to 
enter into a detail of this theory, we shall restrict ourselves 
to the consideration of the case in which all the rays move 
with the same velocity, whatever be their directions. There- 
fore, in the following investigation the velocities n and n’ will 
be considered as given quantities for each medium in parti- 
cular, and independent of the direction of the luminous rays. 
163. Let now a and B (fig. 40) be the two extreme points 
of the trajectory, and through them let a plane pass, inter- 
secting ‘the surface of separation of the two media, which is 
supposed to be plane, in the right line cp. Let the line AEB, 
the parts of which are az and EB, represent the projection of the 
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trajectory on this plane, and through the points a, B, B, let 
AF, BG, ff6K be drawn perpendicular to the line cp. Since 
the position of the points aand B is given, the three lines 
AF, BG, FG are known, but the position of the point kB, and 
the angles AEH, BEK are unknown, and must be determined by 
the condition of the minimum. Therefore, let ar =a, BG=6, 
FG = C, AEH= 2, BEK= 2’. 
From the right angled triangles arg and BGE, we obtain 


EF=atangz, EG= b tang 2’; 
consequently, there results 
atang «+ btanga’= ce. (a) 


The luminous ray traverses the surface which separates 
the two media, in a point of which x is the projection on the 
plane of the figure. If z denotes the distance of this unknown 
point from the point 8, y will be the hypothenuse of a right 
angled triangle, of which z and az are the two lesser sides, 
and y/ will be the hypothenuse of another triangle, of which 
z and Bx are the two lesser sides, but from the triangles azr, 
and BEG, we obtain 

a b 


BE = ——; 


cos x” cosa’ 





hence we shall have 





2 2. 
yeV 24-5, yaV 245 
cos’x cos? a’ 


If these values be substituted in the expression ny + n'y’, 
there will result a function of z,z, 2’ which should he a mini- 
mum with respect to these three variables, the two last of 
which are connected together by equation (a). It is, therefore, 
in the first place necessary, that the differential of this func- 
tion taken with respect to z, should be equal to zero, hence 
we obtain 

a lc Se 


we 
dz dz ae 
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But this condition can only be satisfied by assuming z = 0; 
which shews that the luminous ray traverses, at the point 
the surface that separates the two media, and consequently 
that it does not deviate from the plane drawn through the 
points a and B perpendicular to this surface. Therefore, 
making z= 0, we shall have pac 

ny ny! = op = 


cos & cos 2 


and by putting the complete differential of this quantity equal 
to cypher, there arises 


nasinadx , n'b sin x’/da’ 
ote hoe 

cos? & cos? x 
but by differentiating likewise equation (a), we have at the 
same time 


ade | dds! _ 9, 
cos? * cos*a’ ~~? 


/ 
and if bad be eliminated between these two equations, there 


results 

é nsing = n’ sina’. (b) 

This and equation (a) will determine the values of x and 
«’, which answer to the minimum of ny + n’y’. The value 
of x being obtained, the point = can be constructed, by taking 
nr = atang; then the lines az and Bz can be determined ; 
and the line ars, the parts of which are az and EB, will be the 
path of the luminous ray in passing from the point a to the 
point B. 

The angle ar contained between x which is normal to 
the surface of separation of the two media, and the incident 
ray AE, is what is termed the angle of incidence ; the angle 
BEK contained between EX, the production of this normal and 
the refracted ray BE, is the angle of refraction. These two 
angles have been denoted by z and x’. Hence equation (b) 
will make known the angle of refraction when the angle of 
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incidence is given; and from this equation it appears, that the 
sine of the angle of incidence is to the sine of the angle of re- 
fraction in a constant ratio. 

This is, in fact, the known law of ordinary refraction, which 
was first discovered by Des Cartes. The ratio of the two sines 
depends on that of the velocities and n’ relative to the media 
which are considered; and for this reason, it varies with the 
different descriptions of transparent media. 

164. If the luminous ray, instead of penetrating the second 
medium, is reflected at the surface of separation, its velocity 
will be constant for the entire length of the trajectory, which 
then exists altogether in the same medium. Hence the inte- 
gral Suds will be equal to the entire length of the trajectory, 
multiplied by this constant velocity, consequently, in virtue of 
the principle of least action, this length should be a minimum. 

Let us therefore suppose, that, as in the preceding num- 
ber, the surface of separation is a plane. Let a and b (fig. 41) 
be the two extreme points of the trajectory, through these 
points let a plane be drawn perpendicular to this surface, and 
intersecting it in the line cp: each particle of light will, in its 
passage from the point a to the point, describe the line azn, the 
parts of which are ar and EB, and it will be the shortest of all 
those that are reflected from the surface of separation. Now 
it is immediately evident, that this line must exist in the plane 
perpendicular to this surface, for every other trajectory is ne- 
cessarily longer than its projection on this plane. Moreover, 
it is easy to show without the assistance of the calculus, that 
the shortest line between A and B, which meets the surface of 
separation, is that which makes equal angles with the line cp, 
that is to say, if 


AEC = BED, 
the line ars will be shorter than any other line such as axz’s, 


of which the point g’, like the point £, appertains to the line 
cD. 
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In fact, from a let the perpendicular ar be let fall on this 
line, and produce it so that ar’ may be equal to ar, and let 
the lines a’z, a’e’ bedrawn. The two angles akc, a’Ec will be 
equal; hence the two angles a’ec, BED will be so likewise on 
account of the preceding equation; consequently a’zB will be 
a right line, and we shall have 


E+ BE Z A’E! + BR’; 
and as 

A‘’E = AE and a’z/ = ag! 
there will result : 

AE-+ BE Z AE! + BB’; 
which was to be proved. 

If at the point z, the perpendicular En be erected to the 
line cp, AEH and BEH will be the angles of incidence and re- 
flexion of the luminous ray which issues from the point a to 
the point 8. These angles will be equal, because they are 
the complements of the equal angles arc and BED ; hence re- 
sults the known law of the reflexion of light, which consists 
in this, that the angle of incidence is always equal to the an- 
gle of reflexion. 

165. Ifthe theory of the emission of light be admitted, 
the laws of reflexion and refraction can be inferred from the 
expression of the square of the velocity of a point subjected 
to the action of attractive forces (No. 168), in a more di- 
rect manner, than by making use of the principle of least 
action. As this question presents us with an example of the 
motion of a material point, which is interesting, as well from a 
consideration of the nature of the forces which operate, as 
from its physical application, we will give the solution of it in 
the ordinary case, in which the two media traversed by the 
light are not crystallized. 

In this theory, each luminous particle is supposed to be 
subjected to the attraction of all the material points of the me- 
dium which it traverses, and this force is regarded as an un- 
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known function of the distance, for all that is known respecting 
it is, that it decreases with extreme rapidity when the dis- 
‘ance increases, so that when the distance is of a sensible mag- 
nitude, it becomes altogether insensible. Thus, for example, 
ifr denotes the distance of the attracted from the attracting 
point, a a line of a finite but insensible magnitude, and e the 
base of the Naperian system of logarithms, then a force of this 
-r 
nature may be represented(n) by a.e;4 being the intensity 
relative to an infinitely small distance r ; when this distance is 
of a sensible magnitude, and is, conseqyently, a considerable 
multiple of a, the value of this function will be no longer 
sensible. 

If the luminous ray moves in a homogeneous medium of a 
uniform density, the attractions which it experiences mutu- 
ally destroy each other's effect, and its motion becomes uni 
form and rectilinear. But if it attains the point (fig. 42) 
situated at an insensible distance from the surface cp, which 
separates the two media, and which, for greater clearness, we 
will suppose to be horizontal: let a perpendicular mp be 
drawn from this point on cv, and then in the upper medium 
let there be drawn two planes c’p/ and cp” parallel to cp, 
the mutual distance of which may be equal to mp, and let the 
first pass through the point M; it is evident that the attrac- 
tions exercised on the luminous rays at the point m, by the 
two strata of the upper medium, which are comprised, the one 
between cp and c’p’, the other between c’p’ and c"p", will be 
equal and contrary; therefore they will destroy each other’s 
effects, and the moveable will only be solicited by the part of 
the medium it traverses, which is above cp”, and by the entire 
attraction of the inferior medium. These two forces will be 
perpendicular to cp ; and they will vary with the distance mp, 
according to unknown laws, but such, that each of these forces 
will be insensible when mp is not so, and they will attain their 
maxima when this distance vanishes ; in which case the move- 
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able will have attained to the surface which separates the two 
media. 

At the end gf the time ¢, let z be the distance mp, and 
z, z’ the unknown functions of z, which express the accelera- 
ting forces arising from the attraction of the inferior medium, 
and from the part of the othermedium above cp’. The entire 
accelerating force tending to diminish z, will be the difference 
z—z'; consequently, we shall have, in the superior medium, 

hy 

oF par a0; (1) 
for the equation of the vertical motion of a luminous particle. 

When the moveable, after traversing the surface cp in a 
point , has penctrated into the lower medium as far as a point 
m’, which is such that m’p’, the perpendicular to cp, may be 
also represented by x, it is easy to see that the accelerating 
force, which will tend to diminish this variable, will be then 
the difference z’—z, so that we shall have 


&z 


qt v—z= 0, (2) 


for the equation of vertical motion in the inferior medium. 

As to the horizontal motion or that parallel to cp, it will 
be uniform, and the horizontal velocity will undergo no change 
in passing from one medium to the other; for the attractive 
forces of each medium parallel to cp, will destroy each other's 
effect, so that a luminous ray is not subject to any accelerating 
force in this direction. Thus, if & be the velocity of light at 
A, a point of the superior medium, situated at a sensible dis- 
tance from cp, and a the acute angle that the direction of this 
velocity makes with the vertical, % sin a will be the velo- 
city parallel to cp at any instant whatever. If the luminous 
ray penetrates by a sensible quantity into the inferior me- 
dium, and if 2’ and a’ denote what k and a become at a’, any 
point of this medium, situated at a sensible distance from cp, 

2k 
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we can likewise represent the horizontal velocity of the move- 
able hy k’ sin a’; so that we should have 
ksina = k/ sina’. (3) 
It appears also, @ priori, that the trajectory of the moveable 
will be a plane and vertical curve; therefore it only remains to 
determine its velocity perpendicular to cp, whether in the su- 
perior or inferior medium, at z any distance whatever from this 
surface cp. 
166. Let this velocity be denoted by u, so that we may 


dz 


have = u? for the two media. By multiplying equation 


(1) by 2dz, then integrating and denoting the constant arbi- 
trary by ¢, we shall have in the superior medium 
w= ¢ 4 2h 2'dz — B2dz. 


Let these two integrals be supposed to vanish with z, and let 
their values at a sensible distance from cp be A and h’; these 
integrals 4 and h’ can be extended from zero to infinity, for 
by hypothesis beyond a sensible value, the functions z and z’, 
and consequently, the corresponding parts of §zdz and §z/dz 
vanish, or become insensible. 

Therefore, we may write if we please, 


ha Seeds, We Vozde. 
Moreover, for any sensible value of x, we have 
w= Reosta; 
hence in that case we shall have 
#. cos*?a =e + 2h’—2h; 


and by eliminating ¢ from the general value of w, there will 
result at any point whatever, 


aw? = h? cosa + 2h-2A! 4 Wa/dz — Rade. 


Let 4, be the velocity of the moveable at & any point of the 
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surface cp, and let a, be the angle which its direction makes 
with the vertical. At this point we shall have u? = h? C08" a; 5 
and as in this case z= 0, the two last terms of the preceding 
formula will vanish, and it will be reduced to 


hy? cos’a, = h? cos?a + 2h — 2h’. (4) 


In order, therefore, that the luminous ray may reach the 
surface which separates the two media, it is necessary that the 
second member of this equation should be a positive quantity, 
and, consequently, that 

NM Lh AYR cos*a. 


If this condition be not satisfied, in which case the attrac- 
tion of the upper medium should surpass that of the inferior, 
the vertical velocity will be destroyed before it reaches the 
plane cp; therefore there will be a point of the trajectory, at 
which the tangent will be horizontal. Having attained this 
point, the moyeable will retrograde, the two branches of this 
curve, which terminate in this same point, will be similar, 
since they are described by the action of equal forces, for the 
same value of z; and when this distance z is of a sensible 
magnitude, these two branches will be changed into right lines, 
which make equal angles with the vertical, or, in other words, 
the angles of incidence and reflexion will be equal. If, on 
the contrary, the attraction of the inferior medium surpasses 
that of the superior, and if the preceding condition is satisfied, 
the luminous ray will penetrate into the inferior medium with 
a velocity the direction of which will be perpendicular to cp, 
and which will be determined by equation (4). In this hypo- 
thesis we shall have, by equation (2), relative to this medium, 


wv? = kh? cos?a, + 2$zdz — 2§2’dz, 
the integrals being always supposed to vanish when z= 0. 
Ata sensible distance from cv, u°= k’? cos*a’; therefore we 
shall have 

kh cosa®’ = kh? cosa? + 2h- 2’; 
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and eliminating 2,? cosa,? by means of equation (4), there will 
result 
k? cos a” = h*. cosa” + 4h — 4h’. (5) 


Therefore, in order that the luminous ray, after having tra- 
versed the surface cp, may penetrate to a sensible depth into 
the inferior medium, it will be necessary that 


WLh +14 cosa, 


and this is the only condition that is necessary. 

It may happen that 4’, although less than h + 4 2? cosa, 
surpasses h -+- 4 k* cos’a, in which case the moveable will not 
penetrate into the inferior medium a sensible distance beyond 
cp; but it will return into the superior medium, and the two 
branches of the trajectory which it describes will be similar 
on each side of the point at which it commenced to retrograde. 
Consequently, the light will be reflected, as in the preceding 
case, making the angle of incidence equal to the angle of re- 
flexion ; so that there are two distinct cases of reflexion in the 
theory we are considering. 

167. Let us now suppose that neither the one nor the 
other of these two cases obtains, so that the luminous ray must 
be refracted. By equation (3) we have 


R? sin?a’ = hk? sin’a 5 


and by adding the corresponding members of equation (5), and 
of this, there will result 


A? = 44h 4h’; (6) 


which shows that the increase of the square of the velocity of 
the moveable, in passing from the point a of the superior me- 
dium, to the point a’ of the inferior medium, is (as it ought to 
be (No. 157)) independent of the route along which it moves. 
Likewise, from equations (3) and (6) there results 


sina’ _ h 


dina" VEE I@SR) | ” 
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from this formula it appears, that the sine of the angle of in- 
eidence is to the sine of the angle of refraction in a constant 
ratio, and it is evident that the value of this ratio is a function 
of k, the velocity of light in one of these two media, and of h—A’, 
the difference of their refractive powers h and h'. 

If the inferior medium is terminated by two parallel planes, 
and if the medium below is the same as that above it, experi- 
ment shows that the light, after having undergone two refrac- 
tions, and traversed the two faces of the intermediate medium, 
resumes a direction parallel to that which it had in the supe- 
rior medium. This likewise results from equation (7). For 
if a” be the angle which the luminous ray makes with the ver- 
tical after it emerges from the intermediate medium, it is neces- 
sary, in order to determine sin a”, to interchange among 
themselves the quantities, A and h’, and to put k’, a’, a” in~ 
stead of k, a, a’. Consequently, we shall have 


sina’’ hi 








Toa 


sina’ ~ 1/ 24 (hh 
or, in consequence of equations (6) and (7), 


sina” Vi Ahh’) _ sina 


sin a’ k sina” 


which gives in fact 
al =a 


The phenomenon of dispersion which arises from a diffe- 
rent value of the angle of refraction a’, for the differently 
coloured rays, of which the same incident ray is composed, 
may be attributed, agreeably to formula (7), either to an in- 
equality in their velocity k, or to a different action in each 
medium on these different rays, from which results unequal 
values of h — h’, 

168. Every thing else being the same, it appears from equa- 
tion (7) that the ratio of the sine of the angle of incidence to the 
sine of the angle of refraction, must change with the velocity of 
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the light. Now, for a star situated in the plane of the ecliptic, 
there is an epoch in the course of the year, in which the di- 
rection of the velocity of the earth is contrary to that of light, 
and another epoch in which the direction of the first mentioned 
velocity is the same as that of the second; this renders the 
velocity of light, relatively to the medium in which it moves 
along with the earth, sensibly greater in the first case than in 
the second. The ratio in question must consequently be dif- 
ferent at these two epochs ; but from extremely accurate expe- 
riments instituted by M. Arago, it appears that this ratio 
does not vary in a sensible manner, during the entire course of 
the year, and moreover, that its magnitude is the same for the 
sun and for the different stars, from which light on the theory 
of emission emanates. 

Whatever theory of light be adopted, it is a very remark- 
able fact, that the composition of its velocity with that of the 
earth, which is indicated in the apparent motion of the stars, 
termed aberration, has, notwithstanding, no appreciable in- 
fluence on the refraction of the light, which is transmitted to 
us from them on different days of the year. 

Ina vacuo, the motion of light, whether direct or reflected, 
is always uniform, and its velocity is independent of the source 
from whence it emanates. This velocity is so great, that 
light traverses in 493,34 seconds, the mean distance of the sun 
from the earth: from which it follows, that it describes 30950 
myriametres in a second. 

A luminous ray emitted from the sun or a star, should, 
like any other projectile, experience a diminution in its velo- 
city, caused by its gravity towards this star, that is to say, by 
the attraction in the inverse ratio of the square of the distances 
from its centre, which the mass of the body exerts on each 
material particle of light; but this diminution is a very small 
fraction of the final velocity of light. Thus, for example, as 
it will be shown hereafter, that the intensity of gravity at the 
surface of the sun is twenty-seven times and a half greater 
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than the intensity of the terrestrial gravity, and as the sun's 
radius is 110 times the radius of the earth, it follows from what 
has been observed in No. 143, that the velocity of light, in 
order to be 30950 myriametres per second at a considerable 
distance from the sun, must, when issuing from the surface, 
be greater by a little less than(&) two millioneths only, 


CHAPTER IV. 


OF THE CENTRIFUGAL FORCE. 


169. Tux pressure of a material point on a curve which it 
is constrained to describe, is not the same as when it is in 
equilibrio on this curve. In consequence of the motion, a 
particular pressure arises, which is termed the centrifugal 
Jorce, because it was first considered in the circle, where it is 
directed along the production of the radius, and continually 
tends to increase the distance of the moveable on which it acts 
from the centre. It is this foree which we now proceed to 
consider in any curve whatever. 

Let mm and mm’ (fig. 43) be two equal and consecutive 
elements of the given curve, 4 and n’ their middle points, 
mr and mr" their productions. Their plane, and the angle 
rv’, will be the osculating plane and angle of contact of the 
curve at the point m; and if in this plane the line Mo be 
drawn, dividing the angle m,mm’ into two equal parts, its di- 
rection will coincide with that of the radius of curvature at this 
same point m; and consequently the centre of curvature will 
exist in a certain point of this line such as o. Let ds denote 
MM the element of the curve, which will be also equal to 
uMH’; moreover, let 3 be the infinitely small angle rut’, and 
p the radius of curvature Mo, we shall have (No. 18) 


sat 
Pp 


This being established, let us first abstract from the conside- 
ration of the given forces which may act on the moveable, and 
let us suppose, that at the end of the time ¢, it reaches the 
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point M, with the velocity v. If it was entirely free it would 
continue to move on the line mr with the same velocity; but 
it is by hypothesis forced to describe a given curve, this pro- 
duces a change in the direction of its motion, which thus be- 
comes MT’. Now if there be erected to mr’ the perpendicular 
MK, such that it may exist in the osculating plane, and fall 
without the concavity of the curve, we can substitute: for the 
velocity v, the direction of which is mr, two other velocities, 
of which one is equal to » cos 5, and directed along mr’, and 
the other equal to v sin 8, and directed along mx, the effect of 
the curve will be to destroy the last of these two velocities, so 
that the first only remains, or in other words, this effect will 
be the same thing as if there was impressed on the moveable 
a velocity equal and contrary to v sin 6. Therefore if the 
given curve be replaced by an infinitismal polygon, its re- 
sistance consists in impressing on the moveable at each sum- 
mit of this polygon such as m, an infinitely small velocity 
v sin 8, in a direction opposite to that of MK. 

In order that this resistance may be completely assimilated 
to f; a motive force which acts éncessantly on the moveable, 
the velocity v sin 8 may be supposed to be produced while this 
material point moves from H to H’, and dé may be assumed as 
the time during which this action continues. The change in 
the direction of this force may be also neglected in this inter- 
val, and it may be assumed, for example, parallel to the line 
mo. Then the measure of the corresponding accelerating 
force will be, like each of the forces u, u’, u", &c. of No. 147, 
the velocity v sin 8, which is produced in the instant d#, di- 
vided by dé; and if the mass of the moveable be denoted by m, 
there will result, for the value of f, 

_ musing 


i= dt 


Consequently, if 8 be substituted for sin 6, and - for 8, we 
shall obtain, since ds = vdt, 


oO. 
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me 
f= a 
The pressure that the curve experiences, and which is solely 
due to the state of motion of the material point that describes 
it, or the centrifugal force that acts on this moveable, is equal 
and contrary to this force f It follows therefore, that, at any 
point whatever of the given curve, such as m, the centrifugal 
force exists in the osculating plane, and is directed from the 
concavity of this curve along MN, the production of its radius 
of curvature, and that its intensity is in the inverse ratio of 
this radius, and in the direct ratio of the mass of the moveable 
and of the square of its velocity. 

170. As this velocity along the side mym is v, and as it be- 
comes v cos 8 along the following side ma’, it follows that its 
magnitude is not affected by the curve; for the quantity 
v (1—cos 8) may be neglected, being an infinitely small quan~ 
tity of the second order, from which there can only result an 
infinitely small diminution of velocity ona part of the curve of 
which the magnitude(a) is finite. Hence, then the motion 
on any curve whatever is finite, when the moveable is not 
solicited by a given force. This has been already observed in 
No. 157 ; but moreover, the reason why this is the case, is 
because the angle of contact is infinitely small, for in a point 
where two different curves intersect at a finite angle, the 
moveable will experience a finite loss of velocity in passing 
from one curve to another, which loss will be equal to the pri- 
mitive velocity multiplied by the versed sine of this angle. 

When the moveable is solicited by one or more given 
forces, its velocity varies with the components of these forces 
that are tangential to the trajectory, and their normal com- 
ponents exert, as in a state of rest, a pressure on this curve, 
which must be combined with the centrifugal force. 

In general, let mn be the resultant of the given forces which 
act on the moveable when it attains the pointm. Ifthis motive 
force be resolved into two others, the one, in the direction of the 
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tangent, the other normal to the trajectory, and represented: 
respectively by mr and me ; the first force is that which causes 
the velocity to vary, and the second will produce the part“of 
the pressure that is independent of the state of motion of the 
moveable. If by the rule for the composition of forces, the 


. 2 
resultant of me and of the centrifugal force f or ae be taken, 
P 


the entire pressure exerted on the point m of the given curve 
will be obtained, both in magnitude and direction. This 
force, divided by the mass of the moveable, or the resultant of 


the accelerating forces @ and”, ought to coincide with the 


force p of No. 152. Itisin fact this, which we now proceed to 
verity. 

171, We may substitute for equations (5) of this number, 
the following, which can be immediately deduced from them. 
dudy —dyd’x dx dy (# 


,_ dy 
dsde =i aE deo — eos), | 








dzPa—dxd®z dz dx dz dx 

dsdt® dg dee en Ge )s . Q) 
dyPz—dzPy dy _ dz dy dz 

Gat HEE? (Peosw"—Zeose/), 


whichever of these is considered as the independent variable, 
we have 


dy 
dedy —dydie dg? 4 
d® ~~ db dt 





dt; 





we have also, at the same time, 


a a 
dx? dx* ds? a. 4.5, ds 


une) 


ad dtd? “de as a? 





and because » = 3 » there will result(d) 
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aye 


dzd’y —dy@x dx? a3 4p (Gey — dy@x) 
dsdé ds a 


In the same manner, there may be obtained, 


dePn— dbz =x (dz@’x — dxd’z) 
pecacdRad nied See ee ee 





dsdt* aa ds* 
dyPz — dz@y Y (dy@z — diy) 
dsdt* ~ ds* 


If q, 9’, @"s denote the angles that the force @ makes with 
the parallels to the axes of «, y, z, we shall likewise have, x, ¥, Z 
being the components in the direction of these parallels, of a 
and of the tangential force 7, 


x= 1S +0cosg, var 4 acosy, nar +9 cosg"s 


and by means of these, and of the preceding values, equations 
(1) will become 
Ce a a iad) =e (< cos g/ ~ dy 


ze ue) — 
»(Fcos w! — Boos »); 





dzd°x — dxdz\ (e dx rh 
»( is \se *F eos q — Fcosq") — 
(2) 


v (Zone — Gone"), 
wee” er Pa 


dyd?'z — dzd* ‘dy dz 
2 as a 
us ( as )=a a(% a Mae 7) 
FY 05 oot — = cosw 
P (7008 0 ~_ a, 008") 
Now, if y, y’,y” be the angles which the direction of the 


centrifugal force, that is to say MN, the production of the ra- 
dius of curvature Mo, makes with the parallels to the axes of 
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,y, 2, drawn through the point m, and if «', y¥', %, be the co- 
ordinates of the centre of curvature o, we shall have 


e-—wopcsy y—y=pcosy’, z—2/=pcosy”, 


and by combining equations (2) with the formule of No. 20, 
we may without difficulty deduce from them (c) 


dy al ) 
eos y= af id Cod Eorr — “Hcosq) — ds = cosq—“teosg | 
dy (dz dy | dz =(2 dx ') 

P WY (Zeosu/— ds 0s 0) — ds Gq 08H — F008 0" uf 
sad (Z (He $s hid 08 ‘\— oF (208 i co! y] 
F cos y’=a dsN\dse? qY qs0084 aN gs0O8T ~ Gg 0089 

dz (dy n az ‘) dx {dx dy ) 
—[5(4 as C08 — Gy COs —F (Geos w’ dg C8” ‘1 
dx {dz dz ‘\ 
i {we ——2 to 
Hoos =a S (Zeosq— He os’) —4 4 (a cosq"— cos g 1 
dx dx dy (dy az ; 
—[2 E(¢ - c08 » — Teosw") — (Zz cos w”— cosw) } 


But because the forces p and Q are perpendicular to the 
tangent of the trajectory, we have 











oF cos g + Leos. +X cos 9’ = 0, 
dz- dz 
F cos w+ Y cosu’ + Bq w= = 0; 


this reduces the coefficients of a(d) in the three preceding 

equations to ~ cos g, — cos’, — cosg”, and those of — Pp to 

— c0Sw, —- cosw’, and — cosw”; therefore we shall have 
vy 

rad + Qcosg= Pcosw, 


v A 
— cosy’ + @cosg’ = Pcosw’, 
Qe 


{2 
vw 
a cos y” + a cos g” = P cosa”. 
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from which it appears, that the force P is the resultant in mag- 


2 
nitude and direction of the two forces —and a, as may be easily 
° 


verified. 
172. When the moveable is merely constrained to move 
on a given surface, it is necessary that the resultant of the 


2 
i mv’ e ‘ 
motive forces m@ and——, which we know already is perpen- 
Pp 


dicular to its trajectory, should be moreover normal to this 
surface. Therefore, denoting this resultant by mn, and the 
angles, whether acute or obtuse, that. its two components 
make with a determinate part of the normal to the surface, at 
the point where the moveable exists, by g and 4, we shall 
have 


ve 
not (sired = coed 


The force will act in the direction of this part of the 
normal, or in the direction of its production, according as 
the quantity comprised between the crotchets is positive or 
negative, and in order that N may be always a positive 
quantity, we should take the superior sign in the first case, 
and the inferior sign in the second. This accelerating force 
n should be equal and contrary to that which occurs in equa- 
tions (3) of No. 151; in fact, these last differ from equa- 
tions (5) of No. 152 only in this, that they contain N, A, p; v, 
in place of — P, w, w’,w”, and by the preceding analysis we 
can deduce from them the components of the force x, which 
will be equal and contrary to those that have been found for 
the force P. 

In this same case of a given surface, if 9’, y/ denote the 


(2 
angles that the forces mq and — make with an axis, drawn 


through the point where the moveable exists on the curve, 
tangential to this surface, and perpendicular to the trajectory, 
so that we may have 


cos? @ + cos?’ = 1, cos? eb + cos? yf’ = 1, 
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it is necessary that the sum of the components of these two 
forces acting in the direction of this tangential axis, should be 
equal to cypher, because their resultant is normal to the same 
point of the surface ; consequently we shall have 


vy 
SER YTS CORY 0; 


by means of which equation, yf the inclination of the oscu- 
lating plane of the trajectory on the plane which touches the 
given surface, can be determined, 

When the moveable is not subjected to the action of any given 
foree, or, more generally, when it is only subjected to the action 
ofa force tangential to its trajectory, we shall have a=0; hence 
there results cos y/= 0 and ¥/ = 90°; so that the osculating 
plane of this curve will be constantly perpendicular to the 
given surface. As this is in general the property of the 
shortest line between two given points on this surface, itis 
this line that the moveable will describe, as has been already 
stated (No. 161); but we see now besides, that a force which 
is tangential to a surface, such as friction against the given 
surface, or the resistance of a medium, will not cause the 
moveable to deviate from the shortest line between the two 
points, from the one to the other of which it passes. 

173. Finally, if the moveable be entirely free, it is neces- 
sary that the component of the motive force mr, which is nor- 
mal to the trajectory, should be in equilibrio with its centri- 


ws ‘ 3 . eae 
fugal force me: since in this case, there is nothing in the 
p 


curve, or given surface, which can destroy the normal result- 
ant of these two forces. It is necessary, therefore, in the first 
place, that the osculating plane of the trajectory should be 
that which passes through the tangent and the given direction 
of the force mn; naming @ the angle which this direction, at 
any point whatever, makes with the radius of curvature Mo, 
this angle should be acute, in order that the normal compo- 
nent of the force mr may act in a direction opposite to the 
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centrifugal force which is directed along mn ; and this being 


so, we should have 
2 


reos@=~. (a) 
P 


When the accelerating force x, to the action of which the 
moveable is subjected, is a central force directed to a known 
point, and when the curve described about this fixed centre 
is known from observation, the radius of curvature p and the 
angle 6 that it makes with the direction of the force R may be 
deduced from the equation of this curve; there may likewise 
be obtained from this equation and the proportionality of the 
areas to the times (No. 155), the expression of the velocity v 
at any point whatever of the trajectory; consequently, equa- 
tion (a) will determine the value of x, or the law of the central 
force, by the action of which the moveable is made to describe 
the given curve(f). It isin this manner that Newton dis- 
covered the law of the force directed towards the centre of the 
sun, which causes each planet to describe an ellipse of which 
this point occupies one of the foci; but it will be shown in the 
sequel, that proceeding from the same data, this determination 
can be effected by a much simpler process. 

174, Huyghens, to whom we are indebted for the measure 
of the centrifugal force, deduced it from the consideration of 
circular motion ; and although this method is less direct than 
the preceding, it may, notwithstanding, be useful briefly to 
explain it here. 

Let m (fig. 44) be a material point attached to a fixed 
point c, by an inextensible thread cm ; if by means of a per- 
cussion a velocity a be impressed on it in a direction perpen- 
dicular to the length of the thread ; and if in order to simplify 
the question, no other given motive force be supposed to act 
on the moveable; this material point then describes a circle 
ams, of which the centre and radius are the fixed point and 
the length of the thread. During this motion, the thread 
which retains the moveable will experience, in the direction 
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of its length, a certain tension which is, in fact, the centri- 
fugal force. By applying to the moveable a force equal to 
this tension, and constantly directed towards the fixed centre, 
we may abstract from the consideration of the thread, and 
consider the material point as entirely free. It is therefore, in 
virtue of this central force, the magnitude of which is un- 
known, combined with the velocity a, that the circle will be 
described. * 

It follows immediately, that the circular sectors traced by 
the radius of the moveable, will be proportional to the times 
(No. 155); this requires that the ares of the cirele which are 
described should be so also. Hence the circular motion will 
be uniform; and if s denotes the are described in the time t, 
we shall have = at. Let m be the mass of the moveable, 
ma the central force, and consequently, a the accelerating 
force which is to be determined, Whatever the nature of this 
force may ‘be, we can consider it as constant in magnitude 
and direction for an infinitely short interval of time. Thus, 
while the moveable describes mm’, an infinitely small are of the 
circle, the foree a may be supposed to be constant and pa- 
rallel to cm, the radius which is drawn to the origin of this 
are; hence it follows, that if the moveable was not actuated 
by the velocity a, the central force would cause it to describe, 
in an infinitely short interval.of time, the versed sine MN, 
or the projection of the are mm’ which it actually describes, on 
cm. Now, the measure of every accelerating force is twice 
the infinitely small space, which it is capable of making the 
moveable describe in an infinitely short time, divided by the 
square of the time (No. 118) ; therefore if ¢ denotes the versed 
sine MN, and r the time in which the arc MM’ is described, 
we shall have 


but if we denote this are by a, and the radius cm by 7, we 
have 
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e 


&=9> 
the are being taken for the chord; hence, because « = ar we 
shall have 


This value of a is therefore that of the centrifugal force re- 
ferred to the unit of mass, in a circle described with a uniform 
motion. It follows at once, that this force in any curve what- 
ever, will be equal to the square of the velocity divided by the 
radius of curvature; for since in the trajectory any two con- 
secutive elements are common with its osculating circle, we 
can suppose that, during an infinitely small portion of time, 
the moveable will move circularly about the centre of curva- 
ture, and that consequently it has the centrifugal force which 
corresponds to this motion. If this accelerating force be mul- 
tiplied by m, we shall obtain the same value as for the foree 
denoted by fin No. 169. 

175. In order to compare the centrifugal force in the circle 
with the gravity, leta be the velocity acquired in falling through 
the height A, so that we may have a? = 2gh (No. 130), g de- 
noting the gravity; then there will result 


a_ 2h 


gr? 
which shews that the centrifugal force is to the gravity, as 
twice the height through which the moveable should fall to 
acquire the velocity a, to the radius. 

If the moveable is a body of which the dimensions are very 
small with respect to its distance from the point c, the value 


of a may be considered for its entire extent, as nearly constant, 
and consequently we may assume 7 as the expression of the 


ratio of the centrifugal force arising from circular motion, to 
the weight of the body on which it acts. 
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When the motion is not performed in a horizontal plane, 
the velocity of the moveable, the centrifugal force and tension 
of the thread attached to the point c, will be variable. If the 
motion takes place in a vertical plane, and if 2gh denotes the 
square of the velocity when the moveable is in the horizontal 
plane passing through the point c; let z be its distance from 
this plane, at any instant whatever, which is considered as 
positive when the moveable is situated below, and as negative 
when it lies above this plane, 2g (A +z) will at this instant 
be the expression for the square of the velocity (No. 159), and 


2mg Grs) for the centrifugal force. In order to obtain the 


entire tension, there should be added to this force the component 
of the weight acting in the direction of the production of its 


radius, which component it is easy to shew is equal to 726). 


Therefore, naming @ the total tension of the thread at any in- 
stant, we shall have 
o- mg(2h +32) 
r 

This force expresses likewise the pressure which the point 
€ experiences at any instant in the direction of the radius ter- 
minating at the moveable. It will attain its maximum, when 
the moveable is at the lowest point of the circle, i.e, when 
227, and its minimum, when it is at the highest point, i. e., 


when z=—r. Ifh is less than - the tension will become 


negative, or will be converted into a contraction(A) during a part 
of the motion. It is therefore then necessary, that the thread 
should be inflexible in order that th®circular motion may have 
place. In this discussion, the weight and centrifugal force of 
the thread are neglected, because’its mass is considered as ex~ 
tremely small with respect to that of the moveable. It will be 
shewn hereafter, how this ought to be taken into account if it - 
should be necessary to do so. 
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176. Let us now revert to the consideration of the uniform 
motion performed in a circle, and let rv denote the time in which 
the moveable describes the entire circumference ; we shall then 
have 

Quer 
ax, 
. 
aud, consequently, 


from which it appears, that the centrifugal force is in the di- 
rect ratio of the radius of the circle, and in the inverse ratio 
of the square of the time ofan entire revolution, When a solid 
body revolves about a fixed axis, all its points describe, in the 
same time, circles, the planes of which are perpendicular to the 
axis; their centres lie in this axis, and their radii are the per- 
pendiculars let fall from each point on this same axis; conse- 
quently, the centrifugal forces of their several points are to 
each other as these perpendiculars. Thus, for example, the 
centrifugal foree of bodies at the surface of the earth, and 
which revolve with it about its axis, is proportional to the radii 
of the parallels which they describe ; and moreover, this force 
at cach place acts in the direction of the production of the ra~ 
dius of the parallel drawn to this point. 

177. The force which causes bodies to descend to the sur- 
face of the earth, and which is termed weight, is due princi- 
pally to the attraction of the terrestrial spheroid on these 
bodies. But whatever be the cause of it, there can be no 
doubt, that the centrifugal force diminishes this tendency of 
heavy bodies; so that except at the pole, where the centri- 
fugal force is nothing,” the weight is in every other place less 
than if the earth had no rotatory motion. At the equator, the 
centrifugal force and weight act in opposite directions the one 
to the other; therefore, the weight is equal to the excess of 
the attraction of the earth over the centrifugal force; conse- 
quently we have 


Fad 
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g being this weight, ¢ the terrestrial attraction, or the weight 
which would have place if the earth was immoveable, r the 
radius of the equator, and r the time of the earth’s rotation. 
As the second term of the second member of this expres- 
sion is very small relatively to the first, we have, very nearly, 


4nr 
. g=e(i- ). 


gr? 





2, 
In order to find the numerical value of =r , the radius of 





the meridian may be assumed in place of r the radius of the 
equator, from which it differs but little ; we shall then have 


2ar = 40000000. 


Assuming the second for the unit of time, and neglecting, 
in this computation, the small variation of gravity at the surface 
of the earth, we have also (No. 115) 


g = 9",80896, 
Moreover, by (No. 111) 

T = 86164; 
hence, we obtain very nearly, 

4n’r 

gv 
Hence, at the equator, the weight is diminished by 34, in con- 
sequence of the motion of rotation’of the earth about its axis, 
Ifthis motion should become more rapid, T would diminish, and 
the centrifugal force would differ less from gravity. Since 289 
is the square of 17, it is evident that if the rotation was per- 
formed in the seventeenth part of a day, the centrifugal foree 
would be equal to that of gravity; in this case the weight 


would be equal to cypher, and bodies remitted to themselves 
would remain in equilibrio. 


= 255° 
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In this computation, we have only considered the centri- 
fugal force arising from the motion of heavy bodies about the 
axis of the earth; and in fact, it is easy to conceive, that the 
motion of translation about the sun, which is common to the 
earth, to its axis, and to all these bodies, cannot influence 
their tendency to deviate from this moveable line. For if we 
suppose, for example, a thread parallel to the equator at- 
tached to this axis, and terminating in a body situated at the 
surface, it is evident that its tension will not be in any respect 
changed by the effect of a motion which carries along, at the 
same time, the axis, the thread, and the body, without changing 
their relative positions. 

178. The centrifugal force diminishes the weight in all 
points of the earth’s surface, but by a greater quantity at the 
equator than at any other point, both because the centrifu- 
gal force decreases in passing from the equator to the poles, 
and also because the angle which it makes with the vertical 
increases. Naming r the radius of the equator, , the latitude 
of any place on the surface of the earth, and u the radius of 
the corresponding parallel, we shall have 


u=Prcosu3 


the non-sphericity of the earth being neglected, the angle u 
will be that which the production of w, or the direction of the 
centrifugal force makes with the vertical ; therefore the vertical 
component of the centrifugal force will be obtained by multi- 


eer «Amu ee a 
plying its intensity —5~ by cos 3 this gives 


4q°r cos? yn 
, 





for the diminution of the centrifugal force arising from the ro- 
tation of the earth; and, by what precedes, the actual value of 


this quantity will be 
cos? te 
989 ° 
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This would be all the diminution that the weight would ex- 
perience, if the earth was a homogeneous sphere, and as it is 
proportional to the square of the cosine of latitude, the entire 
diminution from the pole where x — 90°, to the equator where 
p= 0, amounts to 345- But the earth isa spheroid flattened 
at its poles ; and for this reason, the attraction which it exerts 
on bodies situated on its surface, diminishes from the poles to 
the equator; this diminution in each point of the surface i» 
also proportional to the square of the cosine of latitude; it 
should be added to that which is produced by the centrifugal 
force ; and by this addition the coefficient ats becomes ghy(e) 
very nearly. Therefore it is this fraction 3} which will ex- 
press, as has been observed (No. 117), the total increment of 
the weight ofa body transferred from the equator to the pole. 


CHAPTER V. 


EXAMPLES OF THE MOTION OF A MATERIAL POINT ON A 
CURVE OR ON A GIVEN SURFACE, 


I. Oscillation of the simple Pendulum. 


179. A pendulum is, in general, a solid heavy body, which 
oscillates about a fixed and horizontal axis. But, in order to 
facilitate the comparison of the durations of the oscillations of 
different pendulums, and the corresponding intensities of gra- 
vity, geometers have devised an ideal pendulum, that is termed 
the simple pendulum, and which consists of a heavy material 
point, attached to a fixed point, by means of an inflexible in- 
extensible string, that is supposed to be void of gravity and 
of uniform density; the length of this string is that of the 
pendulum. 

Ina subsequent chapter it will be shewn, that there always 
exists a simple pendulum of which the oscillations coincide, 
both as to their durations and amplitudes, with those of any 
other pendulum whatever. It will also be shewn there, how, 
when the form and dimensions of the’second description of 
pendulum are given, the length of the first can be determined, 
and in the discussion on this subject it will appear, that if this 
agreement obtains between the motions of two such pendu- 
Jums in 4 vacuo, it will also subsist in a resisting medium, 
whatever be the function of the velocity which expresses the 
resistance. ‘Thus, it will be sufficient to consider the motion 
of the simple pendulum either in a vacuo, or in a resisting 
medium, which we propose to do in this first section. 

Let c (fig. 45) be the point of suspension, cx the vertical 
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passing through this fixed point, and ca the initial position of 
the pendulum. If the material point at the extremity of ca, | 
moves from the point a in a direction perpendicular to ca, 
and in the plane of the lines ca and cB, with a velocity repre- 
sented by &, it is evident that it will not deviate from this ver- 
tical plane, and that it will describe arcs of acircle, of which 
the centre is a and radius ca. 
After any time such as é, let m be the position of th 

moveable, from m and a, let the perpendiculars mpd ap be 
Jet fall on the vertical cs, and let us make 


cpos, cpme, 
Then, if g denote the gravity, and v the velocity of the 
moveable at the point M, we shall have, when the motfor is 
performed in a vacuum, (No, 159), 
v= 429 (z—-c), 
and if s denotes the are described by the moveable, we hae 
a= v, consequently there results(a) 
dt= ete 
VE + 2g (z—c) 
If @ denotes the angle mop, which will be positive when the 
pendulum existg to the left of cs, and negative when the 


- pendulum lies to the right of the vertical ; likewise if a be the 
angle acs, or the initial yglug of @, we shall have 
a6 


‘ ds 
ss a(a— 6), Oa ap 


a representing cM or ca the length of the pendulum. We shall 
have also 


z=>4a.c0s§, c=a.cosa; 
by means of these values, that of dé will become 
— ad@ 


VB 4 2ga(cos 8 — cosa)’ 
2N 





dt = 


q) 
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This is the expression which it is proposed to integrate either 
exactly-or by approximation. 

181. There is only one case in which the integration can be 
effected in a finite form, and that is when(é) 


i? = 2ga (1 + cosa); 


this equation obtains, when the moveable departs from the 
point A with a velocity acquired in falling through a height 
equal to ED; E being the most elevated point. of the circle in 
which the pendulum moves. Making 6=2y, and observing that 


1 + cos2y = 2 cos? y¥, 
we them have(c) 


t 


_ fa ae 
as v3. cos yp" 

If this expression be integrated, and the constant arbitrary 
determined, so that y = 4a when ¢ = 0; it becomes, by sub- 
stituting 46 in place of x, 


pore V 410g (1 — sin} 9)(1 + sin 3a) 
~ 8 Gp sin}0)(1—sin day" 

If the point a coincides with the point £, we shall have 
a= 7; and this will render the preceding value of ¢ infinite, 
whatever may be the magnitude of the angle @. This indi- 
cates that the moveable does not leave the point £ ; in fact, in 
this case, its initial velocity will be nothing, aud as the tangent 
at the point & is horizontal, it will remain at rest. 

At the point B, @ = 0, therefore in every other case, 


ive. log J sin ga 


‘T—sn te ka’ 
expresses the time that the moveable takes to describe the are 
as. It will ascend on the semi-cireumference Ba’e with the 
velocity acquired at this point ; but it is evident from what has 
been stated in No. 159, that it would require an infinite time 
to reach the point £; and this is in fact evident from the pre- 
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ceding expression, in which when @ = —7,t-= 2. What 
ever be the initial velocity 4 and the angle a, formula (1) 
may be integrated by elliptic functions; so that the times of 
oscillations, or of revolutions of a pendulum, may be always 
determined by means of the numerical tables of these functions, 
but as in practice, it is only necessary to know the durations of 
very small oscillations, we shall here restrict ourselves to the 
consideration of such, coe 
182. In order that the pendulum may make only small 
oscillations on each side of the vertical cB, it is necessary that 
the angle a and the velocity k should be inconsiderable ; as 
this velocity may be rendered entirely evanescent(d), by making 
the moveable depart from a point a little more elevated than a, 
that is to say, by a suitable increase of the angle a, the gene- 
rality of the question will not therefore be affected by sup- 
posing k = 0; this supposition reduces equation (1) to 


2 er 
I 20s ~2cosa. 


By known formule, we have 


adt=— 


(2) 


6 
1.2.3.4 


a! 


1.2.3.4 


@ 
cos$=1- 5+ &e., 


2 
cosa =~ 5+ — &e. 


And since by hypothesis, the angles a and @ are very small, 
their fourth powers may be neglected, therefore we shall have 


a 
d= ~ pe ay 
vs Va — * 


By integrating and observing that t = 0 when 0 = a, there 


results 
t= f/4 are (cos-e: ), 
g a. 


hence we can deduce 
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6=acost v4, oe eV sine VS. 


These formule indicate, agreeably to what has been already 
pointed out (No. 159), that the pendulum will make an inde- 
finite series of equal and isochronous oscillations on each side 
of the vertical cp; the velocity vanishes, and the moveable 


will return to the point a, where 0=a, whenever ¢ vs will 


be a multiple of 277, and to the point a’ equally elevated as A, 
and where @ = — a, as often as @ will be an odd multiple of x. 
If r denotes the time employed in passing from one of these ~ 
extreme points to the other, that is to say, the time of an entire 


oscillation, we have(e) 
v4 
gonrV -. 
gy 


The durations of the two semi-oscillations, the one descend- 
ing, and the other ascending, will be respectively equal to each 


other and expressed by > 


In general, at two instants separated by an interval of 
time equal to 7, the pendulum will exist on opposite sides of 
the vertical cz, in points which are equally distant from this 
line, and will be actuated by equal and opposite velocities, for 
dé 
dt 


if in the values of @ and —, ¢ + 7 be substituted in place of 


4, it is evident that the only change which they undergo is a 


change of sign( )- 
The pendulum coincides with the vertical when 8 = 0, in 


which case é is an odd multiple of 33 hence it follows, that 


ot 46 g 
Ba eeV4, 


and, consequently, 7 
vata oa, 
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expresses the velocity of the moveable at the point 8B. Naming 
b the height px of its point of departure above B, we shall 
have : 

b=a.(1 — cosa) = 3aa’, 
beeause the fourth and higher powers of a are neglected. 
Consequently, abstracting from the consideration of the sign, 
the velocity acquired at the lowest point will be(g) 


v= V296, 
which expresses, as it ought to do, the velocity acquired in 
falling through the height b. 
183. The value of 1 is, as we have seen, independent of 
the angle a; it will even subsist, and be rigorously exact, when 


this amplitude a is infinitely small. Therefore, if the pen- 
dulum deviates by an infinitely small quantity from the ver- 


tical, it will take a finite time equal to 47 Vito return to it. 


In this movement, the moveable will describe an infinitely 
small space in a finite time, this arises from the circumstance 
of the intensity of its accelerating force being infinitely small. 
In fact, this force is that of gravity resolved in the direction 
of a tangent to the trajectory ; now in the extent of the in- 
finitely small are that is terminated at the lowest point of 
this curve, the tangent makes with the vertical an angle 
which differs from a-right angle, by an infinitely small 
quantity, consequently the cosine of this angle, by which the 
gravity must be multiplied in order to obtain its component, 
is infinitely small, therefore, this component must be also infi- 
nitely small. 

This result may be extended to the oscillations of a heavy 
material point on any curve whatever, of which the osculating 
plane at the lowest point is vertical ; for within an injinitely 
small extent, the curve coincides with its osculating circle, 
and in an extent which is only very small, it deviates from it 
very little; hence it follows, that if c be the centre ef this 
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cirele, the duration of the very small oscillations on the curve 
on each side of its point B, is the same as for a simple pendu- 
dulim whose point of suspension is c, and of which the length 
will be cn, the radius of curvature corresponding to this point 
B, Therefore, the duration of very small oscillations on all 
vertical curves, which have the same curvature at their lowest 
point, is the same and independent of their amplitude. When 
the osculating plane in this point is not vertical, we must sub- 
stitute in the expression for 1, in place of the gravity g, its 
component in this plane, which is equal to g sin 7, i denoting 
the inclination of the given plane on the horizontal plane. 

184. When the angle a is of a finite magnitude, but very 
small, then the preceding value of 1 is only an approximate 
one. In fact, if the fourth powers of a and @ are retained in 
the values of cos a, cos 0, and if they are substituted in formula 
(2), we shall have(/) 


a= — 1/2 a6 


IV a@—PVI—- kere) 
At this degree of approximation, we must assume 
(L= ye 6) Sl + eye (@ + 8%); 


therefore we shall have 


. af a0 (a’ + 6°) dO 
dt= — = es at OS 
g Ce — 6 + WY a — #) 


which formula may be integrated by the known rules. By in- 
tegrating from @ = a to @ = — a, in order to obtain 7 the du- 
ration of an entire(2) oscillation, we find 


rarV8(148); 


from which it appears, that this duration is a little increased 
by the magnitude of the amplitude. 
It follows from this expression, that if 2 denotes the num- 
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ber of infinitely small oscillations of any pendulum in a given 
time, and n’ the number of oscillations of the same pendulum 
and in the same time, when their amplitude a is only very 
small, we shall have(s) 


a 
nn (: + +) 4 
for this number 2’ must diminish in the same ratio as the du- 
ration of each oscillation is increased by the magnitude of this 
amplitude. 

185. Although, in the different applications of the pendu- 
lum, philosophers always take precautions that the amplitude 
of the oscillations should be very small, by which means the 
ccirection relative to the magnitude of a, which has been de- 
termined above, will be always sufficiently accurate, it may, 
nevertheless, be useful to know the converging series, by means 
of which the duration of an oseillagion may be expressedy. 
whatever be its amplitude. 

For this purpose, let x and 3 be the versed sines of the 
angles @ and a, so that 


l1—cos@=z2x, 1—cosa = 6} 
and also, at same time, 


d§= a 


VYIe—a 
The formula (2) will become 


dt=—} V4 eae are ; 
IV Ba—eY1— fe 
and, in order to deduce from these the duration of 47, a semi- 
oscillation, we must integrate from x = (, (which answers to 
6 =a,) to x = 0, (which answers to # = 0.)(1) 
Now, developing by the formula for expanding a binomial, 
we obtain 


at z, 1.3 a | 1.3.5 2 
QGQ—- fay fo lt tgtygayt 


2.4.6°— + &e.; 
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in this series, the general term is 
L805 sin tows 2n— 1 fa\" 
ro LS eae 2. > 
and it always converges, because a is constantly less than 2. 
If, therefore, the order of integration be reversed, which we are 


permitted to do, by changing at the same time the sign of dé, 


and if we make 





(n being either cypher or any number whatever) there will 
result 


a 1.3 «3.5 
= VE (thd dot pag best &e.), 


v being the duration of an entire oscillation. 

The valucs of the definite integrals Ag, Aj, Ay) Ag) are con- 
nected together in such a manner, that one of them being 
known, it is easy to deduce successively all the others. In 
fact, we have(m) 


wide C(«w — 38) 
Y Be— 


at—ldy an 








B de 
Y px” +9 V Bae = a 











(pean saa Y Bc P+ DV Be= Far, 








anda 
for ¥ px—a? vde=p. eS VW 
hence we infer 
anda 


V Bea? 


a" da 


Jie at} / Ba—e— (n—1) y 


(2n—1) 
ely 


and, consequently, 









Ba 
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n — yatt Liat at 
Wa a dx = poe +: Gn So p( eda 
vV Br-a nae ¥ Ba 2 
At the two limits x= 0 and a= 3, we have VY Ba—@= 
and, therefore, by taking the definite integrals we shall have, 
by means of this last equation, 


_@n—DB, 
Pa UB 





1+ 


Tf in this formula we make x=1, 2=2, n= 3, &c., suc- 
cessively, we obtain from it 
A= $PAos 7 
a= FPy= 2 57 B'Av» 
eu 
=3 


3:5 95, 
4,6 PM 


. + 
consequently, we shall have, oe 


1 ks ee nik 
amr el Benoa ae Be 


3 
4 


and as to the value of 4g, it is, when taken between a = 0 and 
v= B, 

Bde 
0Y Bee? 


By substituting these values of Ay, 41) 42, &c., in that of 


Ag= =. 


r, there will result 


‘iia a ly? 1.3\? 2 1.3.5 

ano D+(5) (5)+ 54) (5) 2 (3 q. ra) 7) +e. 
for the required value of T, and which necessarily converges, 
since } 6 is always less than unity. 

If the fourth power of a be neglected, we shall obtain 
B= 4a’; hence this series will be reduced to its two first 
terms, and the value of ‘r will coincide with that of the pre- 
ceding number. 

20 
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186. Let us now proceed to consider the motion of asimple 
pendulum ina resisting medium. If the preceding notations 
be retained, the force of gravity resolved in the direction of the 
tangent mr will be g.sin@, because the angle which this line 
makes with the vertical my is the complement of the angle 
mczor @. As the accelerating force arising from the resist- 
ance which we denote by v, acts in a direction contrary to 
gsin@, the equation of the motion will be (No. 152) 

d's 

Fried = gsinO - v. (3) 
(in which s denotes the arc am). We may make different 
hypotheses as to the value of v, considered as a function of 
the velocity of the moveable; the simplest is that in which it 
is supposed to be proportional to this velocity, in which case, 
we have 

‘ag 
v= Rae, 

k denoting a given constant velocity. We have also 


ssa(a— 6), snd=0— _- ea thes 


if, therefore, @ be considered, as heretofore, a very small angle, 
and if its third power be neglected, equation (3) will become 


v9 4 


J pe 
Gti mia” 


of which the complete integral is(7) 
=e 
6= (ce0s ty VL 4 osin ty V2)e*, 


in which ¢, ¢’, denote two constant arbitraries, ¢ the base of 
the Naperian system of logarithms, and also, for the sake of 


abridging, 
a 
Vi— gpa 
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cand e’are determined by the conditions @= a and = 0, when 
é= 0, which gives 

/a¥ 9a 
oe Qyk ? 


ema, 


consequently, we shall have 


Vv 9a. 9) ee 
6= a (cos ty V1 4 YF sinty V2) e™, 
and, by differentiating, (0) 
doa, fg ( . 2) ey 
Ga! sin ty V2 ee”, 
for the expressions, by means of which we can determine at 


any instant whatever, the position of the pendulum and its 
angular velocity. 


At the end of each oscillation, we have a = 0; this is the 


case as often as ty V' g is a multiple of 7. It follows, there- 


fore, that the oscillations are isochronous, as in a vacuum, and 
that we have(p) 


Taft 

ro- 7 
for the duration of an entire oscillation, so that it is increased 
by the resistance of the medium, in the ratio of unity to the 
fraction y. As to the amplitudes of the.ogcillations, it is evi- 


sf 
dent from the form of the exponential e, that they continu- 
ally diminish. Naming a, the amplitude of the * oscillation, 


that is to say, supposing that @= (—1)"a, when ¢ = ar, 
there will result(g) 


xan ga 


ay ae 7 


which shews, that the successive amplitudes constitute a 
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decreasing geometrical progression, of which the ratio is 
em, 

This oscillatory motion supposes that T is a real quantity 5 
and, in fact, this is the case in all experiments of the pendulum, 
in which the length is never very considerable, its density 
being at the same time always very great, compared with that 
of the air in which it moves; and as the velocity & is pro- 
portional to the ratio of the first density to the second, it is 
very considerable compared with } ¥ ga, and, consequently, 
isa real quantity, that differs very little from unity. How- 
ever, if 2h was less than W ga, y would be imaginary, and of 
the form /3 V—1, Bdenoting a real quantity ; by the known 
formul, the sines and cosines which oceur in the expression 
for 0, will then be transformed into exponentials, and when 
this transformation is effected, it is evident from inspection, 
that the time required to lapse, before 0 vanishes, is infinite(7), 
so that the pendulum will approach indefinitely near the ver- 
tical cn, without ever passing or even attaining to it, 

187. It appears from experiment, that according as the 
amplitudes of the oscillations performed in the air diminish, 
they tend more and more to decrease in a geometric progres- 
sion; for example, they deviate little from this progres- 
sion, when the angle a is the third of a degree, or somewhat 
jess. Expeximent likewise proves, that this decrease is very 
slow ; thus,in the experiments of Borda, in which the ampli- 
tudes of the oscillations constitute, as to sense, a geometric 
progression, the amplitude was reduced to about two-thirds, 
after 1800 osillations. Therefore, if to this example, the ex- 
pression for an, given above, be applied, we shall obtain 


masonry, ‘ga 
ew = 





and, consequently, 
18007 V ga 
Sy 
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but we have 
heres | 2. 
4h? Y 
hence there results 
(1800)?x?(1 — 2) = y? (0,40546)°; 
from which we obtain 
y= 1,00000000257 ...... ; 


or y= 1, g.p.3 we are therefore permitted to neglect the con- 
sideration of the resistance of the air in computing the valueofr. 
It follows from this, that when the oscillations are very small, 
the resistance of the air may be assumed to be proportional to 
the velocity, as has been supposed, and also that this resist- 
ance does not sensibly influence their duration. But when the 
amplitudes are of some magnitude, it appears from observa- 
tion, that they do not decrease in a geometric progression, so 
that it becomes necessary to make some other hypothesis on 
the law of resistance. 

188. Let it be assumed that this force is proportional to 
the square of the velocity, and let 


g ds? 


k being a given constant velocity, which will always be very 
great; so that if we make : 

29a 

“pe al 


y will be a very small fraction. Since ds = — ad@, equation 


(3) will become “sn 
P . dl 
“at sin @ = 3n 53 (4) 


multiplying this equation by 2d6, integrating and making 


dP dP _ dy. 
eeah ger Ww 


we shall have 
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this being a linear equation of the first order, its complete in- 


tegral is(s) (sin 0 cos 8) 
sin? — ph 


(+p)a ? 


c being a constant arbitrary, and e the base of the Naperian 


y = cet +. 2g 


yz 
system ; eam with respect to 9, and substituting = 


in Ene of Y there results 


a6° 
dP (cos 6 + sin 6 
Gp near + ag ST Ee); 
which is a first integral of equation (4) given in a finite form. 
In order to determine c, let us assume, as has been done 


above, that oe = 0, when 6 =a; then there will result 


(cos a + sin a) 


po — 2g a+ ) a eho, 


consequently, we shall have, at any instant whatever, 


df? 


et Tea ry qleos 0+ sind — (cosa +-psina) eo], (5) 


Therefore, at the lowest point, where 9 = 0, we shall have 


vd 29a 
“a ~The [1 — (cosa+ psina) e-#*], 
for the expression for the square of the acquired velocity, 
which is evidently less than ina vacuum. In virtue of this 
velocity, the moveable will ascend on the are Ba’ to a point A, 


less elevated than a’, and for which we shall have oe 0. 


If the corresponding value of @ be denoted by — a;, there 
will result 
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(cos a, ~ win a) c#' = (cosa + sina) es, 


and if the exponentials be developed according to the powers 
of 4, the square of y, which is a very small fraction, being 
neglected, we shall obtain(¢) 


608 a, — pt (sin a,— a@.C0S a}) = cosa + py (sina—acosa). 


The value of a, which can be deduced from this equation, 
differs very little from a; therefore, by making a, =a— 6, and 
neglecting the square of § and the product 8, there results 


Ssina = 2u (sina —acosa); 


so that we shall have(u) 
= 2H 
aq=a— ana sina — @.008 a), 


as an expression, abstracting from the sign, for the magnitude 
of 6 at the end of the first oscillation. 

This result does not imply that the oscillations are very 
small; however, if they are so small, that the fourth power of 
a may be neglected in the expression for a, it will become(v) 
2a? 

3 


qcza— 





After the moveable attains the point a, it will descend 
again, and will thus continue to oscillate from one side to the. 
other of the point B, until the amplitudes of these oscillations 
to all appearance vanish. If a2 denotes the amplitude of the 
second ascending demi-oscillation, it is evident that it can be 
deduced from a, a8 a; has been deduced from a, so that we 
shall have 

2ua,* 
ate oa 


Qo 


and in like manner, if a3, a4, &c., be the successive amplitudes 
of the other ascending demi-oscillations, we shall have 
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2ua,* a _ 2pas? & 


a3 = a2 — BZ? 4 as 3°? C3 








which shews that they no longer decrease in geometric pro- 
gression, as in the case of a resistance proportional to the 
velocity. 

189. In order to determine the time in which the angle 6 
is described, the value of dt deduced from equation (5) must 
be integrated, and this can be always effected by the method 
of quadratures, when the numerical values of a, p, 0, are 
known. But when the oscillations are small, the value of @ 
considered as a function of ¢, may be obtained in a converging 
series, and vice versa. 

The initial velocity of the moveable is always assumed 
equal to cypher; and the value of @ at any instant whatever 
will be a function of a and ¢, which should become cypher 
when a = 0; therefore it can be represented by 


6 = a8, + 08, +.0°03 + &e. 5 


6;, 62; 03, &c., being coefficients independent ofa. By sub- 
stituting this series in equation (4), and then developing the 
two members according to the powers of a, we shall obtain by” 
putting the coefficients of the same powers respectively equal 
to each other, a series of differential equations of the second 
order, by means of which the unknown quantities 6,, 62, 03, 
&c., can be determined. Moreover, in order that we should 
have @ = a and . = 0, when ¢=0, whatever may be the 
magnitude of a, it is necessary that the initial values of 0), 05, 
&e., a, eae &c., should all vanish, and that those of 0, and 
. should be unity and cypher ; it is by means of these con- 
ditions that the constant arbitraries which are contained in the 
complete integrals of these series of equations, can be deter- 
mined, In this manner, we may compute as many terms as we 
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please, of the preceding series. If the approximation be limited 
to the square of a, in which case the cube and higher powers 
of this quantity should be neglected, we obtain 


FO_ oP, | Oy 


a "ae tO ae 
sin = af, + 076, 
de do 


ae 7 ae 
and if these values be substituted in equation (4), there results, 
by equalling the coefficients of a and of a?in its two members, 


&O, 
de + G55 0, 


Cali do? 
det 5 = te Ge 


If the first of these two equations be integrated, and if the 
two constant arbitraries be determined in such a manner that 


9, = 0 and ba = 0, when ¢ = 0, we shall have 


0, = cost Vf gz. 
a 
Hence there results 
2 
8 = Zsinte v2 = 32 (cose 2), 

consequently the second equation will become(¢) 

GO, Ip _ ge : 2) 3 

We ti he ge (i- coe 2 ; 
and then 

= — E cose Vo 4d, + reneos2e V2, 

will be its complete integral subject to the conditions 0, = 0 


6 
and a = 0, when ¢ = 0. 
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By means of these expressions for @, and 0,, that for @ 


becomes 
6=(a— #H) cost 2 + SH 4 oH Hoos 2, 


and because v = — we shall, at the same time, have 


v= (a— 4) v Vaasint JE aut os sin a2, 


these formule make known the position and velocity of the 
moveable at any instant whatever. 
190. If in the last equation, we substitute in place of 


sin 2¢ v4, its value 2 sin ¢ v2 cos ¢ V4, the equation v=0, 


which obtains at the end of each oscillation, will assume the 


form - 
(1-H + Hos VY) sine WZ 0, 


As the angle a is very small, the first factor cannot vanish ; 





the second is cypher as often as ¢ v4 is a multiple of 7. It 


follows, therefore, that the interval of time which lapses be- 
tween two consecutive velocities, respectively equal to cypher, 
or T the duration of an entire oscillation, is(w) 


rar, 


hence it appears, that when the resistance of the air is pro- 
portional to the square of the velocity, the duration of the 
oscillation is not affected by it. However, it increases the 
time which the moveable takes to attain the points. In fact, 
if we denote it by ¢’, and make @ = 0, we have 


2) cost VI 4-H 4 Host VE = 
(: tH) cost V1.4 + 7q 008 28 2 
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The least value of ¢’ v4, which satisfies this equation, 


differs little from 3%; let therefore, 


UVa neds 


neglecting the square of § and the product a3, we obtain(v) 


8 = hap, 
and, consequently, 


y= 3 at tat 
taieV2 1424), 


hence it appears that the resistance of the air increases the 
duration of the first descending semi-oscillation in the ratio of 


14 = to unity, and since it does not influence the duration 
of an entire oscillation, it must diminish in the same ratio, the 
duration of the ascending semi-oscillation. 


By substituting this value of ¢’ in that of v, and neglecting 
the cube of a, we obtain(z) 


—{,— a 
v= ( 1s ) aV ga. 
hence we infer, that the velocity acquired at the lowest point 


is diminished by the resistance of the air, in the ratio of 1— + 
to unity, 


If — a, denotes the value of 9 at the end of the first entire 


oscillation, which answers to that of ¢ v4 =m, we shall ob- 
tain as before(y) 
= 2 pa? 


aaa 





These different results are independent of the magnitude 
of 1, the coefficient of the resistance, and only suppose that the 
angle a is very small; they apply equally to the motion of a 
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pendulum in an aeriform fluid and in a liquid, provided that 
the coefficient » be determined for each medium in particular. 
When a is very small, it is unnecessary to consider the case of 
a resistance proportional to the cube or any higher power of 
the velocity, because in the values of § and v, there can only 
result terms depending on powers of a higher than the square, 
which we have shewn in the preceding calculations ought to 
be neglected. Therefore, if what has been stated in No. 187 
be considered, it will be manifest, that the resistance of the air 
does not influence the duration of very small oscillations of the 
pendulum, for which the correction relative to the magnitude 
of the amplitude is neglected (No. 184). When this cor- 
rection, however, is taken into account, the resistance has a 
small influence, because it causes the amplitudes to vary during 
the continuance of the motion. 

191. It does not follow from this, that the duration of the 
oscillations of a heavy body, however small they may be sup- 
posed to be, is the same in the air and in a vacuum; for this 
fluid, by the pressure which it exercises on the moveable, in- 
creases this duration, by diminishing the gravity. It ean be 
shewn by experiment, and it will be hereafter demonstrated 
when we come to treat of Hydrostatics, that a body at rest, 
when plunged in a fluid, loses a part of its weight equal to 
the weight of that portion of the fluid which it displaces. 
Thus, p being the weight of this body ina vacuum, P’ its weight 
in air, 1 the weight of a yolume of air equal to that of the 
body, we have 

roP—TO, 
Naming p the ratio of the density of the air to that of the 
body, g the gravity in a vacuum, g’ what this force becomes in 
air, and m the mass of the body, we have 


u=?fp, Pomg, P/= mg’; 
_ consequently there results 
7=90—p). 
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Now, if 7, 1’ represent the durations of the small oscilla- 
tions of the same pendulum, when the accelerating forces are 


respectively g and g’, we shall have t = 7 / w= mvs ; 
and, consequently, : 
r — 
VIG: 
Likewise if «’ be the length of the pendulum which, actu- 
ated by the gravity g’, makes oscillations isochronous with the 


pendulum actuated by the force of gravity g, and of which the 
length is @; we must have 


a 7 
/t= 7 


a’=a(1—p). 





a 





| 


1 


and, consequently, 


* 
Therefore, if the loss of weight which a body sustains in a 
state of repose be solely taken into account, the durations of 
oscillations made in the air will be increased in the ratio of 
unity to 1 — p when the length of the pendulum is sup- 
posed to be the same, and if the duration be the same in the 
air and in the vacuum, the length will be diminished in the 
ratio of 1 — p to unity. Moreover, M. Bessel has shewn by 
experiment, that the loss of weight which any body sustains 
in the air, is not the same when the body is at rest, and when 
it has an oscillatory motion. The loss is greater in the second 
case; itis therefore necessary, in the preceding formule, to 
muitiply p by a factor f greater than unity, and depending on 
the form of the moveable. The same result was also obtained 
by M. Poisson in a memoir, published in the eleventh volume 
of the Transactions of the Academy, On the simultaneous Mo- 
tions of a Pendulum and of the ambient Air ; by his analysis he 
found f= $ when the pendulum consists, like that of Borda, 
ofa sphere attached to the extremity of a very slender thread, 
its length being very considerable compared with the diameter 
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of this sphere; so that the correction relative to the density 

of the air, which, previously to the observation of M. Bessel, 

was applied to the duration of small oscillations and length of 
the simple pendulum, must be increased by one-half. In all 

cases, the coefficient fis independent of the density of the pen-. 
dulum, and also of the density and nature of the fluid in 

which it vibrates, so that we may always determine it by ex~ 

periment, by comparing the durations of the oscillations of 
two pendulums of the same form and of different densities, in 

the same fluid, or even of the same pendulum in two dif- 

ferent fluids, such, for instance, as air and water. 

192. Now let be the number of infinitely small oscilla- 
lations that any pendulum makes in a vacuum during a given 
time r. In order to deduce this number, by the rule of No. 
184, from that of very small oscillations, which is given by 
observation, and at the same time to take into account the 
variation of the amplitudes during this time 7, we must assume 
for the angle a the mean of the extreme amplitudes which are 
also furnished by observation. This being premised, 1 the 
duration of an infinitely small oscillation of this pendulum 
will be 


T 
T= 53 
and the error into which we may fall, in measuring the time 
t, will have so much less influence on the value of 7, as the 
number 2 will be more considerable. If the form and di- 
mensions of the vibrating body be known, we can determine, 
by means of a formula that will be given in a subsequent 
chapter, the length of the simple pendulum, of which the 
motion is the same as that of this body ; and then this length 
can be reduced to what it would be in a vacuum, in the way just 
now explained. Hence, if a denotes what it becomes after 
.this reduction, we’shall have 


fand/t, 


n 
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(where g denotes the force of gravity ina vaguum) from which 
we obtain 
wna 


far (a) 


r 





It is by means of this formula, that the measure of the gra- 
vity, or g, the velocity which heavy bodies acquire in falling 
vertically in a vacuum, during a unit of time, is determined. 
From experiments made by Borda at the Observatory of Paris, 
with a pendulum, the length of which was about two metres, 


there results 
a = 0",993855, 


(the unit of time being assumed equal to a second,) hence we 


deduce. 
, g = 9",80896, 


in the latitude of Paris, which is equal to 48°50'14". -M,. 
Bessel having made bodies of every species of matter to vi- 
brate, such as metals, ivory, marble, meteoric stones, &c., 
invariably found that the values of g were sensibly equal; the 
greatest differences, on one side or the other of the mean value, 
searcely amounting to the hundredth thousandth part of this 
value, and even this may be attributed to the inevitable errors 
of observation. There can therefore exist no doubt as to the 
perfect equality of the attraction exercised by the earth on all 
bodies, whatever may be their nature, which are situated at 
the same place of its surface; for this equality results from 
that of the values of the gravity g, since this force is the excess 
of the terrestrial attraction over that part of the centrifugal 
force common to all bodies, which is resolved in the direction 
of the vertical. 

193. It is demonstrated in the Mechanique Celeste, that 
if the surface of the earth is the same as that of the level sur- 
face of the sea when at rest, the variation, at this surface, of . 
the length of the simple pendulum, which vibrates in a unit 
of time, is proportional to the cosine of double the latitude; 
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so that if \ denote this length, in a place of which the latitude 
is ¥, we should have(z) 
A= 1(1— woos 2y); (b) 
Zand w being constant quantities which must be determined 
by observation. It is likewise shewn, that the coefficient w is 
connected with the compression of the terrestrial spheroid by 
the equation 
2w += §r, 
in which 8 is this compression, (so that the radius of the 
equator and that of the pole are to each other in the ratio of 
1+ 6 to unity,) and r denotes the ratio of the centrifugal 
force to the force of gravity at the equator; the numerical 
value of this last is (No. 177) 
"= 285+ 

The formula (b) is, in fact, confirmed by experiment, when 
we abstract from the consideration of all those local cireum- 
stances, which, as we shall see in the sequel, may influence 
the attraction of the earth and the length of the pendulum. 


From a comparison of a great number of observations, made 
at different latitudes, we obtain 


w = 0,002588 ; 
from this it follows, that 8 is very nearly equal tor. The 
constant J is the value of ) corresponding to % = 45°; it dif- 


fers but little from that value of X, which corresponds to the 
latitude of Paris; and by this last, we have 


0,993855 = [1 + 0,002588 . sin (7° 40’ 28")]; 
hence we obtain 
2 = 0",993512, 


If in formula (a) we make x = 1 and + = J, and then sub- 
stitute successively Z and \ in place of a, we shall have, if 
p and p’ denote the corresponding values of a 
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pal, p'=mr; 
consequently, we shall have 
p = 9",80557, 
and for any latitude whatever, 


P’ = p (1 — 0,002588 cos 2). 


Since 
cos 2x) = 2 cos*yy — 1, 


it is evident that the diminution of gravity, as we go from the 
pole to the equator, is proportional to the square of the cosine 
of latitude, conformably to what is stated in No. 178, 

If the same pendulum be transferred to different places on 
the earth, it is evident from equation (a), that n the number 
of its oscillations, in the same time r, will vary proportionably 
to the square root of the gravity. Thus, for example, a clock 
regulated at Paris, by the diurnal motion of the earth, and 
then transferred to the equator, will lose. 

Naming » and 2/ the number of oscillations which this pen- 
dulum performs in a sidereal day, in these two places respec- 
tively, we shall have 


. 1— 0,002588 
_ fee +: 
ose ae Pe TF 0,002588 sin (7° 40°38") 





and, consequently, 
n' = 86037 ; 


so that a clock, when transferred to the equator, loses ‘about 
127 seconds in 24 hours. It was from observing that a clock 
lost when carried to the equator, that philosophers first esta- 
blished the variation of gravity on the surface of the earth. 


IL. Motion on a Cycloid. 


194. Let anc (fig. 46) be the trajectory of a heavy mate- 
rial point, the plane of which is vertical. Let us suppose that 
this moveable departs from any point p without initial velo- 
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city, and at the end of the time ¢,letit be at m; from p and 
let fall the perpendiculars DE and mp on the vertical passing 
through the point B, which is the lowest point on the curve ; 
then by making EP = z, and denoting the velocity acquired at 
the point m by v, and the gravity by g, we shall have (No. 159) 


i W/ape, 


provided that the gravity is the sole force which acts on the 
moveable. Likewise let s denote the are BM ; since it decreases 
as the time increases, we shall have 

on —%; 

~~ dt? 
and if we make 
EB=A, PBoe&szh—z, 

there will result 





za ds 
Ip dt = ~ TE qQ) 


whatever be the nature of the given curve. This curve being 
by hypothesis a eycloid, we shall have (No. 73) 


v= 4az, 


a denoting the diameter Br of its generating circle. Hence 


we obtain 
V2 J at= 


and, by integrating, 


V2 2 are (cos = 24), 


A 





3 





a constant arbitrary is not added, because we have t= 0, at 
the origin of the motion, or when # = h. 

If # denotes the time that the moveable takes to reach the 
point B which corresponds to 2 = 0, we shall have 


29 
v Ve arc (cos= — 1) = 2, 
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and, consequently, 

a 

ag . 
Hence it appears, that this time is independent of A the height 
of the point p, (from whence the moveable commenced its mo- 
tion,) above the lowest point B. So that this property that 
obtains only approximately, for all curves of which the height 
his very small, is rigorously true for the cycloid, whatever this 
height, within the limit a or br, maybe. Hence it follows, 
that all moveables which commence to move simultaneously 
from different points of the eycloid, will arrive at the lowest 
point in the same time. 


lor 


2 ats 
It appears, therefore, that a expresses the time of an 


entire oscillation from one side to another of the point B; now, it 
is evident, that this is the time in which very small oscillations 
of a pendulum, whose length 2a is'the radius of curvature of 
the cycloid at this point, are performed (No. 72). And it thus 
accords with the result of No. 185, relative to the duration of 
very small oscillations on any curve whatever, which duration, 
in the case of the cycloid, is the same as those of oscillations 
of any amplitude whatever. 

195. The time of describing the arc pB of the eycloid is 
likewise independent of the length of this are, when the mo- 
tion is performed in a resisting medium, provided that the 
resistance is proportional to the first power of the velocity. 


In fact, if we denote this force by £ as in No, 186; the 


force of gravity resolved in the direction of the tangent mr is 


oes because Pai is the cosine of the angle rn that this line 
Is 
makes with the vertical wn, therefore the force which acts at 


the point m, and which tends to diminish the are Mw or s, is 


the difference g - _ o53 consequently, we shall have for the 


Te te ay ee ey Le 
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Ps ey 
a =~ 9\a~ i) 


or, what is the same thing, 


gs 
Brigr+s =0, 


because 
ds des 
= ae ds = Sa" 

If at the commencement of the motion, i.e., when ¢ = 0, 
the velocity is nothing, and if then s= a, by determining the 
two constant arbitraries by means of these conditions; and 
making, for the sake of abridging, 


V 1-2 =y, 


2k 
the integral of the preceding equation will become (No. 186) 


sta (costy WE + ee cinty V2) c5 a, 


Therefore, if ¢’ denotes the time when the point 8, at which 
$= 0, is attained, we shall have 


cosy V £4 Pee sine VL=0; 


by means of which equation we can deduce a value of ¢’ inde- 
pendent of a; which was required to be done. If the resist- 
ance be very small, or the velocity & very great, we shall 
have y= 1, very nearly ; and the preceding equation will 
give(a’) 

v =n “28 vee 29 “pee, 

which shews that the time ¢’ is somewhat increased by this re- 
sistance. 
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196. If the line BF be continued to 0, so that or may be 
equal to BF; this point o will be the centre of the circle which 
osculates the cycloid at the point B; and if two equal semi- 
cycloids oa and oc be described, touching the lines op and ac, 
and having the diameter of their generating circle equal to 
or, oa will be the evolute of as, and 6c that of Bc (No. 72); 
consequently, if a thread of a constant length, equal to ox, or 
2a be attached to the point 0, and be then made to envelope 
the two curves oa and oc successively, its other extremity will 
trace the cycloid asc. 

This suggests 2 means of constructing a cycloidal pendulum, 
For this purpose, let the curves 0 and oc be traced in relief, 
and let op be an inextensible and perfectly flexible thread 
attached to the fixed point 0; if we also attach a heavy body 
to its other extremity B, and cause this thread to deviate from 
the vertical position in such a manner, that it may envelope 
entirely, or in part, either of the curves oa or oc, and that 
the part which is not enveloped may be a tangent to this 
curve, then when the moveable is remitted to itself, the infe- 
rior extremity of the thread will describe the curve anc, and 
from No. 194 it follows, that the duration of the oscillations 
of this pendulum, in a vacuum, will be rigorously independent 
oftheiramplitude. But in practice this method is not suscep- 
tible of much precision ; and besides, when the body oscillates 
in the air, the durations of the oscillations will not be equal 
when the amplitudes are considerable, for the resistance of 
this fluid is not then proportional to the first power of the 
velocity. 

197. Those curves are termed tautochronous, on which 
if material point moves, it will always arrive at the lowest 
point at the same time, from whatever point of the curve it 
may have commenced to move. Thusina vacuum, the eycloid 
is a tautochronous curve, and moreover, it is the only curve 
to which this property belongs in a vacuum, as we now proceed 
todemonstrate. fz’ denotes the time, which the moveabletakes 
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to go, without any initial velocity, from the point p to the low- 
est point B, on ADB any curve whatever, the value of ¢’ 2g 
will be given by the integral of formula (1), taken froma=h, 
to «= 0, or, which is the same thing, from x= 0 tow =h, 
the sign of this formula being changed ; consequently, we shall 


have 
= A ads 
t/27 = \ =; 
v'29 oVh— x’ 
and in order that the curve should be tautochronous, it is ne- 
cessary to determine s asa function of z, such that this expres- 
sion for t’ 2g may be independent off. Now, if we suppose 
that this unknown function is developed according to the 


ascending powers of x, so that we may haye . 
saat + nx? 4 cx? + &e.; 


A,B, C, &c., a; B, y, &e., being indeterminate coefficients and 
exponents, then as the abcissa x and the are s have their origin 
at the same point 8, we must have = 0 and s=0 at the 
same time; it is therefore necessary that all the exponents 
a, B, y, &e., should be positive, and that none of them should 
be cypher. It is likewise evident, @ priori, that the least of 
them should be less than unity, for as, by hypothesis, the 
point of B is the lowest point of the given curve, the tangent 
there is horizontal or perpendicular to the axis of a; this re- 


quires that we should have & =» when a= 0(0’), If the 


differential of this series be taken, and then substituted for ds in 
the preceding formula, there results 


h ac dx h xP dx h x dx 
0 Wha faa BB +c —= + &e. 


Uf %?aa —— 
oan 0V~h—2 Yo Via a 





And if we assume zw = ha’ and dx = hdr’, the limits of the 
integrals relative to this new variable 2’ will be zero and 
unity ; for example, we shall have(e’) 
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Rade s fo) dyf 
wet ee 
and if, for the sake of abridging, we make, 
1 a’! da’ ae 1 a/A-! dz! 
OY lx , oVY1—2x! 


there will result 











= BY, &e.; 





UV 2g = aah + Baph! + yco'ht + &e.; 


it is important to observe, that none of these integrals 4’,B’,c’, 
&c. can become equal to cypher, for the values of the dif- 
ferentials, of which they constitute the sums (No. 13), do not 
change their signs between the limits of the integrations, 
therefore, as these values are all positive, the values of the 
integrals will be so likewise. Now, it is evident, that the 
value of ¢ cannot be independent of , unless all the terms 
of the preceding series vanish, with the exception of that in 
which the exponent of h is zero, or which corresponds to that 
one of the exponents a, 8, y, &c., which is equal to}. Let 
us suppose, that this term is the first, and that we have a=}. 
In order that the second term may disappear, it is necessary 
that the product xn’ should be cypher, this implies that 
B should be zero, because neither (3 nor B’ do vanish. - In 
like manner it may be shewn, that the other coefficients c, p, 
&c., are also equal to zero, so that the equation of the tauto- 
chronous curve is reduced to the following, 
s= aa, or s? = a’, 

this indicates that it is a eycloid, whose base is horizontal, and 
whose summit is at the point B which the moveable always 
attains in the same time. 


If a denotes the diameter of the generating circle, we shall 
have a? = 4a, and, consequently, 


6 ¢VQgaa' Va. 


304 OSCILLATION OF A SIMPLE PENDULUM 
Besides, as a = 3,(d’) we have, 
1 dx’ 


As 5 =m 


oVz—a 
a 
Fa! 
t ge 
as in No, 194. 


198. It is also the equation of the cycloid that we arrive 


hence we obtain 


at when we wish to determine the brachystochrone curve in a 
vacuum, that is to say, the curve amB (fig. 47), which a heavy 
material point must describe, in order to pass in the least 
time, and without any initial velocity, from a given point 
A to another given point B. 

In order to determine this curve, let x,y, z, be the aée 
rectangular coordinates of the point mM, where the moveable 
exists at the end of the time ¢; likewise let s denote the are 
am which it has traversed. If the axis of a be vertical, and 
in the direction of gravity, and if a denote the value of w at 


the point a, the velocity acquired at the point m, will be 
equal to the velocity acquired in falling through the height 
«—a} therefore, if y represents the gravity, we shall have 
ds soc 
a= V 29@—4); 
and if in order to abridge, we make 


Wh ples, 


iz 
de 


in which case ds = udz, there will result 





Therefore, if 8 denotes the value of x at the point B, and 
’ the time which the moveable takes to pass from the point a 
to the point B, we shall have 
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— (PB udz 
Ug lagen: 





Consequently, the question is reduced to the determination 
of the curve, for which this integral is a minimum, but, for 
greater generality, let the integral 


Lid (8 xudx 
a 


be considered, in which x is a given function of «, for this 
will be useful in the sequel, in the resolution of another pro- 
blem of the same kind; in the one we are now concerned with, 
we shall assume (a ~ a)~} for x, 
199. Let ¢ denote a constant quantity infinitely small, and 
-let 8y and 8z denote two arbitrary functions of x, subject 
solely to the condition of vanishing when «=a and «= B, 
and of not becoming infinite for the intermediate values of x. 
Let v’ and w’ be what uv and uw become when y + idy and 
z+ i8z are substituted in place of y and z, so that we shall 


have 
v= \? xu/dxu ; 
a 


an integral which will correspond to another curve aM’B, 
passing, in like manner as the required curve ams, through 
the points « and 8, and deviating almost insensibly from this 
last. We shall have by this means 


vaca (Pxw—w dx; 


and, from the property which the curve aMB is supposed to 
possess, this difference u’— v must be positive, whatever may 
be the values of dy and of éz, and whatever may be the sign 
of 7. Now, if the difference «’— « be developed according to 
the powers of 7, and if du be the first term of its development, 


the first term of that of t’— t will be iP xu de; hence it 
a 


follows, that we must have 
2R 
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\e xéudzr = 0, (a) 


otherwise the difference v’— v would change its sign at the 
same time as 7. 

This condition must be satisfied, both when vu is a mazi- 
mum and a minimum. When it is fulfilled, the difference 
u’— v will be, in general, an infinitesmal of the second order, ¢ 
and it will have the same sign as the coefficient of 7 in its de- 
velopment, consequently, it will be a maximum or a minimum 
according as this coefficient is negative or positive. But, it is 
evident from the nature of the question, that the time ¢’ is not 
susceptible of having a maximum value, consequently this co- 
efficient will be positive in the problem of the brachystochrone, 
and it will be only necessary that the condition expressed y 
equation (a) be satisfied. 

The quantity id is in fact the differential of w, taken with 
respect to y and to z, and in which the increments of these quan- 
tities are represented by idy and i8z. If the factor ¢, which is 
common to iu and its value, be suppressed, we shall have 


Ldy dey | Ldzdéz 
nde ae nde de? 


sum ~ 


so that equation (a) will become 


Bx dy dey Bxdzddz 0 
Ne udx dx a Ve ude dx ea 

If we integrate this equation by parts, we shall obtain, 

hecause hy hypothesis éz and dy are eypher at the two limits 


toma, x= Ble’) 
x dy 
Grae, ieee we “Ge) dig dv, 


audz 








Bxdz dbz dew ga. n a) Sede: 


andy’ dx va de 


hence the preceding equation will he changed into 
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x dy (a 


i Gas ES gy 109) ,. Je= 0. 


But, as 8z and a are arbitrary functions of 2, this integral 

cannot be equal to cypher, unless that the quantity contained 

" under § the sign of the integration, be of itself equal to cypher; 
we shall consequently have 


x dy x dz 
dG) 





200. If the Se curve aMB, and any other curve am’B, 
were required to be traced on a given surface, the equation 
of which was L = 0, then the values of y and z considered as 
functions of x, which it is required to determine, and these 

values respectively increased by i8y and iz, must successively 
satisfy this equation ; hence we infer 


du. au. 
a7 oy + a éz= 0; 

by means of which, one of the two quantities 8y and 8z may 
be eliminated from equation (b), and as the other will disappear 


at the same time, we shall have 


pd. e Ca) du 4.(2 2) 


= dy de e 





Tn this case the two equations of the required curve will 
be L = 0 and this last equation, by means of which we can 
determine the curve of quickest descent on a given surface. 
If, on the contrary, the question was to determine the mini- 
mum of U among all the curves which are terminated at the 
points a and n, without restricting it to exist on any particu- 
lar surface, then the'quantities 8y and 8z will be arbitrary and in- 
dependent of each other. Their coefficients must consequently 
be separately equal to cypher in the preceding equation (b), 
and thus it will be decomposed into two others, namely, 
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x dy x de 
a.(32 Saige a 
“eo dg 


we shall restrict ourselves to the consideration of this last 
case. 

If we integrate and denote by a and a’ the two constant 
arbitraries, which are introduced by the integration, we obtain 


xdy Rez, 
wae aden ay, (c) 
and, consequently, 
dy dz 
aa 47 = 95 


integrating again, and denoting by y a third arbitrary quan- 
tity, there results 

ay-az=y3 
which shews that the required curve is one of single curvature, 
and comprised in a plane perpendicular to that of the axes of y 
and z. For greater simplicity, let the plane of this curve be 
assumed to be that of the axes of x and y, we shall have then 


dy* 
va 14%; 


and it will be only necessary to consider the first equation (c), 
which will become(g’) 
xdy = a V dx? + dy*; 
henee we obtain 
adx 


Vee 0 


It only now remains for us to integrate this formula, which 
will depend on the form of the function x, and then to de- 
termine @ and the new constant arbitrary introduced by this 
integration, from the condition that the required curve passes 
through the given points 4 and B. 

201. Before we proceed farther, let us suppose that c is 


dy= 
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any constant whatever, and that x - ¢ is substituted in place 
of x in the preceding formula. The integral v will become 


- (8, ay" (° dy an: 

u= (Px + adie. BY 4 Lae; 

and the value of y, which renders this function a minimum, will 
be furnished by the equation 


n= adxz 
= Youve =: (e) 





Now, as this sum of the integrals that u represents, is a‘ 
minimum, for all the curves which are terminated at the points 
a and B, it is evident that the first integral 


ix S14 Fae 


will be a minimum, if we only consider, among all these 
curves, those which answer to the same value of the second 
integral. 

This simple remark enables us to extend immediately to 
problems of relative maxima and minima, the solutions of pro- 
blems of absolute maaima and minima ; in the sequel, another 
instance of the application of this principle will oceur. As in 
the present case, the second integral contained in vu is the 
length of the required curve, it follows that by means of equa- 
tion (e) we can determine, among all isoperimetrical curves, 
that for which the first integral is a maximum or a minimum. 
If 2 denotes the given length, common to all these curves, we 


shall have 
ie A148 1 +2 de zl; 


which condition will be satisfied by means of the indeterminate 
constant c, that has been introduced into the formula (e). 
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202. Let us now apply formula (d) to the curve of quickest 
descent. 
Since : 
= 1 
~Ya—a 








we shall have 
(2 — a) dr 


VaGca aor 





dy= 


> being substituted in place of a.(g’). Now, this differential 
a 
equation is that of a cycloid (No. 72) passing through a, (the 


point from which the moveable commences its motion,) the 
base being horizontal and the diameter of the generating curve 
being equal to @; which establishes what was proposed to be 
proved in No. 198. 

By integrating, we obtain(/’) 


ote ) V a(«@—a) — (aay 


yoda = }aare (cos = 
a’ being what y becomes when x = a. If 3’ denotes the value 
of y when « = f, we shall have 


a— 2/3 + 2a 


a 








) ~ Vasa Bay 


As the coordinates a and a’, B and 3’, of the points 4 and B, 
are given, the constant a can be determined by this last equa- 
tion; and then the preceding value of y will not contain any 
unknown quantity. 

By means of the value of dy, we obtain(?’) 


=V1 +2 dy? _ va Bis 
moar a a—Z Ter a 
therefore we shall have (No. 198) 


p’—a'= haare (cos = 


ade 
oe od 3 Vae—a)—@—a) 
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and, consequently,(h’) 
ety © es (cos 2? + 2a, 
29 a 


expresses the shortest time in which the moveable can pass 
from the point a to the point 3. 

If these two points exist in the same vertical, we shall have 
(/= a’; a condition which can be satisfied by-assuming a= x ; 
for we have(/’) 


ie ‘ Va(Boa~ (Boa? 
G38 te) a(p ed y, 


are (cos = = are(sin =2 
and, when a= 2, we can ‘substitute this are for its sine, 
which reduces the preceding valuc of 8’ — a’ to cypher; and as 
at the same time, the value of y becomes equal to a’, it follows 
that the moveable will not deviate from the vertical direction. 
The value of ¢’ will likewise be in this ease 


po f=, AT ea (Cea - Y2B=9) 


2g! v g 
which is in fact the time that the moveable takes to traverse the 
height 8 — a, in descending from the point a situated above 
the point B. 
As the determination of the line of quickest descent is a 





problem of pure curiosity, we have restricted ourselves to the 
consideration of the simplest case, namely, that in which the 
motion is performed in a vacuum, the extreme points being 
given. If these points a and 8 are not fixed and given, but 
only subjected to exist on the given curves DAE and rq, or 
on surfaces that are given, the brachystochrone, when the 
motion is performed in a vacuum, will still be a eycloid, and, 
by means of the rules of the calculus of variations, we can de- 
termine, in alk these eases, the coordinates of these two points. 
In a resisting medium, this line will be a different curve, the 
differential equation of which may he obtained by the rules of 
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this calculus; and as this equation depends on the law of the 
zesistance with respect to the velocity of the moveable, it fol- 
ows that the curve must be different for each law. 


Ill. Motion on a given Surface. 


203. The simple pendulum treated ofin No, 179, will fur- 
nish us with an example of the motion of a material point ona 
given surface, provided we suppose, that after it is drawn out 
of the vertical cs, and transferred to ca (fig. 45), there is im- 
pressed on it a velocity, the direction of which does not exist 
in the vertical plane aco. The pendulum will then deviate 
from this plane, and the material point by which it is termi- 
nated will move on the surface of a sphere described from 
the point c asa centre, and with a radius equal to a the length 
‘of this pendulum. The percussion that the moveable will 
experience at the commencement of the motion, may be re- 
solved into two forces, the one acting in the direction of ac, or 
of its production, and which will be destroyed by the resistance 
of the fixed point c, the other will be perpendicular to ac, 
and will produce the initial velocity of the pendulum, which we 
shall denote by &. As the motion is supposed to be performed 
in a vacuum, the gravity is the only given accelerating force 
that acts on the moveable. 

This being established, let cm be the position of the pendu- 
lum at the end of the time ¢, and let «, y, z, denote the rectan- 
gular coordinates of the point m. Likewise, let m denote the 
mass of the moveable, and my the unknown tension of the 
thread cm, acting in the direction of its production. - If the 
origin of the coordinates «, y, 2, be at*c, the components of 
the accelerating force N in the direction of their productions, 
will be 


=N; 


Ad ¥y 
a a 


N, zy 
No RN: 


Now, if to the moveable a foree equal and contrary to N, ° 
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be applied, we may abstract altogether from the consideration 
of the thread cm, and consider the moveable as entirely frees, 
therefore, if we suppose that the axis of the positive zs is ver- 
tical, and its direction to be that of gravity, the three equa- 
tions of the motion will be 


ee. « , 
Bra. | 

@ ; 
Sattw=o, (1) 
Pz 2 

wtg7g7=% | 


which accord with equations (3) of No. 151. By eliminating 
the unknown n, they will be reduced to two ; and these com- 
bined with the equation of the sphere, namely, 


“ ve y+ P=, 
will furnish us with three equations, by means of which 2, y, z, 
may be determined in functions of ¢. 

204, Multiplying equations (1) by 2, y, 2, respectively, and 
then adding them together, there results 


aba + yey + zd°z 
* dt? 








+ Na—gz=0. 


The first differential of the equation of the sphere will give us 
‘ adx + ydy + zdz = 0, (2) 
and the second 
dx + yd?y + 202 + da? + dy? + d2’= 0. 
Hence, if v denotes the velocity of the moveable, at the end 
of the time ¢, so that we may have 


dx? 4. dy® + dz? 





73 =v’, 
there will result(m’) 
vw gz 
No=—-+ >; 
a'‘a 
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and, in fact, the tension mn must be the sum of the centrifugal 
mv magz : : 
force eae and of = the component of the weight which acts 


in the direction of the radius cm. 

Likewise, if equations (1) be multiplied by dz, dy, dz, 
respectively, and then added together, the unknown quantity 
y will disappear, in virtue of equation (2), and we shall have 


de Px 4+ dy @y 4+ dzPz_ dz. 
de = Is 
If this be integrated, we obtain 
dx? 4. dy? 4- dz? 
CeO E ES age +), (3) 


b denoting a constant arbitrary. As the initial value of the 
first member of this equation is i’, if y denotes that of z, we 
shall have 
ki — 2gy = b, 
and, at any instant whatever, 
Vo P+ 2g (z—y)s 
as we know already. 

Finally, if the first equation (1) be multiplied by y, and 
then subtracted from the second multiplied by z, we gbtain “ 
ad’y _yPu _ 9, 

de ~ de® ~’ 
hence, by integrating, there results 
ady — ydx = edt, (4) 
¢ denoting a constant arbitrary. ° 
In this manner, the solution of the problem will only depend 
on the three differential equations (2), (3), (4), which are all of 
the first order, and with respect to the first of these, we know 
already, that its integral is the equation of the sphere. 


We can separate the variables and reduce the question to 
quadratures by means of the following calculus. 
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205. From equation (2) we obtain 

adz + ydy = — zdz; 2 
if the two members of this equation, and also those of equation 
(4), be raised to the square, we obtain, by adding the resulting 
equations together, 


a 9?) (dx? + dy?) = 2%dz? + edt. 
( ae 


If a? — 2? be substituted instead of 2?+ y?, andif du. dy? 
be eliminated by means of equation (3), we shall have 


(a? — x*) [(2gz 4+-b) de? — dz”) = 2°dz*+ cde; 
hence we obtain o” . 





a re 
‘ V (@— 2) (292 + b)— 





Let 7 denote the radius vector of the projection of the move- 
able on the horizontal plane of the axes of « and y, and y the 
angle that this radius makes with the axis of x, we shall have 


w=resy}, yorsiny, ady — yde = rdp; 
and, because r? = a? — z*, equation (4) will become 
(a — 2*) db = edt; 
by substituting for dt its preceding value, we deduce 


di- eadz ’ 
¥ (@— 2) V(@—2) Qgz4+b)—e 








(6) 


The integrals of these expressions of dé and dp will make 
known the values of ¢ and w in functions of z, they may be 
“always reduced to elliptic functions, and cannot be obtained 
under a finite form, unless the quantity of the third degree 
with respect to x, contained under the radical, has a double 
factor. The value of J, and the equation of the sphere, will de- 
termine the trajectory of the moveable, and the value of ¢ a8 a 
function of z, or of z as a function of ¢, will then make known 
the position of the moveable on this curve, at each instant. 
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The constantd may be known from the given quantitiesk andy. 
The constant arbitraries which are introduced by the integra- 
tions of dt and dy, are determined by the conditions ¢ = 0 and 
wy =.0, when z = y, the second of these conditions, supposes 
that the axis of x exists in the vertical plane scx, from which 
the pendulum commences its motion. There remains, there- 
fore, only the constant quantity ¢ to determine. Now, as 
the direction of u, the velocity of the moveable, is perpen- 
dicular to co, the radius of the sphere on which the body 
moves, if it be resolved into two, one perpendicular to the 
vertical plane mcs, and the other comprised in this plane, the 
first component will be the velocity of the horizontal pro- 
jection of the moveable, perpendicular to its radius vector 7, con- 
sequently, if it he represented by x, we shall have (No. 156) 





we have also in virtue of equation (4)(n’) 


t= - =; 

7 Yaa 
therefore, if ¢ denotes the angle that the initial velocity & makes 
with the perpendicular to the plane acs, so that we ynay have 
us kcose at the commencement of the motion, there will 
result 


c=ak Va? — ¥ cose. 


Wh the velocity & is cypher, we shall have ¢ = 0, 
b= — 2g, and, consequently, 


adz 


a —————. 
"FV Aa 





this expression coincides with the value of dé given in No. 185, 
because « — 2 and @ — y are what haye been denominated ar 
“and «3 in that value. : 


206. Let us consider the case in which the pendulum has 
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received a very small initial velocity, and, therefore, deviates 
very little from the vertical ca. If the direction of this ve- 
locity be horizontal, it will be perpendicular to the plane acz, 
and, consequently, we shall have e= 0. Let £ denote a very 
small fraction, and let 


k= BV ya. 


Likewise let a and @ represent the angles acs and mcs, if 
their fourth powers be neglected, we shall have 
y=a—hae, sa — lah, 


6= ~ 2yatyale’+ P), C= ya ep? 


and formule (5) and (6) will hecome(o’) 





a 6d0 
dt= — ie Co———————_—_—_—__ = 
VEO | 
dy = - ce 


OV (e— &) (FB?) J 
The angle ¥ will make known the position of the vertical 
plane mci, in which the pendulum exists at each instant; it 
evidently may inerease indefinitely. The angle 0 will deter- 
mine also at each instant, the position of the pendulum in this 
variable plane: it is considered as a positive quantity, and the 
positions of the pendulum, which are equidistant from the 
vertical cB on opposite sides, correspond to the same angle 0, 

and to values of ~ which differ from cach other by 180°. 


From the value of & deduced trom the first equation (a), 


it appears that the angle 0 will be always comprised between 
the limits a and 3. If {B= a, we shall have @ always = a; 
if equations (a) be divided the one by the other, there results, 
in all cases,(p’) 


(b) 





therefore, when @ = a = By we shall have 


318 MOTION ON A GIVEN SURFACE. 


at/4, 
a 


consequently, the pendulum will then describe uniformly the 
surface of a right cone with a circular base, and the time 


of an entire revolution will be 27 ye 3(q’) that is to say, the 
Gg 


same as the time of a double oscillation in the vertical plane 
acs. Thus, two pendulums having the same length a, and 
which depart together from the same line ca, the one without 
any initial velocity, the other with a velocity perpendicular 
to the plane acB and equal to a Vga, will return after the 
lapse of the same time, to this line ca. 

207. ‘The value of dé may be expressed under the following 


form, oo 
i= —2 ‘ 
‘ VT @-py- G8 BP 





and if, for greater simplicity, we make 


20°— &@— P= (P— B*)x, 40d0 = (a? — f?) de; 





the radical becomes + (a? ~ 8”) V1 — 2"; and there results 


a ae 
tae ies, 


g 


Since § = a, and z= 1, when ¢ = 0, we obtain from this 


ati V4, en 
é ? 3 are (cos = 2), 
x = cos 2t f4. 
a 


Therefore, at any instant whatever, we shall have 


and conversely, 


P= 4 (a? + 3?) + bla? — 98°) cos 2¢ VA 
a 
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which shews that the oscillations of the pendulum, of which 
the two extremities correspond to 0 = a and @ = #, in the va- 
triable plane mcs, will be isochronous, and their duration will 


be 3m f/4 , which is equal to half the time of an oscillation 
g 


in the fixed(7’) plane acr. Substituting this value of 6? in 
equation (b), and observing that 


cos 2¢ fh = cos? ¢ f4 — sin? ¢ V4, 
a a a 


there results 


dbs ft ae cat — 


Qa Vs + Vi 
2 2 as 2 2 rt 
a? cos? ¢ at pesmi 7 


and, because i) = 0 when ¢ = 0, we infer(¢’) 








a tang = Binge V2, 


This being the case, the motion of the plane mop will be 
vo longer uniform as when a = {3 but it is evident that this 
plane will perform successively the four quarters of its entire 
revolution, in times respectively equal to each other and to 


her J/2, which is half the time in which an oscillation is 
g 


performed in this variable plane. 
From this last equation we deduce 





a? cos? ¢ f & 
cos yb = = 5 
acostt4/ E+ B? sin? ¢ fi 
. pp’ sin’ é f A 
sive y = 2 





we have also 


320 MOTION ON A GIVEN SURFACE. 


x =@ — 2°) cos? = a? 6" cos* y, 
yu @ — 2*)sin’y = a? sin? y, 


by substituting for s its approximate value; therefore, since 
6 = a? cos*é f+ PB? sin? ¢ V2, 
a a 


®oaacos*y, y = a? B*sin’y, 


we obtain 


and, consequently,(v) 

2 y¥ 

at Ba @; 

hence it appears, that the trajectory of the projection of the 
moveable on the horizontal plane passing through the point c, 
is an ellipse which has its centre in this point, and one of its 
axes in the plane acs, from which the pendulum commences 
its motion with a velocity, the direction of which is perpendi- 


cular to this plane. 


CHAPTER VI. 


EXAMPLES OF THE MOTION OF A BODY ALTOGETHER FREE. 


1, Motion of Projectiles. 


208. Tux theory of projectiles, which are discharged by 
artillery with great velocity, and are at the same time sub- 
jected to the action of gravity, and also to the resistance of 
the air, will constitute the subject matter of this section. 

In the first place, let us abstract from the consideration of 
this resistance, and let us consider the motion of a heavy ma- 
terial point which moves from the point o (fig. 48), with a 
velocity a in the direction of the line oa. It is evident, that 
the moveable will not deviate from the vertical plane passing 
through(a) this line. Let omp be its trajectory in this plane, 
to which oa will be a tangent. If in this same plane, two axes 
be drawn, the one horizontal and the other vertical and di- 
rected from the horizon, these axes may be taken for those 
of the coordinates, and at the end of any time, such as ¢, let 
M be the position of the moveable, «x its absciss op, and y its 
ordinate pM, then if a denotes the acute angle aoz, which 
the direction of the initial velocity @ makes with the axis 02, 
its components will be, a@ cosa in the direction of this axis, 
and a sin a in the direction of the axis oy; the angle a will 
be negative, if the right line oa falls below oz. 

From what has been established in No. 148, it is evident 
that the motions of the projections of the moveable on the two 
axes ox and oy will be independent of each other; the mo- 
tion of its horizontal projection will be therefore uniform, and 

or 


322 MOTION OF PROJECTILES. 


equal to the velocity a cosa, and as that of its vertical pro- 
jection arises from the initial velocity asin a, and from g the 
constant force of gravity acting in an opposite direction to this 
velocity, we shall consequently have 


e—ta.cosa, yxta.sina— }gt?; 


eliminating ¢ between these equations; and substituting Y Qh 
for a, (A being the height through which the moveable must 
fall to acquire the velocity a) there will result 


Ped 


= tanga — FF costa’ 
for the equation of the trajectory. 


Therefore, this curve is a parabola, of which the axis is 
Fi F P . di 
vertical; its summit determined by the equation = 0, has for 


coordinates(d) 
w= 2heosasina, y= hsin?a; 


and it meets the axis oz in a second point B, which is obtained 
by making y= 0 in the equation of the curve, hence, if d 
denotes the distance oB, we obtain 


b= 4hsinacosa = 2h sin 2a. 


This distance d is called the amplitude of the projection. 
If the motion is performed in a vacuum, itis a mavimum, when 
a = 45°; in this case it is equal to 2A, or to twice the height 
through which the body must fall to acquire the initial ve- 
jocity. 

Naming » the velocity of the moveable at the end of the 
time t, we shall obtain, by substituting the differentials of the 
preceding values ofa and y in the equation(c) 

dx? +- dy? 
de? 


yee 





9 a 


a — Qagt sna + PC. 
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As t, the time which the moveable employs to reach the 
point B, while describing the curve ocs, is the same as it takes 
to describe the line os with the velocity a cos a, we must 
consequently have 








6 _ 4hsina, 
~acosa a” 
a 
and since h = ay there results gf = 2asina; hence we have 
g 


v'= a’; therefore the velocity of the moveable in this point 
8, is the the same as at the point 0, its direction is along the 
tangent BE, and EBa, the angle which the direction of the 
moveable makes in its descent with os, is the same as Aoa, 
the angle of projection. If the moveable, instead of being a 
material point, be a solid body of any form and dimensions 
whatever, it will be shewn in a subsequent chapter, that these 
equations of parabolic motion ought to be referred to its centre 
of gravity. 

209. The velocity @ being given, if it were required to de- 
termine the angle a such, that the moveable may reach a de- 
terminate point, of which the coordinates are x = B, y = y, 
these values should be substituted in the equation of the tra- 


jectory, and we shall have by this means, 
2 


a B 
= B tang a — 4h.cos?a”’ 
to determine a. By making, 


z 1 
tanga=z, cosa= Tre’ 


this equation becomes 
dhy + B?— 4hBz + B’2? = 0; 
hence we obtain 


Ohi jee 
zat a VIP hy — PB’. 

B B Y p 

As there are two values of z or tang a furnished by this 
equation, it follows that when 47is greater than 4hy + )3°, 


324 MOTION OF PROJECTILES. 


the proposed object will be struck, if the elevation of the pro- 
jectile be either of the two angles which are deduced from 
this equation; if the radical part of this equation vanishes, the 
two values of z are equal, and these two directions coincide ; 
and when the radical part is impossible, in which case 4? is 
less than 4hy + 8", the mark cannot be reached under any 
direction whatever. 

Hence, if in the vertical plane which passes through the 
initial direction of the moveable(d), a parabola be described of 
which the equation is 


Ahy + Br 4h, 


this curve will divide the plane into two parts such, that no 
mark without this curve and in the vertical plane can be struck 
by a body projected with the given velocity, while for all 
points which lie within this curve, there are two different di- 
rections, along either of which, if the body be projected, it will 
reach the mark ; and if the object to be struck exist on this 
parabola itself, there is only one elevation at which the pro- 
jectile can be discharged to reach the mark. 

210. It appears from what has been stated in the two pre- 
ceding numbers, that the theory of the motion of projectiles 
would be extremely simple, if the resistance which the air 
opposes to their motion could be neglected ; but when the ve- 
locity is very great, as in the cases which we are particularly 
concerned with, this force is too considerable not to be taken 
into account; in fact, as we shall presently see, it changes 
altogether both the form of the trajectory, and the law of its 
motion on this curve. 

It will be proved in a subsequent chapter, that whatever 
be the form and dimensions of the projectile, its centre of 
gravity will have the same motion, as a heavy material point 
whose mass is equal to that of the moveable, the direction and 
magnitude of the initial velocity being the same in both, and to 
which besides are applied, parallel to the directions in which 
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they act, the forces, which, arising from the friction and the 
resistance of the air, act on the surface of this solid body. It 
will likewise be shewn, that the motive force which results 
from these resistances, when transferred to the centre of gra- 
vity, may sometimes cause this point to deviate from the ver- 
tical plane passing through the direction of the initial velocity ; 
but here we suppose that this is not the case, and that the motive 
force in question acts always in the direction of a tangent to 
the trajectory described by the centre of gravity. 

This being established, in order to obtain the equations of 
its motion, let the preceding notations he retained, and let them 
be supposed to refer to figure 49, in which the trajectory omp 
is no longer to be considered a parabola. Let s be the are om 
described by the moveable at the end of the time ¢, anc let R 
denote the motive force arising from the resistance of the air, 
and which acts in the direction of the part mT of the tangent 
atm. The cosines of the angles which this line mr makes 
with the axis drawn through the point m in the directions of the 





~ ‘ d: ‘ 
positive vs and ys, willbe ~— = ~ oy, therefore, ifm denotes 
the mass of the projectile and g the gravity, 
é Pe Rde dy R dy 
a ~~ mds’ de> ~ 97 mes? 


will be the equations of the motion of its centre ¢/ gravity. 
Let this projectile be an homogeneous sphere, or one com- 

posed of concentrical strata each of which will be homogencous, 

then if its mean density be denoted by p, and its radius by 7, 


we shall have 
= 4apr* 


mms. 


Likewise if we suppose, agreeably to the hypotheses which 
are generally admitted, that the force x is proportional to the 
square of the velocity of the centre of gravity, to the surface of 
the projectile, and to the density of the air, there results(e) 
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Rn np _, ds* 
m~ pr” dt? 


p being this density, and za numerical factor to be determined 


by experiment. This expression satisfies the condition of the 
i ‘ ae R . ds? 
homogeneity of the quantities, for = and the ratio of Ss tor, 


are two quantities of the same nature as g the gravity, and the 
factors % and 2 are abstract numbers. Tor greater conve- 
nience, let 


mp 
br? 
so that may be a line of a given length, which, when we do 


not take into account the change of density of the mass of air, 
traversed by the projectile, may be considered as constant. 
wel geo te Bi dst 
211. By substituting in place of its value ces the two 


equations of motion become(/’) 


Px ds dx 

get ou aa” | as 
Py ds dy. [ 
Geta atI=” | 


The integral of the first is 


—= = acosae, 


dt 
for = = acosa, at the point o where s = 0, and e is the base 


of the Naperian system of logarithms. As the form of the 
second equation differs from the first only in its last term, we 
may assume, in order to integrate(g), 


dy dz 


aa 


p being a new unknown. If we substitute this value of 
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win the second equation (1), we obtain, by taking into 


account the first(A), 
dx dp __ 
aa 49 


If the members of this equation be respectively divided by 


di 7 a . 
the square of S and its value given above, there will result 


dp re dx ‘aa g eres. 
dt” dt~ ~~ a@costa * 


If y and p be regarded as functions of 2, we shall have 


_% &_dy dp de_ ad. 
P= i Ue de’ de de ae! 


therefore, if we substitute 2gh for a’, the preceding equation 
will become 


dp L 2es. 
de ~~ Fheosa® ? 2) 


and this will be the differential equation of the trajectory, 
Since 


V14+p.dzx= ds, 


if each member of the preceding equation be multiplied by 
these quantities respectively, we shall ‘obtain 


ds 


2es. 
a ERA wa 
2h cos* a 


3 


Vit p.dp=— 
hence, if we integrate and denote the constant arbitrary by y, 
there results 
a 4 a Coe 1 
P Vitpi+ log P+ VI+P)=7—-g ya. (3) 


In order to determine y, let s = 0 and p = tang a at the same 
time; this gives 
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Y= Tas tanga T+ tang’a-blog(tanga+ 7 T-Ftang"a)3~ 


however it is better to retain y in place of this value, as it is 
a more concise expression. 
From the preceding equations, we obtain(7) 
dx = —2hcos*ae-?**dp, dy=pdx, gdt?= —dxdp. 
Hence, if the exponential be eliminated by means of equa- 
tion (3), there will result 
a dp 
= —— %. 
PV 1+p'+ log (p+ V1+P")—y7 
edy = we, PP 
pVI+p + log (p+ V+ p)—7 
pate I OPS SO 
ty —pVi4p—log(pt+ Vide) 
formulz which cannot be integrated under a finite form; in 
the last, the radical should be considered as a positive quan- 
tity, because the angle of which p is the tangent, diminishes 
when the time increases. 
212. Naming w this angle, that is to say, the inclination 
ota of the tangent to the trajectory, on the horizontal axis ox, 





(4) 


Veg .dt= 


we sha! have 
dw 


p=tnge, dp= ara: 


The values of x,y, ¢, deduced from equations (4), will be 
of the form §Qdw; the integral being taken, so that it may 
vanish at the point o where w =a, and Q denoting a given 
function of w. These three values should be calculated for 
each point M, by the method of quadratures (No. 15). In this 
manner, the trajectory can be constructed by points, and ¢ the 
time that the moveable takes to describe each are om, of 
which the length s is given by equation (3), will be known. 

‘Lo erune the velocity of the moveable at the point Mm, 
we have(s) 
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dz, dt? 
v= (1 +P) Fa =P (1 +p’) a 


and, consequently, 





ov? = ee Cs 2 eee (5) 
y—pV 1+ p — log(p + V1 +p’) 


If these integrals be extended to w = 0, the abscissa and 
ordinate of c, the most elevated point of the trajectory, can be 
obtained. Then by assigning to w negative values, the points 
of the descending branch cEp of the trajectory can be deter- 
mined. When we arrive at a value, such as — a’, of w, for which 
y the ordinate of the trajectory vanishes, the corresponding 
value of x will be equal to ox the amplitude of the projection ; 
which will be no longer, as in the case of a vacuum, double of 
the ordinate of the point c when it is a maximum; in fact a is 
then equal to an angle less than 45°, and depending on the 
magnitude of the initial velocity. The angle a’, OggeBx, and 
the velocity at the point B will likewise differ from a and a. 

Thus it appears, that all the circumstances of the motion 
will be known, and the problem completely resolved, when 
the values of the three constant quantities 4, a,.c, contained 
in the preceding formule, are given; however the numerical 
calculations which must be performed in each particular case, 
are extremely tedious. 

213. The motion of the projectile on the descending branch 
of the trajectory, continually tends to become vertical and 
uniform ; in fact, if we transfer the origin of the coordinates 
to c the summit of the curve (fig. 50) by making 

T=Hte, yan—y, tate; 
then 2’, y’, are the abscissa and ordinate of any point m’ of the 
descending branch, referred to the horizontal axis cz’, and to 
the axis cy’, which is drawn in the direction of gravity, and ¢’ 
denotes the time employed in describing the arc cm’. Like- 


wise if p’ represents the tangent of the angle m’r’z', which the 
20 
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tangent to the curve at M’, makes with the axis ca’, we shall 
have (2) 

,__ dy’ 
Pa Ds 


and because 
log (VT p? —p') = — log (p+ VIF) 
the first equation (4) will become 
eda! = 5m 
YP 
in which p! denotes, for conciseness, 


yep Vie p? + log (p +VT-+P™ 
‘As the acute angle m/1’e" continually approximates to a 
right angle, the variable p/ will increase indefinitely ; but this 
will not be the case with respect to x’, When p’ is very great, 
we can s@bstitute p’ in place of Vi+p”, and then if y + log2 
be neglected with respect to p”, we shall have (7) 


vy’ = p® + Jlogp”, 


or simply Pp’ = p’, since the logarithm of a very great quan- 
tity p?, and, d fortiori, Slog p?, is very small with respect 
to this quantity, therefore, for these values of p’, we shall 


have 


duis eV. 
a 


If this equation be integrated there will result 
1 


=e, 


ep’ 


av 


c¢ being an arbitrary constant; and from this integral it ap- 
pears, that the values of x’ do not increase indefinitely with 
those of yp’. This being the case, if 


LC ~ dy’ 
y=-\o 
eed P 
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q will be a line of finite magnitude, which can be calculated 
by the method of quadratures ; and if we take on ca’ a part cA 
equal to this line, the vertical as drawn through this point 
will be an asymptote of the part cp of the trajectory ; so that 
the motion of the projectile on this descending branch ap- 
proaches indefinitely the vertical direction. It may also be 
observed, that when the values of p’ are very great, the two 
last equations (4) become 

edy’ = 2 V cq.dt’ = + 


consequently, there results 
wy _ fa 
at’ ° 
hence it appears, that when the final and vertical motion of 


the projectile becomes uniform, the velocity of this motion will 
be that which a heavy body acquires in falling through a height 
equal to + in a vacuum; this is also evident from formula 
(5), by substituting — p’ in place of p, and then considering 
pl asa very great quantity (7). 
If in the first equation (4) we make 
dw 





= dp = 
pa tango, OP = coe” 
and, for conciseness, 
7 ———- ———> I 
[y—tanw V1 + tang*w—log(tangw + V1 + tan*w)]cos’w = y 
we shall obtain 
1 \ 

m=) Qdw, 
for the abscissa of the point c. If, therefore, we take on ox 
(fig. 49) a point r, such that 

or mat 

the vertical ee, drawn through this point F, will be the asymp- 
tote of the descending branch of the trajectory. 
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214. Let on be the production of the trajectory ocp; 0 
being the point from which the projectile commences to move, 
the motion of the projectile will not take place in this part of 
the curve; but, notwithstanding, we may wish to know its 
form. Now, if it be constructed by points by means of the 
two first formule (4), taking care that the values of p are po- 
sitive and greater than tang a, it is easy to be assured that it 
also has an asymptote, which however is not vertical, as in the 
case of the descending branch. 

For this purpose, we may observe that it appears from the 
value of y of No. 211, there is always given an acute angle $3 
greater than a, which is such, that p = tang 3 renders the 
common denominator of these two formule cypher, that is to 
say, an angle {3 which satisfies the equation 


y—tang BY 1+ tang™/3—log(tangB4+ V1 tangy3) = 0. (6) 

This being so, it appears from the value of dp deduced from 
either of the two first equations (4), that though the abscissa 
» and ordinate y increase indefinitely (abstracting from the 
sign), in this part on of the curve, the quantity p ceases to in- 
crease, when the difference between it and tang f is infinitely 
small, so that p can never pass, nor even rigorously attain to 
the value p = tang 8; this indicates, that the branch of the 
curve on has an asymptote, which intersects the axis ow when 
produced, in an angle equal to PB; and its distance from the 
point o may be determined in the following manner; let an 
axis be drawn through the point o, which may make with the 
production of oa, an angle equal to the complement of 8, and 
which is, consequently, perpendicular to the asymptote of on. 
Let % denote the abscissa of any point of the curve, reckoning 
from the point o on this axis; as the coordinates of this point 
with respect to the axes ow and oy are always a and y, we 
shall have 

uy cos — «sins. 


By taking the differential of this expression, and by sub- 
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stituting for dx and dy their values furnished by the two equa- 
tions (4), we shall obtain 


{tang 8—p) cos 3 .dp ‘ 
(y—PV 1 +p) — log(p +V 1 +p)’ 
in this formula, values should be assigned to p greater or less 
than tanga, according as the point in question is on the part 
on, or on the part om of the curve. If from its denominator 
the first member of equation (6) be taken, and if, moreover, 
we make 








edu = 


dw 
cos* w’ 





patangw, dp= 


and, for conciseness, 


tang BY 1 + tang” + log(tangB + VT + tang’p 
~tangw 1+ tango — log (tang w + W1 + tang’w) = vu, 
there will result 
ia (tang B — tangw) cosBdw 
A” 
cU cos? 
Now, if we assume 
aad cosB (B (tang B—tangw)dw | 
~e Ja U cos? w ; 
y will be a line of a finite magnitude, which can be calculated 
by the method of quadratures, and it will express the value of 
u with respect to the asymptote of on, that is to say, the 
length of the perpendicular lct fall from the point o on this 
line; which was required to be determined. The equation of 
this asymptotic line will be 


ucosB— xsinB =r; 
so that if on the production of ox a point be so taken, that 
we may have 


— a - 
4 Sin CB? 
the asymptote of the branch on will be the line Hx, drawn 


through the point u, and making with oz produced, an angle 
kHO the supplement of 8. The two asymptotes rc and nk, 
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produced above the axis oz, will meet in a point x, so that the 
entire curve will be comprised within the angle KLG, the com- 
plement of G, the angle that was determined by equation (6). 
215. When oaz or a the angle of projection is very small 
(fig. 51), the height of the projectile above the horizontal axis 
oz, drawn through the point from whence it was discharged, 
is inconsiderable. Now, in this case, we can obtain by an 
approximation that is sufficiently accurate, the equation in x 
and y of the part oc of the trajectory, that is situated above 
oz; and we can even extend this equation to a point p, the 
distance of which from this axis is not very great. In fact, in 
all this part ocn, or even ocp of the trajectory, the tangent to 
this curve will be very nearly horizontal, and the quantity p 
will be very small; therefore, if the square of p be neglected, 
we shall have 
ds=dz, s=2, 
and equation (2) will become 
dp_ dy | 1 
da = det = ~ Theowae 
By integrating twice successively, and determining the arbi- 


di 
trary constants, so that we may have - = tanga and y= 0, 
eo 


Zea 


when x = 0, we obtain(p) 


y = x tanga — (e%* — 2cx —1), 


8c*heos*a 
for the approximate equation of the trajectory ; which was pro- 
posed to be determined. If the exponential that it contains 
be developed, this equation becomes by reducing and then 
making ¢ = 0, the exact equation of this curve in a vacuum. 
From the equation gdé? = — dxdp of No. 212, compared 


with the preceding value of SF, we can infer(qg) 


1 
dt = =." dt, 


~¥ 2gh cosa 
and, consequently, 
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1 
t= 
Cy Qh cosa 








(e%#— 1); 


by means of which, the time ¢ that the moveable takes to tra- 
verse OM, any portion of the curve ocp, can be determined. 

216. If we suppose that the projectile falls on the ground 
at a point p, and if X denotes the depression of this point below 
the horizontal plane drawn through the point 0, or pq the per- 
pendicular to the axis ox; also, if Z be the distance 0a, and r 
the time employed to go from the point o to the point p, we 
shall have, at the same time, 


a=l, y= -A, t=7T3 


and, for greater simplicity, by substituting unity for cosa, 
in the preceding formula, there will result 


8c (A + Ltanga) = e*—2el—1, 1 
=F + (a) 
reV 2gh = et—1. J 
When, therefore, the two constants / and ¢ are given, and 
the angle a, and Q the elevation of the point o above the 
ground, are measured, these equations will make known the 
horizontal range J, and 7 the time in which the projectile de- 
scribes this range. Conversely, when a, A, é, 7, are known by 
direct measurement, these equations will enable us to deter- 
mine c the coefficient of the resistance, and A the height due to 
the initial velocity. If / be eliminated, we obtain 


4(A+/tanga) (e!—1)? = gr” (?+—2el—1); 


an equation from which the value of e may be deduced, and 
then one of the two preceding will immediately give the value 
of h. 

There still exists some uncertainty respecting the magni- 
tudes of the ranges and of the initial velocities. According to 
Lombard, for a twenty-four pounder, of which the charge is a 
third of the weight of the bullet, the initial velocity is about 
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- 463 metres for each second; and for a twelve-pounder, of 
which the charge is also a third of the weight of the projectile, 
this velocity amounts to 494 metres. According to the same” 
author, the corresponding ranges relative to = 0, ate 700 
metres in the first case, a being supposed = 1° 15’ 6”, and 
660 metres in the second case, in which we suppose that 
az 1° 5’ 36". 

In place of the time +, we may employ for the determi- 
nation of A and c, asecond range of the same cannon at a dif- 
ferent elevation above the point where the projectile reaches 
the ground. Thus, if we suppose that the weighs @f the pro- 
jectile, that of the charge, and the angle a remain the same, 
the quantities 4 and c will likewise remain unchanged, and if 
X and Z become X’ and /, we shall have 


Beh (N + U tanga) = ce” —~2el —1; 


hence there results 


(A + ltang a) (e?*”—2el/—1) \ , 
= (N+ tanga) (e'— 2cl—1), J ® 


h being eliminated by means of the first equation (a). 

Those authors who have treated of the Ballistic pendulum, 
are by no means agreed as to the magnitude of the number 2 
which occurs in the expression of the coefficient ¢, namely 
(No. 210), 
—"P 


ez 
br 


It has been inferred from a very imperfect theory of the 
resistance of fluids, that this number ” is $; but the result of 
all experiments that have been made, assign a less number 
than this, and Lombard made it equal to 2. Equation (b) 
would furnish a means, the most susceptible of precision of any, 
for determining c, if « the angle of projection was supposed to 
be known and invariable. : 


* 
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Il. The Motion of the Planets. 


- 217. The laws of the motion of the planets about the sun, 
are generally known by the denomination of the laws of Kep- 
ler, because they were discovered by that astronomer, who 
deduced them from observation. They are three ih number, 
and are expressed as follows: 

1. The planets move in plane curves,. “and their radii 
vectores describe areas proportional to the » times, about the 
centre of the sun. 

2. The orbits or trajectories of the planets are ellipses, of 
which the sun occupies one of the foci. 

3. The squares of the times of the revolutions of the 
planets, are to each other as the cubes of the greater axes of 
their orbits. 

Kepler does not. gppear to have been aware of the great 
importance of these laws; it was Newton who applied them 
to determine the force which retains each planet in its orbit, 
that is to say, the direction of this force, and the variations of 
its intensity, from one position to another of the same planet, 


- and also from one planet to another. In fact, it will be proved 


in this section, that each of these three circumstances is a ne- 
cesgary consequence’ of the three laws of planetary motion 
which have been just stated. 

As these laws refer to the motion of the centre of gravity 
of each planet, it is the motion of this point which we proceed 
to consider, and in every question respecting the position or 
velocity of a planet, it is the position and velocity of this 
centre that is always referred to. 

218. Let ampp (fig. 52) be the ellipse described by a planet, 
AB its greater axis, c its centre, o and 0’ its two foci, o that 
which the centre of the sun occupies, B the perihelion, or the. 
point of the orbjt nearest to the sun, a the aphelion, or the 
point which is most remote from the sun. After the lapse of 

2x 
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time ¢ which is reckoned from the moment that the planet 
passes through the perihelion, let st be the position of the 
moveable. Let r denote its radius vector, @ the angle Mos, 
which is termed in astronomy the true anomaly. ‘The sector 
described by the radius during the instant dé will be } 7°d@ (No. 
156), therefore, in consequence of Kepler's first law, we have 


dQ = edt, (1) 
c being a constant arbitrary equal to twice the area described 
in the unit of time, and ct twice the area Mow described in ¢ 
any time whatever. Likewise, let o’m = ry cB CA a, 
co=co/=ae. By a property of the ellipse we have 

r+r = 2a; 
we have likewise, in the triangle o’mo, 

rt=r* 4 4rae cos 0 4+ 4a°e?; 

and if x’ be eliminated between these two equations, there 


results ' 
. _ _a(l— e) 
"=TH eco f° ) 





for the equation of the trajectory. 

For all the planets which were known previously to the 
present century, the excentricity e is a very small fraction, 
with the exception of Mercury, the exeentricity of which is 
more than a fifth; in the case of the orbit of the earth 


e = 0,01685318, 


or, very nearly, a sixtieth. The greatest was that of Mars, 
which exceeds nine hundredths, it was consequently for this 
planet that the elliptic motion ought to differ most from the 
motion of a planet in an excentric(a) circle, in which the 
planets were supposed to move previously to the time of Kep- 
ler; and in fact, it was from the observations of ‘Ticho-Brahe 
on this planet, that Kepler first recognized the difference be- 
tween these two motions. If the values 7 and 6 be developed 
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into series arranged according to the powers of e, hy means of 
the equation of areas proportional to the times, -combined with 
that of the elliptic trajectory, or with that of the trajectory of the 
excentrie circle, we shall find that when the time ¢ is the same, — 
the corresponding expansions of these two curves diifer only 
in terms, that depend on the square or higher powers of e; 
from which it is evident, that in Kepler’s time it was extremely 
difficult, in consequence of the imperfection of the observa- 
tions, to discover the difference between these two motions, 
219. If v denotes the time of the revolution of a planet, 


and if we assume 
2 





a= 


this constant quantity will be the mean angular velocity, 
and né the mean motion of the planet. 

If we conceive a fictitious star whose motion is uniform, to,. 
set out from perihelion, and to complete its revolution in the 
same time as this planet, then its radius vector will describe 
nt, while that of the planet describes the angle 07 and the 
angle 0 — né contained at any epoch between these radii, is 
what astronomers term the cyuation of' the centre ; it is posi- 
tive, and the planct precedes the fictitious star in going from 
perihelion to aphclion(d), the contrary takes place in re- 
turning from the second point to the first. Che maximum of 
the equation of the centre depends on the magnitude of the 
excentricity. If we assume the mean day for the unit of 
time, we shall obtain in the case of the earth’s orbit, by sub: - 
stituting 360 for 27, 


T = 3654, 256374, nn = 0,59', 8”. 


This value of v is the duration of the sidereal year, or 
the interval of time which lapses between two consceutive 
returns of the sun to the same fixed star, in its apparent motion 
about the earth. The interval of time between two eonse- 
cutive returns to the same eguinoz, is shorter, because the equi- 
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noctial points have a retrograde motion on the ecliptic, that is, 

a-motion the direction of which is contrary to that of the 

sun. If we suppose that the annual precession in 1800 was 

5023427, then since the radius vector of the sun describes - 
this small angle in 04,014158, there results 365%, 242216, for 

the Idngth of the equinoctial year at the commencement of 
the present century. The sidereal year is constant, but as 

the precession of the equinoxes varies a little, the equinoctial 

year must participate in this inequality ; its length diminishes 

very nearly half a second in a century. 

: 220. The value of the constant quantity ¢ will be equal 
to twice the area of the ellipse divided by 7; therefore, as 


the semi-axis minor is a (/1—e*, and the area of the ellipse 
ra? V1 —e%, we shall have 
2Qra V1 —e 

= . 








By means of this value and of that of m, equation (1) becomes 
rd) = nV 1—e dt. 
equation (2) gives(c) 
6 = are (cos = eta), 


er 


2 
ao=—2 15 aVi—@.dr : 
‘ rv ae — (r— a) 





therefore, we shall have 


nadt = IOP SZ ong 


Be — (r- ee Gay 


In order to integrate these formule, let 


raza (l—ecosu); (a) 
and, consequently, 


dy = aesinudu, ndi = (l—ecosu) du; 
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because at the point n, 7 = @(1—~e), ‘it is necessary that « a‘ 
should be equal to cypher at this point, where we have also - 
€=0; therefore, by integrating we obtain 

né—u—esinu. : (b) 


By substituting in the expression of d6, for 7 its value, 
and observing that cos u = cos’ 4u — sin? 4 u, there results . 


Vi-& da . : ‘ 


do = ——___ _,—_ 
1—ecos’4u + esin? du 


and if we assume 


tang du =z, 





this value becomes 
2Vt—edz 


a= l-e+ (1+e)2" 


If we integrate and observe also that 6 and w vanish at 
the same time, that is, at the point B, we shall have 


yO = are (tang = 2/142), 


and hence we can deduce, by substituting for z its value, 








tang} @= Vg ka een (c) 


l-e 





These three equations (a) (b) (e) express in a finite form, 
the values of r, nt, 0, by means of the variable auxiliary u, 
which is called the excentric anomaly. By eliminating u 
between them, we shall obtain the polar coordinates r and @ of 
the planet in functions of the time, under the form of series 
arranged according to the powers of the excentricity, which | 
will, consequently, converge very rapidly in the case of the 
planets known previously to the present century. 

In the series which will thus arise, the powers of cos xé, 
which occur in the development of r, and those of sin né, 
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which are contained in the-dévelopment of @ — nt, can be re- 
placed by the cosines and sines of multiples of nt. < If we sup- 
pose that these developments of the radius vector and of the 
equation of the céntre, are then arranged according to the sines 
or cosines of the increasing multiples of nt, the values of the 
coefficients of these two series in functions of the excentricity, 
may be determined directly by the following analysis. 

221. Let 
© 7 Ay + A, COS Nt + Ay cos 2nt +.....-4 A; cos int + &e,, 

0 — né = B,3in nt + Basin Qnt + seeeee BiSin int + &e.; 
Ag Ary Avy &C., By, Bo, &c. and generally, a;, Bi, being the co- 
efficients which it is required to determine. 

If i and @ be any two positive integral numbers different 
from cach other, we shall have, by performing the integra- 
tions(d) 

‘id cos tnt cos t/ntd. nt = 0, 


4 sin int sin i/nt d .nt = 0; 


and when 7 = @’, we shall find, 


\" cos’ int d ont = bx, 


\" sin? intd.nt =. 

These last formule cannot be applied when ¢ = 0; in 

this case, the first integral is equal to 7, and the second to 

zero. This being agreed on, if the development of r be mul- 

tiplied by cos int d.né and that of @ — nt by sin int d. nt; and 

_ if the results be respectively integrated from mt= 0 to.ut=7, 

then all the terms vanish, except those of which thé coeffi- 
cients are a; and B; respectively ;_ hence we infer, 


2 = 
Ar 2", cos int dnt, 
Tr 
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2¢7 Ss, 
== 4" (0 — nt) sin int dnt. 


In the case of ¢ = 0, we shall have, inthis particular case, 


aie 
== dnt, 
sox = Ng rd. nts 


that is to say, the general value of a; is reduced to the «half. 
If we integrate by parts, and at the same time observe, that 
0 —nt= 0, at the two limits nt= 0, and nt= 7, the integral 
of B; may be replaced by the following expression(e) 


_ 2 \" . 
Bis 5 \4 cos int d (0 — nt). 


Since, from what precedes, it is evident that 
do YI—@ dunt 
du T—e.cosu’ “da = 17 e+008% 
it follows, that if in place of r, nt, 0, their values in functions 


of u, deduced from the equations (a), (b), (c), be substituted, 
we shall have(/’) 


A= z(r (1—e cos x)? cos (iu ~ te sin u) du, 





2 ESS TE— ena Ae ay, 
because wu = 0 and u = correspond to vf = 0 and at = 7} 
these formulz will make known the numerical values of the co- 
efficients a; and B;, either by the: method of quadratures, or by 
reducing them into series. In order to effect this reduction, we 
shall have by Taylor’s theorem 


f4 04 


te’ 
2.3.4 





p22 
cos (tu —ie.sin uw) =(1~ <sintu + sin*w — &e.) cos iu 


s3, . 
+ (ie sinu = ares + &c.) sin iu ; 
2.3 ae 


a 
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and hence there will result for a;and B,series which areinteprable 
with respect tow, theexact values of which can be obtained either 
immediately, or by means of known formule, so that we may 
continue these developments of a; and 3B; as far as we please. 
‘We can even obtain their general terms in functions of ¢ and 
e; but we will not insist longer on this subject here, as it be- 
longs especially to astronomy. 
In the case of i = 0, we have(h) 


ag= 2" (1 e008)? du = a(+e), . 


for as was observed above, only half of the general value of 4; 
is taken, when 7 = 0; this is the only one of the coefficients 
Ags Ais Ago &C.; Bo, By, By, &e., the exact value of which can 
be obtained. 

222. Ifv denotes the velocity of the planet at the end of 
the time ¢, and 6 the angle which its direction makes with the 
radius vector # or om produced, by No. 156 we shall have 

3. a+ Pde? 


: ) 
ie vsind = rie 


Eliminating dt by means of equation (1), there results 
1 2 
d— 2 
voe(S) +5 vsin d= 5. 


From equation (2), we likewise obtain 


aa 
1_ l+ecos6 as esin® 


r~ a(l—e)’ a ~~ ali—ey’ 





hence we have(?) ¥ 


@? (1 ~ e)’v? = (14+ 2e cos 8 + €*) c%, 


and, consequently, 
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aV1i— 


r.4f 24 


—-1 





3 (Ad) 





c 2a ‘ 
yo FIe) (3 sy 1), sine= 


hence it appears that in case of elliptic motion, the velocity 
and direction of the moveable at cach point may be deter- 
mined by means of its radius vector. Substituting the value 
of ¢ of No. 220, that of v? may be written 
ee 47a? @ ) 


=—a —-! 





Tr 


These formulz, when combined with those of the preceding 
number, will completely determine the motion of a planet in 
the plane of its orbit; but when the motions of two or more 
planets are considered at the same time, then it is necessary 
to refer the position of each of them to another plane, which 
is generally the plane of the ecliptic, or of the earth’s orbit. 

223. Let won’ (fig. 53) be the intersection of the plane of 
the orbit of a planet with a plane passing through o the 
centre of the sun, o£ a right line drawn in this second plane, 
om’ the projection of om, the radius vector of the planet, on | 
this same plane. Let us denote by y the inclination of the 
two planes, by a the angle Nor, by w the angle Bon which the 
radius vector op drawn to the perihelion of the planet makes 
with the line ow. These three angles a, w, y, being given, they 
determine the plane of the orbit, and the position of the ellipse 
in this plane. Also, let ¢ and y represent the variable angles 
mom’ and Mok, which the radius vector om makes with its 
projection om’, and this projection with the line ox, these 
angles will determine, at each instant, the direction of om the 
radius drawn to the planet. 

This being established, in the solid angle, whose vertex is 
at the point o, and which is contained by the three sides 
om, om’, on, as the true anomaly, or the angle mos {s re- : 
presented always by @, the three faces of this solid angle 
will be 

2y¥ 
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MON = MOB + BON = 0+ a, 
won =a/0E — NOE = f —a, 


MOM’== e3 


the first is opposite toa right angle, and the third to the angle 
y. By the rules of spherical trigonometry we have 


sin @ = sinysin(0+w), 
tang (p — a) = cos y tang (0 + w); 


and, as by what precedes the angle @ is known in a function 
of z, each of the angles ¢ and ¥ will be also given by means 
of these formula. 

When the given plane, on which the angle ¥ is reckoned, 
is the ecliptic, then if the line ox, from which this angle is 
measured in the direction of the earth’s motion, is the line 
drawn from the sun to the vernal equinox, the angles ~ and ¢ 
are called the longitude and latitude of the planet in question. 
The line nov’ is the line of the nodes of its orbit; if it passes 
into the northern hemisphere, when it traverses the plane of 
the ecliptic at the point x, this point is the ascending node, 
and wn’ is the descending node. According as the planet 
exists in the northern or southern hemisphere, the latitude ¢ 
is said to be positive or negative, and the angle Mon, or 
@ ++ w is less or greater than 180(%). The angle @ extends 
from — 90° to 90°, and the angle son, and also the longi- 
tude m’or, from zero up to 360°. 

If the point o be replaced by the centre of the earth, and 
if the plane of the equator be that on which the angle p is 
measured; then when this angle is counted from the line 
drawn from this centre to the first point of Aries, the angles 
wp and @ will denote respectively the right ascension and de- 
clination of the planet. When these formule are applied to 
the apparent motion of the sun about the earth, we have a=0, 
y will express the obliquity of the ecliptic, and @ + w will be 
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the longitude of this star, hence, detioting it by A, we shall 
have 

sing =siny.sinA, tangy = cos y tang A, 
and, consequently(2), 


ce sin y. tang cae ; 
V cos" y + tang? y 

‘The greatest northern and southern declinations corres- 
pond to = 90 and X= 270°, and are + y. This angle y 
is also equal to the angle which the axis of rotation of the 
earth makes with the perpendicular to the plane of the ecliptic; 
itis subject toa slight inequality called the mutation, the period 
of which is about eighteen years, and which at its maximum 
amounts only to 9"4. Its mean value, at the beginning of this 
century, was . 
y == 23°,27',55”; 
it diminishes by 0/45692 for each year. 

224. In what precedes, no reference has been made to the 
force which acts on cach planet; in fact, all the circumstances 
of its motion have been determined by data furnished by ob- 
servation, and without having any recourse to the principles of 
dyuamics; it is now requisite to determine the laws of this 
force as they have been already stated in-No. 217. 

It follows from the first law of Kepler, that the force which 
retains each planet in its orbit, is cortstantly directed towards 
the centre of the sun; although this necessary consequence of 
the proportionality of the areas to the times has been already 
deduced in No. 155 from the equations of motion, it will not 
be deemed superfluous here to give a synthetic demonstration 
of it. 

Let m,™ (fig. 54) be the side of the trajectory described by - 
the moveable in an indefinitely small portion of time z. When 
it arrives at the point M, if no force acts on this moveable, it 
will describe in a portion of time equal to 7, a part mm of mr, 
the production of u,™, and equal toam,,-but, in consequence of 
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the foree which acts on it, in this second instant, it is‘trans- 
ferred to another point m’. Let mx be the direction of this 
foree at the point M; we may suppose, that during the time 
r it remains parallel to itself; hence, if we draw the line mm’, 
it will be parallel to mx (No. 148), Now, if c be the fixed 
centre about which the radius vector describes areas propor- 
tional to the times, the triangles m,car and mcm’, which are 
the areas described in two equal portions of time, will be 
equal to each other. But the triangles mom and mcm are 
also equal to each other, since their vertices are at the same 
point c, and their bases mM, mm, are equal and exist on the 
same line; consequently, the triangles mcm and mcm’ are 
equivalent; and as they exist on the same base mc, the line 
mm which joins thcir vertices must be parallel to this base; 
hence the line mk, parallel to mm’, coincides withmc. There- 
fore, in each point m of the trajectory, mx the direction of the 
force, will be that of the radius vector mc. 

Conversely, if the force which acts on the moveable at 
any point , is directed along mc, the right line mm’ will be 
parallel to this radius vector, the two triangles m’cm and mcm 
will be equal, and, consequently also, the two triangles m’cm 
and mcm. The areas described by the radius veetor about 
the point c, in two consecutive instants, being equal, and this 
being the case for the entire trajectory, it follows, that if the 
force which acts on the moveable be constantly directed to this 
point, the areas described in equal times will be equal, and, in 
any time whatever, proportional to these times. 

225. Let, as in No. 218, ™ be the position of the planet 
at the end of the time ¢ (fig. 52), and let, as in preceding 
numbers, 7 denote the radius vector om, and @ the ahgle mon, 
moreover, if x and y represent the two rectangular coordi- 
nates op and‘pm, referred to the axes ox and oy, of which the 
first passes through the perihelion, we shall have 


x=r.cos0, yorsinO, “24+y?= 7%, 
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Also, let x denote the’ accelerating force, acting on the 
planet, the intensity of which is unknown. 

We have seen that this force acts along the radius vector, 
and, because the concavity of the trajectory is turned towards 
the sun, it is directed from m to the point 0; therefore, the 
cosines of the angles which it makes with w and y pro- 


duced, are — < and — % consequently, the equations of the mo- 


tion will be 
Pau ne Py _ Ry. Q) 
de~ r? dea FF 

v being the velocity at the point m, we shall have 


"S wt ae ‘ 
and, by differentiating, 


Pa 
tds Gade + oho, 


consequently, if equations (1) be multiplied by dv and dy 
respectively, and then added together, we shall obtain, by 
observing that adv + ydy = rdr, 


dd.v= — rdr. 
But, when the motion is performed in an ellipse, we have 
(No. 222) 


2h 


Yoel 
r 


mS 





2 
u being made equal to cee Consequently, we shall obtain, 


r= 


XI 


> 


from which it appears, that the foree which acts on each 
planet, varies in the inverse ratio of the square of the distance . 
from the centre of the sun. - 


350 MOTION OF THE PLANETS. 


The magnitude of this force at the unit of distance is fy 
if x’ be what it becomes for. any other planet, of which the 
semi-axis major and time of revolution are represented by a’ 
and 1’, we shall have 


2 fd 
,_ 4na 
eS 





But, by the third law of Kepler, we have 
wirtrsats al; 


from which results 





a F 
poy BSS 

consequently, at the unit of distance, and, generally, at the 
same distance from the sun, the accelerating force R is the 
same for two different planets. 

The motive force of each planct is therefore independent 
of its particular nature, and, like the weight of a body at the 
surface of the earth, is proportional to its mass, It varies 
from one planet to another, according to the same law, as it 
does from one position to another of the same planet; and if 
two planets were situated at the same distance from the sun, 
and then remitted to themselves, without any initial velocity, 
they would descend towards this star ‘vith the same velocity, 
and reach it in the same interval of time. 

Thus it appears, that the three laws of Kepler completely 
determine the force which retains the planets in their orbits ; 
the law of the areas proportional to the times, shews that this 
force is constantly directed towards the centre of the sun; that 
of the elliptic motion, or the expression for the velocity, which 
is deduced from this law, combined with the preceding, proves _ 
that its intensity varies for the same planetin the inverse ratio of 
the square of the distances from the sun ; finally, from the law 
of the squares of the times of revolutions proportional to the 
cubes of the greater axes, we infer that at equal distances from: 
the centre of this star, the intensity of the motive force is pro- 
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portional to the mass of each planet, and independent of its 
particular nature. 

226. Newton extended to the motion of comets about the 
sun, and of the satellites about their respective primaries, the 
laws of Kepler, and the consequences that follow from them, 
with respect to the force which acts on these moveables. 

Comets in their motion differ only from planets in this, that 
they are not constantly visible, in consequence of the great 
distance of their aphelia, which renders the determination of 
their orbits extremely difficult. Notwithstanding this, there 
are three comets, of which the orbits and times of revolution 
are known almost as accurately as those of the planets. With 
respect -to other comets, astronomers have computed their 
motion in an approximate manner, by assuming for their tra- 
jectory, in the small extent for which they are visible, a para- 
bola of which the focus exists in the centre of the sun, and 
supposing always that the areas described by the radii yectores 
about this point, are proportional to the times for each comet. 
This case is embraced under the preceding formule for elliptic 
motion, by making 


azn, a(l—e)=b; 


4 denoting the perihelion distance os, which is a finite quan- 
tity. 

The masses of the comets are very small compared with 
those of the planets, and they seem to be of an entirely different 
nature(m). By the third law of Kepler, the motive forces of two 
comets, or of a comet and a planet, at the same distance from 
the sun, are to each other as their respective masses, and their 
accelerating forces are equal; this is likewise true for several 
satellites of the same planet, but not for satellites of two dif- 
ferent planets, or for a satellite and a planet ; for the law of the 
squares of the times of the revolutions proportional to the 
‘cubes of the greater axes of the orbits, obtains only for bodies 
which revolve about the same centre; in the sequel we will 
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shew the relation which exists between the motive forces of 
two satellites belonging to two different planets, or between 
those of a satellite and a planct. 

It ought to be observed here, that within the last few 
years, the laws of elliptic motion have been extended to those 
double stars, in which a periodic motion of one of the stars 
about the other, has been recognized, and their relative posi- 
tions, computed by means of these laws, agree with their ob- 
served positions as accurately as could have been expected(n). 

227. Let us now consider the changes which the resistance 
of an extremely rare ether diffused through the heavenly 
regions would produce in the elliptic motion of the planets 
about the sun. If these bodies are not perfectly spherical, 
this circumstance, combined with the friction of the fluid 
against their surface would cause the centre of gravity to de- 
viate from the plane of its orbit. However we will at present 
abstract from the consideration of these circumstances, and 
form the equations of the motion of this point, from the con- 
sideration of a central force varying in the inversé gatio of the 
square of the distance, combined with a tangential force arising 

. from the resistance of the medium. 

Let this resistance be supposed, as in the motion of pro- 
jectiles in the air, to be proportional to the square of the ve- 
locity, to the density of the medium, and to the surface of 
each planet; the accelerating force which results will be in 
the inverse ratioof the mass of the moveable. If ds repre- 


sents the velocity of the moveable, then we can denote this 


2 
foree by p Sy p being a very small coefficient, and for the 


same planet proportional to the density of the medium. Since 
this force acts always in a direction contrary to the velocity of 
the moveable, if the principal force directed towards the centre 


of the sun be denoted by » at the unit of distance, and by 5 


at the distance 7, equations (1) will be replaced by the fol- 
lowing(o), 


¢ 
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Pr ue ds dx 
det = Pana 
2 . (2) 
Ly ey ds dy 
de = Oat 


If we make use of polar coordinates, we, may without dif- 
ficulty, deduce from them(p) 


d (dr? 4. d6?) 1 (dr? 4. 726?) 
aT ee pr ABT eee do 


d.rPd§= — pr dods, 


which are the equations into which the preceding may be 
transformed, 
228. Equations (2) become, when their second members 
are neglected, 
Px 


Be hy 
qets=0 Shao, (4) 


and equations (3) are reduced to 
d (dy? + rd@?) 
"de 
We can satisfy equations (5) by means of formule (a), (b), 
(c), of No. 220; however, as these formule contain only two 
constant arbitraries, @ and e, they are not the complete inte- 
grals of these cquations; but if we consider that equations (5) do 
not contain explicitly the variables @ and t, but only their 
differentials d@ and dt, it is evident that the formule of the 
number cited will still satisfy these equations, by adding to ¢ 
and @, certain constants. In this manner, the complete in- 
tegrals of equations (5), and, consequently, of equations (4), 
will be expressed by the following system of formule, 





1 ~ 
_ 2pd.— =0, d.r?d0=0. (5) 


r =a(1 — ecosw), 


ai+e—w=u—esinu r (a) 


tang 4(0~ w) = 4/ FS tang gu; | 
2 





1 
1 
Zz 
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a, €, &, @, being four constant arbitraries, and. a constant 
connected with a by the equation 


en = wy, 


. Qn 4r’a® 
which results from ah as 
r 





= p, by the elimination of rT. 


When the variable wz is cypher, the value of r is a minimum, 
which is the case at the perihelion 3 (fig. 52). In the case of 
u = 0, we have 0 = w, so that in this case 6 will represent the 
angle Moz, measured from the right line oz, which makes the 
angle Box = w, withros. The value of 8, expressed in a series, 
will be of the form ; 


6= nt tet, 


in which 0, denotes its periodic part, arranged according to 
the sines of the increasing multiples of nt-+e—w. This 
angle 6 will be the true longitude of the planet in the plane 
of its orbit, at the end of ¢ any time whatever; nt + ¢ will ex- 
press its mean longitude at the same instant, e its mean longi- 
tude at the epoch from which the time ¢ is reckdhied, and w the 
longitude of its perihelion. 

229. This being established, when the complete integrals 
of a system of differential equations, such as equations (4), 
are known, the integrals of another system of differential 
equations, such as equations (2), which only differ from the 
first by very small terms; may be dedueed from them by a 
method that has been most successfully applied by geometers 
to different questions in celestial mechanics, and of which we 
proceed to explain the principles, for the sake of the problem 
which we are at present occupied with. The values of # and 
y which satisfy equations (4), are of the fom,’ 


exflt, 4,660), YF (ta, 66 0); 


Jfand F denoting given functions. In order that these values 
may likewise satisfy equations (2), @, €, & @, should be con- 
sidered as new variables, which it is required to determine. 
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But as the number of these unknown is four, while equations 
(2) are only two in number, we may assume arbitrarily two 
auxiliary equations, and, in consequence, make 


a+ Lacs Vics Lau = 0, | 
p 0) 
da + ide +7 de +S du = 0, | 


that is, in other words, the parts of dx and dy, which arise 
from the variations of a, e, c, w, are made i to zero. By 
this means, the complete values oe and a Y are simply 
dx __ df dy_ dr 
dt dt dt~ dt 
By differentiating again, we obtain, 
Px _ af, af da oF de, oF de af dw 
dé ~ de? dtda’ dt dtde’ dt dtde’ dt" didw” dt’ 
Py de @e da, de de, @r de, ae dw 
ae = de dtda’ de * aide’ det aide" dt * dies” di” 
Now, by hypothesis, the preceding values of x and y satisfy 
equations (4), a, e,s,w, being considered as constant arbitra- 
ries, consequently we have 


af 


ae Lee 
aat 0," Seti a0 


hence, if the complete values of a and a be substituted in 


equations (2), we shal! have 








cf af 5 at 4 ds dx 7 
dt, 
aan i +a" tite! Bie di is 
c 
ESL y pram 7 ey 6 | 
dtda™’ * i et ier ae ts ei ot kh 


and thus, by means of the four equations (b) and (c), we can 
determine @, ¢, ¢, w, in functions of ft. 
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230. In gencral, this substitution of four.djffereritial equations 
of the first order, in pléceef the two equations (2) of the second 
order, will not be attended with any advantage. Butas the va- 
lues of da, de, de, dw, which ate deduced from equations (b) and 
(c), have for a factor p the coefficient of the resistance, which 
is a very small quantity, the variable parts of a, e, ¢, w, will be 
also extremely small; and if the square of p be neglected, 
a, €, ¢,, may be considered as constant, in the expressions of 
da, de, de, dw; hence the determination of the variable parts of 
a, €,&,, may be féduced to quadratures. By the method of 
successive approximations, the values of these quantities may 
be thus obtained, arranged according to the powers of p, and 
continued to whatever degree of accuracy we please; how- 
ever, we shall stop at the first power of p, in the present in- 
vestigation(g). 

If in equations (a), the variable values of a, e, ¢, w, be sub- 
stituted, they will make known, as in the case of elliptic mo- 
tion, the values of 7 and @ in functions of the time. The 
trajectory which in this case is described, will be still an ellipse, 
but its elements continually vary. If at each instant, the 
constant ellipse which satisfies the values of the elements at 
this same instant, be constructed, the ordinates a and y, and 
their differentials dz and dy will be common, in virtue of 
equations (b), to this ellipse, and to the trajectory, which 
consequently will be the osculating curve of all the constant 
ellipses. For the same season, the velocity of the moveable 
and its components will have the same expressions in the el- 
liptic motion, and in the motion altered by the resistance of 
the medium, and will be determined by formule (d) of No. 
222. 

231. As we have identically 


nt = Sndt + Sidn; 


by comprising §¢dn in the unknown e, the second equation (a) 
may be written as follows, 
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§nde +e~wou- esi ue (ad) 
‘Then, if in the equations of elliptic motion, there be substi- 
tuted for the constants a,¢, ¢,@, their variable values, we should 
at the same time replace nt, by the integral §adt, wnich is 
supposed to vanish when ¢=0. The quantity 2 that it involves, 
may be deduced from a, by means of the formula 
neh, 
ava 
which is furnished by the equation Crees p of No. 228, This 
integval§ ndé expresses the mean motion of the planct (No. 219), 
altered by the resistance of the medium, and thus, the diffe- 
rential of the mean motion will be dé, in the disturbed motion 
as well as in the elliptic motion. 

At the perihelion, the angle @ — w is cither cypher, or a 
multiple of 360°; and this will be also the case with the angle 
x, in virtue of the first equation (a); therefore, in the time 
which lapses during two consecutive passages of the planet 
through its peribclion, the quantity Judé +e —w will be in- 
creased by 360°; this will cnable us to determine this interval, 
when 2, ¢ w, are given in functions of é The time of a revo- 
lution, or the interval which lapses between two returns of the 
planet to the same fired point, will in like manner be that in 
which its true longitude 0 is increased by 360°(r). 

232, Equations (b) and (c) may be replaced by equivalent 
ones, from which the values of da, de, de, dw, can be inferred 
with greater facility. For this purpose, it is to be observed, 
that if any equation 

ob (ats 1, 0, a, 2,0) = 0, 
obtains in the ease of elliptic motion, it will likewise subsist 
when the motion is altered by the resistance of the medium, 
(4, y % w, being regarded as variables determined by equations 
(b) and (c), and Sade being substituted instead of nt. There- 
fore, the differenitial of the function » will be equal to eypher, 
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whether it be taken in the first case with respect to nt, r, 0, or 
in the second case, with respect to Sndt,-r, 0, a, €, e,w. Now, 
as rand @ are functions of x and y, their differentials are the 
same in the two cases, in virtue of equations (b) ; consequently, 


if in the complete differential of g, the part - am d.nt + “ 
dr +7 % The which is separ: ately equal to eypher, be suppressed, 


we ce have 





dy dy # i a 
da dot ante + re +7 wo = 0. 


Now, if in equation (2), of No. 218, 6 — w be substituted 

in place of @, there results 
r+ re.cos(0~—w)=a(l—e&); 
and, if this be differentiated in the manner already pointed out, 
we shall have 
ros @d.ccosw+rsinOd.csinw =d.a(l—e). (c) 

If the first equation (a) and equation (d) be also differenced, 

we obtain 
(1 — cos u) da — acosude + aesinudu = 0, 
de— dw + sinude — (1— ecosu) du = 0, 

w being regarded as function of a, &, ¢, w. 


By climinating dw between these two(s) equations, we 
obtain 


(1— ecosz)*da + a (¢ — cos x) de + ae sin u(de— dw) = 0. 


But, if in the formule 





sina = 


1+ tang? du’ 





e substitute for tang 3, its value which is given by the third 
equation (a), we have(é) 
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eteosO—~w) Vir esin (0 — 0) 
l4e.cos(8— ww)’ | ™~ 1+ e.cos(0—w) ’ 





cos“ = 


by means of which, the preceding equation becomes 


(l—e*) da 
1+e.cosxO—w) 


ae sin(@— = 








—acos(@—w)de+ (de—dw)=0. ( 


What has been stated with respect to the equation ¢ == 0, 
may likewise be applied to the case in which the function ¢ 
contains the first differentials of rand @ Thus, in the case of 
elliptic motion, we have 


dP 4rd Qu 
dt? ~ > 


I 
| 


are 


rdd= V na (i—&) dt, 


pa being substituted in place of a’n in the expression for 
r°d0 of No. 220(v). Now, since the differentials dr, d0, as also 
rand 6, remain the same when a, é,<, w, become variable, it 
follows that these two equations will also subsist on this hy- 
pothesis; this being so, if their complete differentials be com- 
pared with equations (3) of No. 228, we can infer(w) 


d= 2p (2 —2)as, 


(g) 





d.Val—@)=~pVali-ejds. J 


Now, the values of da, de, de, dw, may easily be inferred 
from the four equations (¢), (f), (g); by substituting for r its 
value, namely, 

- al—@& =O) 
pan See os (Ow)? 








in order to express them in funetions of the angle 0 solely, we 


find(«) 
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rs 2 pa 


da=— ga Li + 2e cos (0 — w) + 67) ds, 
| 


de = — 29 [e+ cos (6 — w)] ds, 
edw = — 2p sin (0 — w) ds, [ 
£ 2pesin(0—w)[V1—e&—e—e cos(O—w)]; | 
[ltecos(Q-w)]}+Yi-e).  / 
The value of ds which should be substituted in these formule, 
is 
ds= Ve - 40; 


and, by substituting in this expression the value ofr, we obtain 


(h) 


de= 








ane aa € cos a w)}? seu, 


‘The second members of these equations should be inte- 
grated on the supposition that a, e, ¢, «, are constant, as has 
heen already stated ; and when the coefficient p is given in a 
function of 7, and consequently of 8, the values of the variables 
a, €, ¢,, may be deduced by the method of quadratures, or by 
reduction into a series, which values should be substituted in 
the equations of elliptic motion, 

233. If the exeentricity e be a very small fraction, formule 
(h) reduced to their principal part, become 


da= —2pa°d0, de = — 2pacos (0 —~ w) dd, 
edw = — 2pasin(0 —~w)d0, de = 2paesin (0 — w) dé; 
and the coefficient p may be regarded as constant. Hence, 
by integrating and denoting the variable parts of a, e, ¢, w; by 
da, de, de, dw, we shall have 
oa = — 2pa°6, 

ée = ~ 2pasin (0 — w), 

eéw = 2pacos (0 ~ w), 

ée = ~ 2pae cos) 0 — w). 
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If the corresponding part of n, or of Vin be expressed by 
ava 

Sn, so that we may have 

8V En 

sa = a, 

20@Va ” 

there will result 
on = 3pané. 


Hence it appears, that the effect of the resistance of ay 
extremely rare medium, on the motion of a planet in an orbit 
of very small excentricity, will be to cause the greater axis to 
decrease indefinitely, also to increase n the angular velocity, 
and to produce in cach of the three quantities e, w, ¢. an iny 
equality of which the period is the same as that of the planet's 
revolution. Not only is the angular motion more-ané miare 
accelerated, but also the absolute velocity ; for it is very nearly 
equal to an; its increment is therefore adn +254 ; which is a 
positive quantity and equal to pan. 

If the excentricity be altogether neglected, we have 


Tod, O=Sndt+«; 


therefore, if 87 and 8@ denote the parts of the radius vector, 
and of the longitude which are produced by the action of the 
resisting medium, we shall have to the same degree of approxi- 
mation, 

or = — 2pa°O, 30 = Spal. 

In consequence of this continual diminution of the radius 
vector, which amounts to 4 xpa? at the end of each revolution 
of the planet, this body must eventually fall on the surface of 
the sun. 

Finally, if there exists in the regions of free space, an 
ether which affects the motion of the heavenly bodies, its in- 
fluence will be particularly sensible in accelerating the motion 
of the comets, on account of the extreme smallness of their mass, 
and because that, every thing else being the same, the coefficient 
p is in the inverse ratio of the mass of the body. And, in fact, 

34 
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we have not been able as yet to recognize any traces of an 
ether which resists the motion of the planets and satellites ; but, 
according to the calculations of M. Enke, this resistance ap- 
pears to have an appreciable influence on the motion of the 
comet recently discovered, the time of whose revolution is about 
1200 days. 


ILI. Motion ofa material Point acted on by a central Force. 


234, The problem which we now proceed to consider is 
the inverse of that of the preceding section; there the tra- 
jectory and the law of motion being supposed to be furnished 
by observation, it was proposed to determine, in magnitude 
and direction, the force which produced this motion; in 
the present case, a constant force directed towards a fixed 
centre, and given in a function of the distance of the move- 
able from this point, is supposed to be applied to this move- 
able, and it is required to determine from thence the trajectory 
and the law of the motion. 

This curve pms (fig. 55) will be contained in the plane 
passing through the fixed centre c, and through pa, the di- 
rection of the initial velocity. Let two rectangular axes ca, 
cy, of which the first passes through p, the point from which 
the body commences its motion, be drawn in this plane, 
through the point c, and let them be the axes of the coordi- 
nates. At the end of the time ¢, which is reckoned from the 
departure at D, let the moveable be supposed to be in m, and 
let x and y denote its coordinates cp and pm, r its radius 
vector CM, R its accelerating force directed from m towards 
c, and given in a function of 7; the equatiofis of the motion 
will be . a 

oats, ante Q) 
if the force n acts in the direction of the production of cm, it 
will only be necessary to change the signs of their second 
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members. We can immediately deduce from these equations, 
the two following integrals of the first order, 


a 


2 2 
ady — ydx = cdt, Et = 


aE = — 2§rdr +. 5, 
in which } and ¢ are the constant arbitraries introduced by 
the integration; and if @ denotes the angle Mcx, so that we 
may have 

w=rcos0, yarsing; 
these integrals will become 


2 2 2 
1d = edt, ote =~ 2ndr4+b; (2) 
if the values of d¢ and d@ be deduced from thése equations, 
they will be of the form 


dt= frdr, d@= rrdr, 


whieh it will be only necessary to integrate either accurately 
or by approximation. 
If dé be eliminated between equations (2), we obtain 


1,2 
a a 
e oT + at 2hrdr = 3, (3) 
for the differential equation of the trajectory. 
If v represents the velocity of the moveable at the point 
M, we shall have 
; vb — Brdr; (4) 
and 6 denoting the angle that its direction makes with mc, its 
components will be 
dr ‘ rd0 
veosd = ee vsine= 7 
in the respective directions of mc, the radius vector, and of mu 
perpendicular to mc. 
The two constants 6 and ec, and those which are introduced 
by the integration of the values of dé and d@, can be determined, 
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by means of the initial position and velocity of the moveable. 
For this purpose, let y represent the initial distance cp, a the 
angle cpa which may be either acute or obtuse, and / the 
height due to the initial velocity, so that this velocity may 
be V2gh, g denoting the gravity. If the integral §rdr, 
which occurs in the preceding formule vanishes, when r = y, 
we shall have, as is evident from the general expression for v’, 


b= 2gh. 
In virtue of the equation 7°d0 = cdét(y), the value of v sin 8 


_ is the same thing as <5 consequently, we shall have 
c=yV2gh.sina 


As to the two other constant arbitraries, they are deter- 
mined by the supposition that 0 = 0, and 7 = y, when ¢ = 0, 
and thus, the problem will be completely resolved. 

235. “When the force r is proportional to the distance 7, 
the variables a and y are separated in equations (1), and there 
is no occasion to recur to polar coordinates, or to equations . 
(2). In fact, let & denote the value of x which corresponds 
tor = y, and 

aa : 


2 
will be its general value. Equations (1) will become 


Cu ike ay ky 


diy’ de y? 


and their complete integrals will be(z) 


A 4 xine Vi 
e2maAcost —+a’siné ~ ? 
¥: 7 

PY REY 
yo—Beosé -—+B'siné -3 
Y T 


A, 4’, B, B’, being the four constant arbitraries that are intro- 
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duced by the integration. In order to determine them, we 
have, by the: preceding suppositions, 


d. —— di a 
z=ay, y=, = — V2gh.c08 a, = V2gh sina 


when ¢ = 0; hence it follows that 
Azy A’ if a V2 gh cosa, 
Y 


he pees 8 
Br 0, v VE = Vigh.sina 


and, consequently, 


= 7 (cose V4 22 cosasint V2), 
v1 VP sina sine V4, 


It appears from these formulz, that the revolutions of the 
moveable about the point c, will be isochronous, and ‘their 


common duration equal to 27 Xa’). We can deduce from 


ysinasine VE = yV & 


ysing cost VE = =2.sina+ycosa; 
hence we obtain(d’) 


them 


Sgh? 


i y + (“sina + y cosa)? = y’sin’a, 


for the equation of the trajectory, which is, evidently, an ellipse 
of which the centre is at the point c. ‘This ellipse becomes a 
circle when a = 90°, and Ay = 2gh. In this case, the motion 
is uniform, for by the expressions for a and y, we have 


dz — . k dy os he 
aan Vrksine Si = V7h cost V4; 
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hence the velocity v is equal to Wyk. The central force R and 
2 

the centrifugal force ee are constant, and respectively equal tok. 
BA 


If the force r be repulsive instead of being attractive, as 
has been supposed, & must be changed into —~ in the pre- 
ceding formule. The trajectory will be then an hyperbola, 
and the body in its motion will never return a second time to 
the same point. 

236. Let the force r be supposed to be proportional to the 
inverse cube of the distance, and, consequently, that 


k being always its value at the point p. 
In this hypothesis, we shall have, 


ae. (i —_ Y), 


because the dhagoat ‘faditshi when 7 = y. 
If we take into account the values of b and c, and make 


ye dz 


x 
e io = a” 


=z, 


equation (3) will become 


hy ) 2__! hy 
ae t ( ~ Ooh-sint'a/ * ~ Sint? a” Qghsin®a’ 


As the coefficient of <? may be either positive or negative, let 


hy 


oy EM; 
2gh.sin?a 


consequently, we have(c’) 
dz +722 = 2a nr 
ae n cot?a = n°, 


from which we obtain 
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ndz 7 
nd0 = —————— 
Yotat nz nz 





When the superior signs are employed, we shall-have(d’) 

nz : n 
— 4 — are (SIN S JS 
Ycota+ a) ( ¥ cot’a =) 


and, when the inferior signs are made use of, 


nO = are (sin = 


nz + V cotta — n® + n22? 


nO = log a cote 





> 


taking care to observe, that r = y and z = 1 when 0@= 0. 
From the first value of x8, we deduce 


nz = cotasin nO 4-n cos 20. 


The maximum of z, or the minimum of r, corresponds ¢o the 
value of 0, deduced from the equation dz = 0, or(e’) 


1 
tan x8 = rt cot a, 


for which we obtain 
1 
zat =V 1+ cotta, 


Beyond this value of 6, the distance of the moveable from 
the point c will increase indefinitely, and its radius vector r 
will be infinite, for the least value of @ deduced from the equa- 
tion z = 0, or(/’) 

tang n@ = — n tanga; 


and to attain this value of 6 an infinite time is required. The 
value of ¢ as a function of @, may be obtained without any 
difficulty, by substituting in the first equation (2), in place of 
r, the value of x, 


When the value of x@ is a logarithmic function, we shall 
have, by passing to numbers, and denoting the base in Napier’s 
system of logarithms by e, 
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nz + Yoota — n* + nz? = (n + cota) e™; 


hence we obtain(g’) 
a 1 7 
z=t = zq (B+ cota) em at cot a) e793 


it appears from this expression, that the value of 7 diminishes 
indefinitely, consequently, the curve described by the move- 
able body about the point c, will be a spiral, and it will not 
reach the centre until after it has performed an infinite number 
of revolutions. 
If, in order to simplify, we make a = 90°, we shall have 
—— 27 


~ ep en? 
for the equation of this spiral. The first equation (2) becomes 


4yd0 
and, by integrating, we obtain 


oY 29h dt= 


a 28 p—n8 
nt VIgh zy Co") 

a ae 

237. Let us suppose, for the last example, that the force 
R varies in the inverse ratio of the square of the distance, 
which is the law that obtains in nature, in which case we 
have 


a=, §ndr = ky (1-1); 


* being the intensity of this foree at the point p, where the 
preceding integral is supposed to be equal to nothing, 
If we make 


1 
==p, %ky—-b=B, 


equation (3) of the trajectory will become 


ACTED ON BY A CENTRAL FORCE. 369 


te =. 
ome = 2ky"p — cp? — B; 
from which we obtain(h’) 


d= rie 


V8 (Em 
Hence if we integrate and denote the constant arbitrary by 
w, we shall have 
—} 
O=w + are ( cos= ES Par hire! SP 
VPy— ep J 
by means of which we can obtain 
kyr = — r Wy — CB cos (0 — w), (a) 
w + 7 being substituted in place of w, in order that w may 
be the value of @ which corresponds to the least value of 7, 
that is to say, to the point of the trajectory where the move- 
able is nearest to c. 
In order to obtain the equation of this curve in rectangular 
coordinates, let 











x =r.cos(9—w), y’=r.sin(O—w); 
x’ and y’ being the rectangular coordinates of the moveable 
referred to the axes ca’ and cy’, so that 2’cx = w; we shall 
have evidently 
al + y? = rs 
and if the two members of equation (a) of the trajectory be 
raised to the square, it will become(2’) 


yy” + Bex? = ct— 2c Pa! f Ry eB cp. 


Now, it is evident from inspection of this expression, that it 
belongs to a conic section, which will be an ellipse, a parabola, 
or hyperbola, according as the constant ( is positive, cypher, 
or negative. It appears also, that in all cases, the point c 
will be a focus of this curve; for, in the equation (a), the 
radius vector 7 is a linear function of the abscissa 2’; now in 


ae ny 
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the three conic sections, this is only the case, when the origin 
of the coordinates is one of the foci. 
Since b = 2gh, we shall have 
B= 2ky — 2ghs 


hence it follows, that the sign of B, and consequently, the 
nature of the conic section described by the moveable, de- 
pends only on the initial distance and velocity of projection, 
and not at all on the direction of this velocity ; so that if se- 
veral material points commence to move from the same point 
c with equal velocities, all of them will describe conic sec~ 
tions of the same nature, whatever may be their initial di- 
rections. If for example k =g, the curve described will be 
an ellipse, a parabola, or hyperbola, according as the height 
due to the initial velocity is less than cp, equal to this dis- 
tance, or greater than it. 

238. In the case of the ellipse, equation (a) shews that the 
greatest and least values of 7 correspond to 06 =w +7 and 
Ow; if we denote them by a(1+4e) and a(1—e) res- 
pectively, then a is the semi-axis major, and e the excentri- 
city, and we shall have 


(ty? — Vey eB)ad +e =e, 
(y+ Vey epyall—e) =e, 
or, what is the same thing, 
Ball fe) = hy + VEY eB, 
Ba(l =e) = hyt— VEY eB. 


If we add these equations together, and if we also multiply 
their corresponding members, we shall obtain 


pax ky’, perd—e’)=e’; 
and, by substituting for 8 and ¢ their values, 


B= 2hy — gh), c= y V2ghsin a, 


weve anlviaii 
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2 (hy — gh) a= hy’, 
yh V1 — = 2 Woh (ky — gh) sina; 


by means of which, the semi-axis major, and the excentricity, 
may be obtained. ‘The angle w is determined by making, at 
the same time, 9-0 and r= y in equation (a). Thus, when 
the position, initial velocity and direction of the moveable are 
given, the dimensions of the ellipse, and the position of its 
greater axis, will be completely determined. With respect to 
its motion on this curve, that is known by formule (a) (b) (¢) 
of No, 220. It appears from formula (4) of No. 234, that 
the square of the velocity at any instant is expressed by the ¢ 
equation 


(b) 





2 
v= Wgh— Why + so 


or, what comes to the same thing, 


sae(t-2) : 
on account of the value which we have found for a, and by 
making ky? = p, so that here, as in the formula of No. 223, 
je expresses the intensity of the central force at the unit of 
distance. 

239. As the motions of comets are observed to approximate, 
during the time of their apparition, to that of a body moving in 
a parabola, it will not be irrelevant to discuss here this parti- 
cular species of motion. Since we have in this case 3 = 0, 
or ky = gh, equations (b) give a= » and e =1; which is in 
fact the case in the parabola. Formula (ce) becomes 
= 2H, 
aa 


vy 


and if u denotes the velocity in a circle, of which the radius is 
equal to r, we shall have in virtue of the same formula, 


wot. 
r 


3 
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consequently, at equal distances from the sun, the velocity of 
a comet is to that of a planet, which describes a circle, as 
V2 tol. 

In general, if the two members of the last of equations (b) 
be raised to the square, and if they then be respectively multi- 
plied by those of the first, we shall obtain 

hya(1—e) (1+ e) = 2ghy sin’ a, 

hence, if p denotes the least distance of the comet from the 
sun, so that(h’) 

p=a(l—e), 
and if we make Ay = gh and e = 1, we shall have 

pay-sin’a; 
from this it appears, that the perihelion distance is determined, 
when the initial distance and angle of projection are known. 

If, in equation (a), we make 8 = 0, and ky = gh, it will be- 
come, by substituting for c? its value 2ghy’, sin? a, 


r= 2ys8in’a — 7 cos(0 — w) ; 
hence there results 
2 2p 
"= Tf cos (= w)’ @) 


for the equation of the trajectory. If we make 6=0, and 
r=y, we obtain(?’) 


y(L+ cosw) = 2p, cos}w= sina; 


by means of which, we can determine the angle w that the 
radius vector drawn to the perihelion, makes with the radius 
drawn to the point from which a body is projected. 

If we substitute for the values of ¢ and r in the first equa- 


tion (2) of No. 234, and if, in order to abridge, we make 
yVghsina 
=e 


there results 
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4d0 > 
T+ 00s (G—aP =ny2.dt, 
and because 
1+ cos (6 — w) = 2cos?£(9 — w), 
if we make 
O—w=2y4, d= 2df, 


dy _ nde 
cosy 4/2’ 
hence by integrating and denoting the constant arbitrary by «, 
we obtain(m’) 


we shall have 





(3 + tangy) tangy + «= 


In order to determine this constant, it is to be observed 
that we have, at the same time, 


t#=0, 0=0, ~r—}o; 
and because cos}w = sina, there results 
= (3 + cota) cota. 


Naming ¢’ the interval which lapses from the moment the 
body begins to move until it passes through the perihelion, 
we shall have at once 


txt, 0=w0, ~=0, 
and, consequently, 


v= 





V2 
3n - 


This being so, if + denotes the time reckoned from the 
instant of this passage, so that ¢ = ¢’ +7, we shall have 
3at 
[3 + tang?}(@—«)] tang 4@-w)=—=s 


and if this equation, which is of the third degree with respect 
to tang $(@ — w), be resolved, we shall obtain tang 3(0 — w) 
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in a function of 7, and, consequently, we shall have the values 
of r and @ at any given instant ; the time 7 is evidently positive 
after the body has passed through the perihelion and negative 
previously to this passage. 
Because 
ghy=hPapw Vy-sina=Vp, 
the preceding value of x is the same as 


“i, 
PVP. 
therefore, it appears from the equation a'n? = p of No. 228, 
that » expresses the mean angular velocity of a planet, of 


which the greater semi-axis is equal to p; and if 7 denotes 
that of the earth, and / its semi-axis major, so that we may 


have 
Va 
ar a 


_uVvt 
pvp’ 


rxa= 


we shall obtain(n’) 


for the value of x. 

240. From the preceding analysis it appears, that if the 
determination of the motion ofa comet be considered as a mere 
problem of dynamics, and if, in consequence, its initial posi- 
tion, its direction, and velocity, are supposed to be known, * 
we can, from these data, determine p the distance of the sum- 
mit of the parabola from its focus, the instant of the passage 
of the body through this summit, or the value of t’, and the 
position of the axis which depends on the angle w; the velo- 
city of the comet, and its position on its trajectory at any 
instant whatever, are known by means of equations (c), (d), (e), 
and as the plane of this curve is that which passes through 
the centre of the sun, and through the direction of the initial 
velocity, it follows that the motion is completely determined. 
But the astronomical problem is altogether different. When 
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a comet is first discovered, neither the plane of its orbit, its dis- 
tance from the sun, its velocity, nor its direction at the instant 
of its apparition, are furnished by observation, so that if its 
position at this instant be taken for its point of departure, the 
constant quantities y, A, a, will not be given as in the pre- 
ceding problem. The question then consists in deducing 
from observations, the five following quantities, namely, the 
inclination of the orbit, and the longitude of its ascending 
node on the plane of the ecliptic, (which two quantities will 
determine the plane of the orbit,) the longitude of the peri- 
helion, and its distance from the sun, (from which two, the 
position of the orbit in its plane may be known;) and lastly, 
the time corresponding to the passage of the comet through 
its perihelion. When these five unknown quantities are de- 
termined, equations (c), (d), (e), represent, as in the preceding 
numbers, the motion of the comet in its plane. Now, from each 
observation of the comet, we can deduce its right ascension 
and declination; therefore, three observations furnish six data, 
and, consequently, six equations, which are more than suffi- 
cient to determine the five unknown quantities mentioned 
above ;.and this circumstance enables us to replace two of 
these equations by that combination of them which is most 
proper to diminish the influence of the errors of observations. 

Having thus deduced approximate values of the five ele- 
ments adverted to above, from three observations made at the 
epoch of their apparition, subsequent observations serve to 
correct these first values, and to verify formulz (d) and (e). 

We can only in this treatise thus generally advert to this 
problem, which is one of pure astronomy, of which different 
solutions have been proposed. 


CHAPTER VII. 


DIGRESSION ON UNIVERSAL ATTRACTION. 


241. The material points of all bodies attract each other 
mutually, in the direct ratio of the masses, aud in the inverse 
of the square of the distances. 7 

This great law of nature, which was discovered by Newton, 
is a necessary consequence of observation and calculation. In 
fact, it is shewn in the exposition of the system of the world, 
how, by setting out from experiment, we are conducted, 
without assuming any hypothesis, by an uninterrupted train 
of rigorous reasoning, to the principle of universal gravitation. 
The developments of this principle constitute the especial 
object of the celestial mechanics. We shall restrict ourselves, 
in this chapter, to a brief exposition of its principal conse- 
quences. 

242. The force that retains the planets in their orbits is 
the resultant of the attraction, which all the material points 
of the sun exercise on all those of each planet. Considering 
the smallness of the dimensions of the sun and the planets re- 
latively to the distances which intervene between them, it is evi- 
dent that these attractions may be regarded, with an approxi- 
mation sufficiently near to the truth, as equal and parallel forces 
in the entire extent of each planet ; their resultant is then equal 
to their sum, and, the distance remaining the same, the mo- 
tive force of each planet is proportional to the product of its 
mass into that of the sun; the circumstance of the form of 
these bodies being very nearly spherical, renders this con- 
clusion still more exact, when their mutual distance is as- 
sumed to be that of their centres of gravity, (No. 99.) 
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In order to express the intensity-of thig force ntimerically, 
let a certain distance, for example, that of the sun frem the 
earth, be assumed as the linear unit, also let a determinate 
mass and interval of time be selected as the respective units 
of these two descriptions of quantities; and finally, let the 
unit of force be, as in No. 118, the constant accelerating 
force, which produces, in the unit of time, a velocity equal to 
the unit of length, Let us now suppose two bodies, whose 
masses are respectively equal to that which has been se- 
lected to represent unity, to be distant from each other by a 
quantity equal to the linear unit, then if J denotes the at- 
tractive force of one of these two bodies on the other, that is 
to say, the numerical ratio of its intensity to that of the force 
which has been selected to represent unity, M and m being the 
masses of the sun and planet, the motive force of the planet 


will be fum at the unit of distance, and at any other distance 
Jum 


7, it will be ae 





The magnitude of the quantity which we have denoted 
by 4 depends on the attractive power with which matter is 
endowed ; when the mass and distance are equal, this power 
is the same for all bodies ; nothing hitherto observed leads us 
to suppose that it increases or diminishes with the time; and - 
we have every reason to think that it has been and will re- 
main constantly the same. e 

243. The motive force of the mass M, due to the attraction 


Sum 


of m, is also represented by ——, so that the reaction of each 





planet on the sun, is equal and contrary to the action of this star 
. Mm, 

onthe planet; but the motive fore , acting on the two masses 

mand m, will impress on them, in cach instant, infinitely 

small velocities, which are reciprocally proportional to these 





. * * mm 
masses, or, in other words, their accelerating forces are and 


Ju Hence it follows, that if these bodies are remitted, with- 


ro 
3c 
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out any initial velocities, to their mutual attraction, they will 
move towards each other, passing over, in the same time, 
spaces which are in the inverse ratio of their masses ; and they 
will meet at their common centre of gravity, which we know 
divides their initial distance in the inverse ratio of their masses, 
In general, if a planet is projected in any direction whatever 
in space, and if it be required to determine its apparent mo- 
tion about the centre of the sun, considered as a fixed point, 
we must conceive that in each instant, there is impressed on 
this star, an infinitely small velocity, equal. and contrary to 
that which it receives from the attraction of the planet ; but, 
in order that the relative motion of these two bodies be not 
altered, we should, at the same time, impress this velocity on 
the planct ; which is the same thing, as if there was applied to 
it an accelerating foree equal and contrary to that of the sun ; 
therefore, in the motion which we are considering, the acce- 
lerating foree of the planet m will be constantly directed 
towards the sun M, and equal to the sum of the two forces 


& ana; hence if it is represented by fn asin No. 225, we 


should assume 
w=f(u +m). 
Therefore, this value ought to be substituted in the diffe- 
rent equations of elliptic motion which have been given in the 
preceding numbers, and the equation 


Ana 
TP 





=e 


of that number will then give 

r 4° 

@ fim+m)’ (1) 
T being always the time of the planet’s revolution, and a the 


semi-axis major of its orbit. 
OT vg : 
It appears, therefore, that the ratio e inasmuch as it de- 


pends on m, the mass of the planet, will not be the same for 
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two planets when their masses are unequal. However, as the 
observations which establish the third law of Kepler proye, that 
this ratio, if not exactly, is, at least, very nearly constant; it 
follows, that the masses of the planets are very small rela- 


2 
tively to that of the sun, and this is the reason why = the ratio 


of the square of the time to the cube of the mean distance 
varies very little, in passing from one planet to another. - In 
fact, the mass of Jupiter, which is the most considerable of 
them all, is less than the thousandth part of the mass of the 
sun. 

244, It is on this dteount that the mutual attraction of 
the planets produces only perturbations, which are either very 
slow, or very inconsiderable, in the elliptic motion produced - 
by the attraction of the sun. In fact, the masses of two planets 
being m and m,, the motive force directed from the one to 


fim, 


the other, is expressed by + at the distance p; therefore, 
i) 





the accelerating force of m arising from the attraction of m,, 
will ve 3 and as the distance p never becomes very small 
relatively to7 the distance of m from the sun, it follows, that 
if m, be a very small fraction of M, the motion of m produced 
by the solar attraction, ought to be very little modified by the 
attraction of m. 

The planetary perturbations may, therefore, be deter- 
mined by the method of the variation of constant arbitraries, 
which has been already explained in No. 229. They are of 
two different species. The one consists of periodic inequalities, 
which are, for the most part, very small, and of which the pe- 
riods comprise multiples of the revolutions of the disturbing 
and disturbed planet, that in general are inconsiderable. 
However, when their mean motions are nearly commensurable, 
these periods may become much longer, and the inequalities 
much more sensible. Thus, as the mean motions of Saturn and 
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Jupiter are very nearly in the proportion of 2 to 5, Laplac&é 
proved, that an inequality results from the mutual attraction 
of these two planets, whose period is 929 years, and of which 
the maximum is about 48’ in the longitude of Saturn, and very 
nearly 20’ in that of Jupiter. 

The other perturbations of the planets are—ist, the pro- 
gressive motions of the perihelia and nodes of their orbits, 
in which these points traverse the entire circumference, in 
periods of such length, that they may exceed thousands of 
centuries ; 2ndly, the secular variations which affect the 
excentricities and inclinations of these orbits, and also the 
mean longitudes of the planets; the periods of these are 
similar to the preceding, and their amplitudes, though con- 
tained within very narrow limits, are not yet very wéll. 
known. 

But while these different elements of elliptic motion simul- 
taneously vary in virtue of the planetary attraction, it is very 
remarkable, that this force produces no change in the greater 
axes of the orbits and the mean motions of the planets, which 
will be the same at all epochs, as also the times of revolutions, 
that are connected with the greater axes by equation (1). 
Nevertheless, the secular variations of the mean longitudes 
produce corresponding ones in the intervals between two con- 
secutive returns to the same fixed point ; they are insensible 
in the motion of the planets; but this is not the case in the 
motion of the satellites, and particularly in that of the moon, 
which, on this account, is accelerated from century to century. 
As the accelerating force which arises from the attraction of a 
planet m,, on another planet m, is independent pf the mass 
of m, and proportional to the mass m,, it is easy to conceive 
how the perturbations due to this force, and which are ob- 
served in the motion of m about the sun, may enable us to 
determine the ratio of the mass ™, to that of this star. Thus, 
for example, by means of the great inequality in the motion 
of Saturn produced by the action of Jupiter, we find that the 


ON UNIVERSAL ATTRACTION. 381 


mass of this last planet is equal to the zg4 pth of that of the 
sun. 

In the next number we will point out another means of 
estimating the mass of those planets, which are accomparfied 
by one or several satellites. The comets, on account of the 
smallness of their masses, do not produce any appreciable 
effect on the planets; but their motions are deranged by the 
attractions of the planets, and their perturbations, which have 
a considerable influence on the epochs of the reappearance of 
each comet, that is to say, on the interval of time comprised 
between two consecutive passages through its perihelion, are 
also determined by the method of No. 229. 

245. Let m’ and m denote the masses of a satellite and its 
primary, and 7’ the distance of their centres. The motive 
force of the satellite, directed towards the centre of the planet, 


. m! «ae + 
will be expressed bye at this distance r’; the coefficient ¢ 
being the same as in the former expressions. ‘The accelerating 
force of the satellite in its apparent motion about the planet, 


will be expressed by oy in which 


wa f(m +m’). 


If a’ denotes the semi-axis major of the orbit of the sate} * 
lite, and 1’ the time of its revolution, we shall obtain, by ap- 
plying equation (1) to its motion, 

4 

> a F(m+m)’ 
and if these two equations be respectively divided by each 
other, in order to eliminate the coefficient f, there will result, 


T.a? mm’ 


Ta M+m° 


Now, with the exception of the moon, the masses of the 
satellites are very small relatively to those of their respective 
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primaries; for example, the mass of a satellite of Jupiter is not 
the ten thousandth part of that of this planet; therefore, in this 
last equation, we may put m in place of m + m’; and as a, a’, 
1,1’, are given by observation, this equation will enable us 
to determine the ratio mtom. It was in this way Newton 
found that the mass of Jupiter was the ;;47th of that of the 
sun, which differs very little from the fraction gq, that has 
been since obtained by another method. 

246. If a planet is attended by several satellites, their 
mutual attraction, combined with the inequality of the action 
of the stm on each satellite and on the planet, produces in the 
elliptic motions of the satellites, perturbations analogous to 
those we have already adverted to in the case of the planets. 
The perturbations which arise from the reciprocal action of 
the satellites, will enable us to determine the ratio that their 
masses bear to that of the planet, whose attraction produces 
their elliptic motion. But as the moon is the only satellite 
which revolves about the earth, we cannot apply this me- 
thod to determine its mass; however it may be obtained from 
other considerations, one of which is the action of this satel- 
lite on the waters of the ocean, and which we now proceed to 
detail. 

Let c (fig. 56) be the centre of the earth, a that of the 
moon, M any point whatever of the terrestrial spheroid, also let 


cA=a, AM=p, CM=?, 
then if we denote the angle acm by A, we shall have 
p= a’ — 2arcosrA+7r; 
and if from the point m, the perpendicular mp be let fall on 
the line ac, we shall also have = 
MB = rsind, AB=a—rcosx. 
At the point m, the value of the accelerating force arising 


from the attraction of the moon, and acting in the direction 


, 
ma, will bee, m’ denoting the mass of this satellite and f the 
e 
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same coefficient as in the preceding expressions. The com- 
ponents of this force in the direction of the perpendicular uz 
and of mp parallel to ac, will be therefore 





firrsind  fin'a  finr'r cosr 
°° ? e p> * 

If in these expressions we substitute for p its value given 
above, we may neglect the square of 7, the radius of the earth, 
as it is about the sixtieth part of a; hence if we make(q) 

Jur sind 2fm'r cos X ‘ 

Se ee ger oe 
the two components of the lunar attraction will be ~ and 
a ; +4’. Therefore, all the points of the earth will be soli- 

- : 
cited | in a direction parallel to ca, by a constant forceequal to 

, 

ae and besides, by the forces ¢ and ¢’, of which the result- 
ant varies in magnitude and direction, from one point m to 
another, and at the centre c it vanishes. Now, it is evident, 


. ‘in! : * 
that in virtue of the force”, the entire mass of the earth is 
a 


urged towards the moon, by a motion which is common to all 
its parts, without the points of the fluid parts undergoing — 
any change in their relative position ; therefore, the flowing 
and ebbing of the sea, produced by the action of the moon, 
arise from the forces ¢ and ¢’ sppltéa to different points of the 
ocean. If be themass of the sun, and a its distance from 
the centre of the earth; andif, moreover, p, y, f’, denote what 
Ay Gs #’, become relatively to this star, we shall also have 





re fs sin H ve 2fMr cos 
os ea a@ > 


for the components of the force arising from the action of the 
sun, which contribute to produce the phenomena of the tides. 
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If they be compared with the forces ¢ and ’, it will appear, 
that for a point of the ocean, whose fadius vector r makes 
the same angle A or » with the radius vector of the moon’s or 
or sun’s orbit, the actions of these two stars, which produce 
the oscillations of the sea, are to each other as their masses, 
divided by the cubes of their respective distances from the 
centre of the earth. Now, we may conceive that, when every 
thing else is the same, the magnitudes of these oscillations 
must be to each other, as the corresponding forces 3 if, there- 
fore, w represents the ratio of the lunar to the solar tide, in 
the same place of the earth and for similar positions of these 
two stars, we shall have() 


mw 

eo a 

in which equation we assume, that a and a denote the mean 

distances of the moon and sun from the carth, hence we obtain 
m! aM 

= w- 3 

m aim 

m denoting the mass of the earth. 

As the lunar and solar tides may be perfectly distinguished 
from each other, by means of the different laws to which they 
are respectively subject, their ratio in cach place of the earth 
may be determined. From a mean of a great tiumber of ob- 
servations made in the harbour of Brest, we obtain 


23533, 
for the value of this ratio. The distance a is very nearly 400 
times the distance a, and the mass Mm is also, as we shall see 
immediately, very nearly 355000 times the mass of m. By 
substituting these values in the preceding formula, we find 
the mass of the moon to be equal to the 7th of that of the 
earth. Besides the oscillations of the fluid part of the earth, 
the actions of the sun and moon produce also in the metion of 
the terrestrial spheroid, about its centre of gravity, in conse- 
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quence of its not being perfectly spherical, perturbations, the 
nature of which will be investigated, when the motion of rota- 
tion of solids comes to be treated of. 

247. We may remark here, that if each of the forces ¢ and 
g’ be resolved in the direction of mz, the production of the 
radius vector cM, their sum will be 9’ cosA — @ sinA; so that 
its value is(c) 

(eos? A — sin?) 2%. 





This is the diminution of gravity at the point mM, produced 
by the action of the moon. Now, if a be supposed to exist 
on the surface of the earth, we have fim = gr? very nearly, 
g denoting the gravity at this point; moreover, 2 cos” \—sin? A 
is a maximum when ) = 0, in which case its value is equal to 
2. ee the greatest value of this diminution of gra- 


vity will be 297, 7 - er a quantity which is very nearly equal to the 
eight thousandth part of g, on the supposition that the ratio 
ais equal to 60. Therefore, in order that the influence of 


the action of the moon, on the, length of a pendulum that 
vibrates seconds should be appreciable, the approximation 
ought to be continued as far as the second decimal beyond the 
hundredth thousandth place, at which point we generally stop 
in expressing the measure of its length. This influence will 
prodyce, in the measure of the time, an inequality depending 
on the motion of the moon, which, when amazximum, does not 
amount to half a hundredth of a second in a day. 

248. If we do not take into account the centrifugal force 
that arises from the rotation of the earth, the weight which is 
observed at its surface is the resultant of the attractions that 
all the points of the spheroid exercise on each material point, 
which resultant depends solely on the position and mass of 
this point, and not at all on the nature of the body to which 
it belongs ; and this, in fact, has been fully confirmed by ex- 

3D 
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periment. The intensity of this force should diminish ac- 
cording as we ascend above the surface of the earth; this di- 
minution is indicated by observations of the pendulum made 
at different elevations. Besides, the terrestrial gravity, dimi- 
nished in the ratio of the square of the radius of the earth to 
the square of the radius of the lunar orbit, should be equal to 
the accelerating force, which retains the moon in its orbit. 
But, as the distance of this satellite is very nearly sixty times 
the radius of the earth, it follows, that if the moon fell from a 
state of rest, it would move towards the. earth in a minute, 
through the same space that any body would in a second fall 
through, in a vacuo, at the surface of the earth. This quan- 
tity is, in fact, the versed sine of the are which the moon 
describes in a minute in its orbit, or very nearly the square of 
this are divided by the diameter of this curve; and as the cir- 
cumference of the orbit is 60 times that of the earth, it fol- 
lows, that the quantity in question is equal to 40 millions of 


metres, multiplied by a n denoting the number of minutes 


contained in the time of a revolution of the moon. Therefore, 
it appears from the numerical value of g, which is determined 
by experiments made with the pendulum, that this product 
must be very nearly equal to 4”, 90; it has been found, in fact, 
equal to 4",88, » being assumed equal to 39343(d); and the 
difference will be still less, if we take into account the various 
circumstances, the consideration of which we omitted in order 
to simplify the demonstration. It follows from this, that the 
terrestrial weight is only a particular case of universal attraction; 
° and, on this account, this general force has been likewise termed 
the weight, or universal gravitation. 
249. As theearth deviates very little from the spherical form, 
the attraction which it exercises on a point of its surface is very 


moo . : ‘ 
nearly fe, which is the expression for that ofa sphere, in which 


in denotes its mass, 7 its radius, and fthe coefficient of universal 
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attraction. This approximate value should be altogether 
exact for points which exist on a certain parallel ; and, ié 
appears from the theory of the attraction of spheroids, which 
differ little from spheres, that this parallel is that of which the 
square of the sine of the latitude is }(e). On this parallel, the 
measure of the gravity is 9",79386 (No. 193); but, in. order 
that it may be accurately equal to the terrestrial attraction, it 
should be previously increased by the vertical component of 
the centrifugal force, which component is, under this parallel, 
equal to the fraction 3;2's5 of the gravity (No. 178). 

Consequently if we make 


9 = (9",79386) (a + 5555) = 9",81645, 


we may regard this value of the gravity, thus corrected, as 
equal to the attraction of the earth, and assume 


ae 


~ By multiplying the members of this equation by the corres- 
ponding members of equation (1) of No, 243, applied to the 
motion of the earth about the sun, we shall obtain 
m gtr 
reer eg 
which formula enables us to determine the ratio of the mass of 
the earth to that of the sun. 

If we conceive a right angled triangle, of which the base is 
the radius of the earth, and whose height is its distance from 
the sun, then the small angle at the sun opposite to the’ base 
is the parallax of the sun, which can be determined either 
directly by astronomical observations, or theoretically by a 
certain inequality produced in the motion of the moon by the 
action of the sun, and which has been termed the parallactic 
inequality. The magnitude of the parallax depends on the 
the radius of the earth, and on the distance of the sun from 
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the earth ; for the mean distance a, and for the radius drawn to 
the parallel of which the square of the sine of the latitude is + 
its value is 8",60. Consequently, we have 


= = tang.8",60, a= (23984) r. 


If we assume the compression of the earth equal to abo» 
we have under this same parallel, 


7 = 6364551", 


for the value of the radius r. The time of its revolution 
about the sun, expressed in seconds, is 


T = (86400) (365,256374), 


By means of these values, and that of g, in which it is 
also assumed that the second is the unit of time, we find 


pets 
~ 354592" 

250. The sun is a sphere, of which the radius is 110 times 
that of the earth ; therefore, as the ratio of the volumes of these 
two bodies is known, and also that of their masses, we may 
infer at once that of their mean densities. It appears by this 
method, that the density of the sun is, very nearly, the fourth 
part of that of the earth. At the surface of this star, the at- 
traction is expressed by 


Ju 


R?? 
R representing its radius. And since 
R= 1107, g =, 
this quantity is equal to 
i Ate 
(110)?m’ 


: ee I, . 
which, by substituting for = its numerical value, becomes 
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(29,5) 9g. As ‘the duration of the sun’s rotation on its axis is 
25¢,5, the centrifugal force at its equator is only the sixth 
part of this force at the equator of the earth. Therefore, if 
we neglect the diminution which it produces in the weight at 
the surface of the sun, it is evident that the weight of a body 
at this surface is 29 times and a-half the weight of the same. 
body at the surface of the earth, and that bedies descend there 
through 135 metres in the first second of their fall. 

If equation (1) of No, 243 be applied successively to the 
earth and to any other planet, the quantities m, a, T, relatively 
to the earth, being supposed to become m, a1, 'T,, with respect 
to the planet, we shall obtain from it, by eliminating /5 : 

a> M+m 7? 
a 


a M+m' 1” 





If the value of a be known from an observation of the solar 
parallax, and if likewise, m the mass of the earth;.and 'r the 
duration of the sidereal year be known, this equation weLen- 
able us to determine a, the semi-axis major of any planet, 
when m,its mass, and 7, the time of its revolution are known, 
In the method given in No. 245 for determining this mass, it 
is only supposed that an approximate value of the semi-axis 
major is known. 

251. The attraction which a considerable mass, such as a 
high mountain, exercises at the earth’s surface, causes heavy 
bodies to deviate from the vertical direction, consequently, 
the production of the plumb-line will not in such a case meet 
the heavensin the zenith. It will be deflected from it, in con- 
trary directions, at the two opposite sides of the mountain; so 
that if every thing corresponds on one side and the other, 
with respect to the form of the mountain, and the quantity of 
the deviation of the plumb-line from the vertical, the angular 
distance of the two stars through which its production passes, 
will be double ofits deviation(/). Thiseffect has been observed 
at Peru and in Scotland; but, because the masses of the highest 
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mountains are very small, relatively to the mass of the earth, 
the ‘deviations in question are also inconsiderable, and amount 
only to a small number of seconds. We proceed to give an 
example of the calculation of the deviation of the plumb-line, 
caused by the attraction of a given mass. 

Let a (fig. 57) be the centre of a homogeneous sphere sus- 
pended at the extremity of an inextensible and inflexible 
thread, of which the other extremity is attached to the fixed 
point c; also let o be the centre of another homogeneous 
sphere which acts on the first. The thread ca will be 
drawn from the vertical cB, without, however, deviating 
from the vertical plane which passes through this line and co ; 
and when it is in equilibrio, the resultant of the weight of 
the first sphere and of the attraction of the second, should 
pass through the fixed point c; now, these two forces will be 
applied to the point A, the one in the vertical direction ap, and 
the other along the line ao; and their tendency is to make 
the thread ca turn in opposite directions about the point c. 
In order, therefore, that their resultant should pass through 
the point 0, it is necessary that their moments with respect 
to this same point, should be equal (No. 46) ; consequently, 
if p and q denote respectively the weight of the first sphere 
and the entire attraction of the second, and if p and g denote 
the perpendiculars ce and cr, let fall from the point c on the 
productions of pa and oa, we shall have 


pp = Qq, 


for the equation of equilibrium, by means of which the un- 
known deviation Bca can be determined. If # denotes this 
angle, y the given angle Bco, a and ¢ the distances ca and 
co which are also given, and y the unknown distance ao ; we 


shall have 
y = @ + — 2ac cos (y — 2), 
and, besides, 
an =), = enn, pmasine. 


ain coa = 
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Likewise if m denotes the mass of the earth, m, that of 
the attracted sphere, and m’ that of the attracting sphere; the 
motive forces P and q will have for values 


fmm, Sin'm | 
a3 


P= p? = 








Jfand r denoting, as before, the coefficient of universal attrac- 
tion, and the radius of the earth ; also, if p be the mean density 
of the earth, p’ that of the attracting sphere, and r’ its radius, 
we shall have 
m = Me Lg 
pr’ 

By means of these different values, the equation rp = aq 

will be changed into(g), 





pry? sin 2 = p’rcsin (y — 2), 


in which it is only necessary to substitute the value of y given 
above, to determine that of x. 

If we assume that ca, the length of the plumb-line, is very 
small with respect to the distance co, which is generally the 
case, we may neglect a relatively to ¢ in the values of y, and 
we shall have simply y = ¢; hence there results 

sing __p’r? 
sin (y—#) ~ pre?” 


The density p’ and the radius 7” of the attracting sphere 
remaining the same, the value of z, which is deduced from 
this equation, will be so much the greater, according as the 
distance ¢ is less, and the angle y approaches to a right 
angle; and ase can never be less than the radius 7’, it follows, 
that the greatest deviation of the plumb-line, which the at- 
traction of a given sphere can produce, will be obtained by 
assuming ¢ = 7’ and y = 90; from which suppositions we 
deduce 


392 ON UNIVERSAL APTRACTION. 


If, for example, we suppose p’= p, and that it were re- 
quired to know the magnitude of the radius 7’, when the devi- 
ation 2 amounted to one second, we would have 7/= rtang 1"; 
and, because 277 the circumference of the earth is 40 millions 
of metres, it follows that r= 30",856..... Hence it appears, 
that a homogeneous sphere, of which the radius is about 31 
metres, and whose density is equal to the mean density of the 
earth, produces only a deviation of one second, at the most, 
in the direction of the plumb-line, and in order that it may 
produce this, it is necessary that it touch the inferior extre- 
mity of the string, and that its centre should be situated in the 
horizontal plane passing through this extremity. 

252. This mean density of the earth, which has been in- 
ferred from the deviation of the plumb-line produced by the 
attraction of mountains, has been estimated at four or five 
times that of water. Cavendish, who determined it by the at- 
traction exercised by two leaden spheres, cight inches in dia- 
meter, which he rendered sensible by means of the balance of 
torsion, found it equal to five times and a-half this density. 
Without entering herein to all the details of this beautiful 
experiment, the different precautions which it requires, and the 
computations that must he made in orderto produce an exact re- 
sult, we shall only briefly indicate the principal points of these 
computations. ‘The balance of torsion is the most exact instru- 
ment which we have for measuring very smail forces. Coulomb, 
to whom we are indebted for its invention, has chiefly employed 
it, in measuring the attractive and repulsive forces of electrified 
bodies ; and, on this account, it is also known in physics, by 
the name of the electric balance. It consists principally of a 
very fine vertical metallic thread, attached to a fixed point 
and having a horizontal(h) lever suspended at its extremity. 
This lever consists of a slender rod aca’ (fig. 58) divided into 
two equal parts at the point c, to which the thread is attached, 
and it is terminated by two spheres of a small diameter, whose 
centres area and a’. From the point c as centre, and witha 


ee 
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radius equal to ca, let a horizontal circle Ba B/a’ be described, 

and let its cireumference be divided into a great number” of 
equal parts. When the lever turns about the point ©, “its 

extremities a and a’ will trace this circumference, and the 

points of division to which they correspond at each instant, 

will make known the arcs that they have described. As long 

as the suspended thread which terminates at the point c, is not 

twisted, the lever quiesces in a certain position. Suppose 

that then it exists on the line BcB’, if we cause it to deviate 

from this line, and make it assume any other position aca’, 

the suspended thread will be twisted on itself, and this torsion 

will tend to bring the lever back towards the line Bon’, Let 

us suppose that, in order to retain it in the direction ACA’, 

there is applied to its two extremities equal and opposite 
forces, directed in the horizontal plane, and perpendicular to 

its length; the common value of these two forces will be the 

measure of the force of torsion with which they constitute an 

equilibrium. Now, Coulomb has proved by experiment, that, 

when the thread of suspension remains the same, this force of 
torsion is proportional to the angle Bca; therefore, if we take 
the right angle to represent unity, and / to denote the force of 
torsion which corresponds to this angle, @ the angle sca, this 

force will be equal to AO, in the position aca’ of the lever ; thus, 

in this position, the torsion of the suspended thread is equiva- 

lent to two horizontal forces, equal to hO, applied at the points 

4 and a’ perpendicularly’ to aca’, and which tend to bring. 
back the lever to the line of Teposé BCB’. 

This being premised, let us cause two equal homogeneous 
spheres, consisting of the same matter, and symmetrically 
placed on opposite sides of the line BcB’, to approach the 
lever, and let o and o’ be their centges, situated in the hori- 
zontal plane which contains the lever, equally distant from c, 
and existing on oco’, the line drawn through this point. The 
attraction of these two bodies will cause the lever to deviate 
from the'line Bc’, and, because every thing is similar about 

3E 
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the centre c, the line aca will turn about this point, which 
“ ‘will remain immoveable. According as the lever deviates from 
the line of repose the force of torsion will increase, and there 
exists a position in which this force constitutes an equilibrium 
with the attraction of the two spheres; but as the lever attains 
this position with an acquired velocity, it passes beyond it, 
and oscillates on one side and another in the game manner as 
a horizontal pendulum. The duration of an entire oscilla- 
tion may be known from observation, and by comparing the 
fength of this pendulum with that of a common pendulum, 
which vibrates in the same time, the ratio of the force of 
attraction of each sphere to gravity may be inferred ; and, con- 
sequently, the ratio of the mass of this sphere to that of the 
earth. It is easy to obtain the equation, by means of which 
this ratio can be determined, as we now proceed to shew. 
253. Since the two spheres whose centres are in a and 4’, 
are solicited by the same forces, and have the same motion 
about the fixed point c, it will be sufficient to consider the 
motion of the centre of one of them, the point a for example ; 
if, therefore, as in the preceding problem, 


Cat a, co=e¢, BCOD>y; 


and if, as before, 7’ denotes the mass of the attracting sphere, 
and / the coefficient of universal attraction, we shall have 


=a? +c? — 2accos(y — 6), 


z denoting the distance ao, and the angle sé at the end of 
any time ¢; also the accelerating force ari8ing from the attrac- 


, 


tion in the direction ao will bet . If this force be resolved 


into two other forces, one in the diyection of the production of 
Ca, and the other perpendicular to ca, this last component will 


. 1, 
be equal to > sin cao, that is to say, to ime sin (y ~ 8), by 


substituting for sin cao its value deduced from the triangle coa. 
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If from this component, which acts in the direction of a tan- 
gent to the trajectory, we take the force of torsion 40, whichis. 
directly opposed to it, we shall have, as the are Ba described 
by the sphere is equal 29, 


ad’) anes 
de = 





7 sin (y — 0) — 20, 


for the equation of the motion (No. 152). 

As the attraction of the mass m’ is a very small force, the 
angle @, by which the lever aca’ deviates from the line of re- 
pose, is very small, Denoting the distance Bo, or the value 
of z which corresponds to 8= 0, by 4, in which case we have 


= a’ + e?— 2accosy, 


there results by developing according to the powers of 6(i) 
mO=9 = ae — [(@ +c?) cosy — 2ac —ac sin*y] b+ &e. 
Therefore, if in order to abridge, we make 


[(a? + ¢*) cos y— 2ae — ac sin*y] fa'e a thay’, 





in’c sin 
Les = By’, 


and if powers of 8 te! than the first are neglected, the equa- 
tion of the motion will become 


at = 9'8'— 905 
hence, by integrating, we obtain 


o=p+heseV24H); 


\ 


k and k’ being two arbitrary constants. 

It appears from this value of 9, that the least and greatest 
deviations of the lever aca’, reckoning from the line BgB’, 
will be 8B ~ & and B+; and, if the line pcp’ be drawn in 
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such a manner, that the angle scp may be equal to (3, the 
lever will perform on each side of this line, equal and iso- 
chronous oscillations, whose amplitude will be equal to the 
constant k; the angle B is determined by measuring the 
least and greatest deviation of the lever, and then, taking 
for this angle, half the sum of these extreme values of 8. The 
line pcp’ that answers to @ = 2, is the position of the lever 
in which it would remain in equilibrium, if it attained to it, 
without any acquired velocity. The duration of each entire 
oscillation of the lever, on one side and the other of this line, 


will be the time in which the angle ¢ vg + # increases by 


180°; therefore, if we denote it by T, we shall have 


a 


“3 


tor 


and this duration T will be likewise given by observation. 

Now, if g denotes the force of gravity, and J the length of 
the simple pendulum, which makes infinitely small oscilla- 
tions in the time T, we have (No. 182), 


rarVE; 


gaa=gl; 


consequently, 


and hence, because, 
_ fin fs JSin’c sin -y 
oa Po —_ pe” 
we shall have, finally, 
m Bab? 
‘m ~ elr*sin y 
m being the mass of the earth and r its radius. 
As all the quantities contained in this formula are known 
in each experiment, it will enable us to determine the ratio of 
the mass m’ to that of the earth; and as besides, the volumes 
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of these two bodies and the density of m’ are known, we can 
deduce from it the mean density of the earth: 

254. It is demonstrated in the Celestial Mechanics of 
Laplace, that in order to insure the stability of the equili- 
brium of the sea, it is necesssary and sufficient that the mean 
density of the earth should surpass that of water. It is in 
consequence of this condition being fulfilled, that the forces 
arising from the simultaneous actions of the sun and’moon 
produce only very small oscillations; if this was not the case, 
and if the earth, for example, while its mean density continued 
to be what it is, was covered over by a sea of mercury, the 
action of the least forces extraneous to the terrestrial spheroid 
would produce in this fluid a progressive motion, in conse~ 
quence of which it would traverse the entire surface of the earth. 

It may be also proved, from various considerations, that 
the density of the concentrical strata of the terrestrial spheroid 
must increase as we approach the centre; hence it follows, 
that its mean density must surpass that of the superficial stra- 
tum ; a condition which is found in fact to be established ; for 
with the exception of the metals, that constitute a very small 
part of this stratum, the density of the other materials of which 
it is composed, are all of them much less than five times and 
a-half the density of water. 

But it should be observed, that this increase of density 
does not imply the existence of substances entirely different 
from those which are observed at the surface, and of which the 
actual density is excessively great; it may be assumed, that 
all the strata of the earth are composed of the same kind of 
matter, a little compressible, or of a variety of different sub- 
stances, as is the case at the surface; and on this hypothesis, 
which appears to be the most natural, their increase of density 
would arise from the condensation, produced by the pressure 
of those above them, and which continually augments from the 
surface to the centre. : 

In the interior of the earth, the law of attraction depends 
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on the unknown law of the densities ; beyond the surface, it 
varies on the production of each radius, very nearly in the 
inverse ratio of the square of the distance from the centre ; 
and it experiences at the same time, from one radius to 
another, a variation proportional to the square of the cosine 
of the angle which each radius makes with the axis of figure 
of the terrestrial spheroid(&). It follows from a consideration 
of this last variation, that at equal distances from the centre 
of the earth, the force applied to the centre of the moon, and 
arising from the attraction of this spheroid, is not the same in 
all directions of the radius vector; so that this force may be 
considered as composed of two others, the one arising from 
the spherical part of the earth, and which may be regarded as 
constant, when the distance from the centre of the earth re- 
nrains the same, the other is due to the protuberance, or excess 
of matter at the equatorial parts of the earth, and this varies 
with the direction of the radius with respect to the axis of the 
poles. Laplace has determined the small inequality in longi- 
tude and in latitude, which this second force produces in the 
motion of the moon ; assuming that its magnitude depends on 
the compression of the earth, and comparing it with that fur- 
nished by observation, the compression of the earth is found 
to be equal to 335, which differs very little from that which 
results from taking the mean of a great number of measures 
of the pendulum and of degrees of the meridian(Z). 

At the surface of the earth, the variation of gravity arising 
from that of the attraction and of the centrifugal force, fol- 
lows the same law as at any distance whatever from the 
centre, that is to say, it is, as has been already stated, (No. 
178), proportional to the square of the cosine of latitude. 
When it is proposed to verify this law by taking the lengths 
of pendulums which vibrate seconds, we should take care not 
to make the observations near to a mountain; for the horizon- 
tal component of the attraction of the mountain will cause 
the pendulum to deviate from the vertical, in its position of 
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equilibrium, at the same time that the vertical component 
of this force diminishes the gravity, and consequently, 
the length of the simple pendulum, that vibrates seconds. 
Even when this cause of anomaly is avoided, it is still found, 
that in certain places, the length of the pendulum which 
vibrates seconds deviates from the law given by theory; this 
must be owing to the density of the earth in those places, 
being for a considerable depth and extent, greater or less than 
the general density of the superficial stratum ; hence arises 
an increase or diminution of the total gravity, and, conse- 
quently, of the length of the simple pendulum, which is pro- 
portional to its intensity. The pendulum may, in this point 
of view, be considered as a geological instrument, that in- 
dicates, by its anomalies, variations of great extent in the na- 
ture of the strata. 

Finally, it should be observed, that the law of the de- 
crease of gravity, proportional to the square of the cosine of 
latitude, as we proceed from the pole to the equator, supposes 
that we assume for the surface of the earth, the production of 
the level of the seas; and as the elevations of those places on 
land, where observations have been made, above this level, 
are different, the observed lengths should be reduced to those 
which they would have at this level itself in each vertical. 
This reduction is commonly made by increasing the gravity 
and the length of the pendulum which vibrates seconds, in the 
ratio of the square of the distance of the place of observation 
from the centre of the earth, to the square of this same dis- 
tance diminished by the height of this place above the level 
of the sea; it thus appears that the attraction of the stratum 
of earth comprised between the surface of the continent and 
the production of the sea is neglected. But this correction is 
too great by nearly one-half, as is evident from the following 
considerations. 

255. Let am’s (fig. 59) be the surface of a continent, 
DAMBE the level of the sea and its production, c the centre 
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of the earth ; also let m’ be the place of observation, and m the 
point where the radius cm’ meets this production; let m’m, the 
height of the point m’ above the surface of the sea, be repre- 
sented by A, (this can be determined either by levelling, or by 
barometrical measurements.) If m’ was very near to the sea, 
the gravity would be a little diminished, and its direction a 
little deranged, because the density of the water is less than 
that of the earth; but for the present we shall suppose that 
this is not the case, we shall also assume that the surface of 
the earth about m’ is horizontal, or sensibly perpendicular to 
the radius cm‘, and that its density is uniform. The question 
then is to compute the attraction exercised at the point m’, by 
the stratum am’pm elevated above the level of the sea. In 
this computation, it is not necessary to take into account either 
the curvature of this stratum, or the variation of its thick- 
ness, i. e., in other words, we may consider the thickness of 
this stratum as constant and equal to ’, through the entire 
extent in which its thickness can be sensible. Let ¢ denote 
the radius of this extent, and p’ the density of the stratum, 

This being premised, let k be any point whatever of the 
attracting stratum, z and y its distances from the surface of 
the earth and from its radius cm’; and let two cylindrical 
surfaces be described which may have mm’ for their common 
axis, and whose radii may be y and y+4+-dy. The volume 
comprised between these two surfaces will have 2aydy for its 
base and dz for its height ; and if it be decomposed into hori- 
zontal rings, whose thickness is infinitely small, the volume 
of the ring corresponding to the point x, will be 2aydydz, 
and its mass 2p’ydydz. The attraction of this ring on a 
material point situated at m’, will be reduced to a force acting 
in the direction mm’, which will be equal to the sum of the 
vertical components of the attractions of all its points; and 
since for any point K, we have 


a z 
kw = V7? $2, cosKM’M = VWwrur 
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the expression for the accelerating force arising from the at- 
traction of the entire ring, will be 


2ufp'yzdydz | 

rey” 
Salways representing the coefficient of universal attraction. 
Consequently, in order to obtain the attraction of the stratum 


in question, this formula should be integrated from z= 0 to 
z = h, and from y= 0 toy =e, which gives(m) 


k= 2nfp' (c +h— V(e+ h)), 


2’ denoting this force. But in general, the vertical thickness 

of the attracting stratum is small, relatively to its horizontal 

radius; therefore, if? be neglected with respect to c”, we shall 

have simply. . 
: K = 2upfh. 

Let & denote the attraction exercised at the point m by 
the part of the earth which is terminated by the level of the 
sea, and r the radius cm; this attraction will become at the 
point m’ 

hr? 
FD. 

Denoting the weight and the vertical component of the 
centrifugal force at the point m by g and y, respectively, and 
by g’ and ¥/ at the point m’, we shall have therefore 


,. 1 wl 
gak-y, Bes Crs maa 


Developing the first term of the value of g/ according to 
the powers of hk, and then taking g’ from g, we obtain, by 
neglecting the square of , and the small difference y/— y,(”) 

1, 2hh 


gI- 9 Sar 


. h. . 
Since the factor — is very small, we may assume A= gy’ in 
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the first term of this formula; in the value of the smail quan- 
tity #’, we may likewise suppose 


4 
of =9 
p denoting the mean density of the earth, and then assuming 


s 4nr* 
its volume equal to z= there will result 


pie Beh 
~ 2pr ’” 
and, consequently,(o) 
=gh 2h Se) 
g=9\+— Bor" 


Therefore, it appears from this, that it is by the factor 
comprised between these parentheses, and not by the factor 


igs as is usually done, that we ought to multiply the 


weight g’, which has place on the continent at the height & 
above the level of the sea, in order to reduce it to this level. 
In general, we may estimate jp’ as equal to the half of p, and, 


consequently, assume 1+. oon this factor(p). At Paris, h, the 


elevation of the point of the observatory where the barometer is 
placed, is about 63 metres; hence it follows, that the gravity 
and length of the pendulum which vibrates seconds, is less 
there than at the level of the sea in the ratio of one to 
1,0000125. 
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CHAPTER I. 


OF THE EQUILIBRIUM OF A SOLID BODY. 


256. Tuenrx is no body whatever that is not more or less 
compressible, and which does not consequently change its 
form, when it is subjected to the action of the forces which 
constitute an equilibrium. But when the solid body which 
we now proceed to consider has assumed the suitable form, then 
the points of application of the forces which solicit it, may be 
regarded as a system of an invariable form, and it is to this state, 
that the coordinates of these different points, which occur in the 
equations of equilibrium and are assumed to be known, refer. 

Let m, m’, m", &c., be this system of material points. In 
the case of each point, there are seven quantities to be con- 
sidered, namely, its three coordinates, the force which solicits 
it, and the three angles which determine its direction. Let 
p denote the force which is applied to the point m, mp its di- 
rection (fig. 6@), x, y, 2, the three coordinates og, GH, HM of 
the point m referred to the rectangular axes oz, oy, 0z3 a, B 
y, the angles, either acute or obtuse, which the line mp makes 
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with the parallels to these axes drawn through the point m. 
Relatively to the other points m’, m’, &c., the analogous 
quantities are represented by the same letters with correspond- 
ing accents. 

This being premised, previously to investigating the con- 
ditions of equilibrium of the given forces Pp, Pp’, Pp”, &c., we shall 
proceed to transform this system of forces into three others, of 
which one will be the resultant of forces parallel to the axis 
oz, another of forces parallel to the axis oy, and acting in the 
plane of the axes of x and y, and the third of forces acting in 
the direction of the axis Oz. 

257. Let each of the forces Pp, P’, P’, &c., be decomposed, 
without changing its point of application, into three forces 
parallel to the axes of a, y, 23; P.cosa, r’ cosa’, P” cosa", &e., 
will be the forces parallel to the axis ox; pcos f, P‘ cos B’, 
p" cos 3", &c., the forces parallel to the axis oy; P cosy, 
Pp’ cosy’, P" cos y”, &c., the forces parallel to the axis oz ; 
the given forces may at once be replaced by these three groups 
of parallel forces. . 

We can, without at all altering the system of forces un- 
der consideratlon, apply to the same point, two equal and 
parallel forces. Therefore, at the point m, let two forces g 
and — g, equal and directly opposed, be applied, parallel to 
the axis of z. Let the force g which acts in the direction mc, 
be compounded with the force Pp cosa acting in the direetion 
ma parallel to oa, and let mz be the direction of their re- 
sultant, and x the point where its production meets the plane 
of the axes of x and y; if its point of application be trans- 
ferred to the point x, and if it be then decomposed into two 
forces parallel to the axes of « and z, the forces P cosa and 
g will be reproduced; but the force P cosa is now directed 
along the projection of its first direction on the plane of the 
axes of w and y, and the force g is applied perpendicularly to 
this plane, at the point k of this projection, the coordinates of 
which are easily determined. 
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In fact, 1 being the projection of men the plane of the 
axes of x and y, its coordinates will be 2 and y, and y and 
« — KH will be those of the point x, since these two points 
belong to the same parallel to the axis of x. Now, since in 
the rectangle KNMH, its diagonal Km is the direction of the re- 
sultant of the forces g and pcosa, which act in the direction 
of the sides KN and KH, we have 


KH: HM !: Pcosa:g3 
hence we obtain, because HM = 2, 


zPrcosa 
KH = —~-——~—, 
g 
consequently, the coordinates of k, the point of application of 


the force g in the plane of the axes of x and y, are 


janie eee ea, 

By performing the same operations on the forces P cos B 
and — g, the first will be transferred on the plane of the axes 
of x and y, along the projection of its first direction, and the 
coordinates of the new point of application of the force — g, 
in this same plane, will be 


y+ ese and z. 


If in the same manner, all the forces P’ cosa’, P” cosa”, 
&c., P’ cos B’, P” cos 8”, &c., be transferred in the plane of 
the axes of x and y; each of these forces will act along the 
projection on this plane, ofits primitive direction, which may be 
either above or below this same plane, and besides, there will 
be as many couple of forces, g’ and — g’, g” and — 9”, &c., as 
there are points M’, Mm”, &c. ‘Phe expressions for the coordi- 
nates of the points of application of these last forces, in the plane 
of the axes of w and y, may be inferred from those which express 
those of the forces gand — g, by accenting the letters a, y, 2) 9, 


P, a, B. 
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258. Now, if a similar operation be performed on the 
forces P cosa, P’ cosa’, P” cos a”, &c., parallel to the axis of z, 
and comprised in the plane of the axes of x and y, they will 
also be transformed into two groups of forces, one of which will . 
be composed of forces parallel to the axis oy, and the other 
of forces acting in the direction of the axis ox. 

Thus, let two forces parallel to oy, and represented by h 
and — h, be applied to the point 1 (fig.61), at which the 
force Pp cosa acts in the direction ur, and let the force A, 
acting in the direction up, be compounded with the force 
Pcosa, then if the point of application of their resultant be 
transferred to the point a, where the production of its di- 
rection HK meets the axis ox; and if it be decomposed into 
two forces in the rectangular directions ax and ay, the forces 
P cosa and h will be reproduced at this point a; moreover we 
shall have 

GQ:GH::P cosa:h, 


and, because og = 2 and cu = Ys we shall obtain 


yP cosa 


o@=ea 4 





for the abscissa of the point a. 

Therefore, the force P eos a, the direction of which was ne, 
will be replaced by a force P cosa, acting in the direction of 
the axis ox, and two forces h and — A, perpendicular to this 
axis, and applied to the points @ and G, the positions of 
which are known. The same will be the case for the other 
forces P’ cosa’, P” cosa”, &c., parallel to the axis of 2, and 
comprised in the plane of the axes of x and y, for these will bein 
like manner replaced by the forces P’cos a’, Pp” cos a’, &e., 
acting in the direction of the line ox, and by the couples of 
forces h’ and — h’, kh” and —h”, &c., parallel to the axis oy. 

259. It appears, therefore, that by means of these two 
successive operations, the given forces will be transformed, as 
has been stated, into three groups of forces, acting in the di- 
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rection of the axis of x, in that of a perpendicular to this axis, 
and comprised in the plane of x and y, and in the direction 
of a perpendicular to this plane. 

In this transformation, any of the forces such as P will be 
replaced by six others, namely,—lst, the three forces P cosy, 
9s — 9 parallel to the axis of z, the coordinates of whose points 
of application on the plane of the’axes of wand y, and referred 
to the axes ox and oy, will be, for the first, « and y; for the 
second, « — e008 as and y; for the third, 2 and y + Ze cee 

2ndly. The two forces p cos § — h and h, parallel to the 
axis of y, comprised in the plane of the axes of # and y, and 
which may be supposed to be applied to the axis of x; the first 
at the distance x from the point o, the second at-the distance 

_ YP cosa : 


3rdly. The force P cos a acting in the direction of the axis 
of x, the point of application of which may be transferred to o. 

260. It is easy now to form the equations of equilibrium 
of the given forces p, P’, P’, &c., or of the three groups of 
forces which have been substituted for them. 

It ought, however, in the first place to be remarked, that 
this equilibrium cannot exist, unless it obtains separately for 
each of these three groups of forces. In fact, if the forces 
parallel to the axis of z do not destroy each other’s effect, and 
if, notwithstanding, the equilibrium of all the forces was pos- 
sible, we could, without disturbing this equilibrium, fz a line 
traced in the plane of the axes of « and y; but then the 
forces comprised in this plane will be destroyed either because. 
they will meet this fixed axis, or because they will be parallel 
toit. It is, therefore, permitted to suppress them; and if 
this is done, the equilibrium will be deranged, contrary to 
hypothesis, since there is nothing to prevent the forces per- 
pendicular to the plane of the axes of « and y, from causing 
the solid body to revolve about the fixed axis; consequently, 
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the equilibrium will be impossible, unless: these last forces 
separately destroy each other's effects. In the same manner 
it may be shewn that the equilibrium cannot subsist between 
the forces comprised in the plane of the axes of # andy, unless 
the forces parallel to the axis of y mutually destroy “each 
other’s effects. or if it obtained, and this condition was not 
at the same time satisfied, a point might be fixed in the axis 
of x, which would destroy the effect of all forces acting in the 
direction of this line, nothing would then prevent the forces 
perpendicular to this line, from making the system to turn 
about this point, so that the equilibrium would be destroyed 
by fixing a point in the system, which is absurd. This being 
established, it is necessary, in the first place, (No. 57), if the 
solid body, which is considered, be entirely free, in order for 
the equilibrium of the parallel forces P cosy, P’ cosy’, P’ cosy”, 
&e., g and — g, g/ and — 9’, 7’ and — gy”, &c., that their sum 
should be cypher, hence we have 
P cosy + P/ cosy’ + P” cosy” + &e., = 0. 

It is likewise necessary, that the sums of their moments 
with respect to the plane of the axes of « and z, and to that of 
the axes of y and z, which are parallel to these forces, should 
be also equal to nothing. Now, with respect to the first plane, 


we have 
yPoos y+y’P’ cosy’ + y” Pp" cosy” + &e., 
for the value of the sum of the moments of the forces, P cos y, 
p’cosy’, P’ cosy", &c., that of the moments of the forces 
99's G's Bey 38 
gry +9'Y! + ke; 
and the sum of the moments of the forces — g, — 9’, — 9”, 


&c., is, in consequence of the expressions of the coordinates of 
their points of application, 


-aly + EP) _ o(v+ 2/P’ eres) &e. 
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therefore, by adding together these three sums and concinna- 
ting, we obtain 


P (y cos y — z cos) + P’ (y’cos y’ — 2’ cos PB’) + &e.; = 0 
and in the same manner, if the sum of the moments of the 


same forces, with respect to the plane of the axes of y and z be 
formed, and put equal to cypher, we shall have 
P(xcos -y — zcosa) +P’ (2 cos y'— 2/ cosa’) + &e., = 0. 

With respect to the forces pcosB—h, P’ cos PB’ — h’, 
Pp" cos 8" — h", &c., and h, h’, hh”, &e., parallel to the axis of 
y, as they are comprised entirely in the plane of the axes of « 
and y, there are only two equations of equilibrium (No. 57), 
it will suffice, therefore, that their sum should be equal to 
eypher, which will give 

P cos 8 + P’ cos 9’ + P” cos 8’ + &c., = 0, 

and, that the sum of their moments with respect to the plane of 
the axes of y and z, should be also equal to cypher. Now, 


with respect to this plane, the sum of the moments of the first 
forces is 


2(p cosh — h) + 2! (P’ cos Pp’ — h’) + &e., = 0; 


that of the moments of the forces h, h’, h", &c., is, at the same 


time, 
h(e— Byes) 4 Hat — py ~os 0 4 be, 


as is evident from the values of their distances from the axis of 
y3 consequently, if the entire sum be put equal to cypher, 
we shall have 


P(x cos B — y cosa) + P/ (x' cos B’—~ y/ cosa’) + &e., = 0. 
Finally, for the equilibrium of the forces acting in the di- 
rection of the axis of x, it will suffice if their sum be cypher, 
consequently, 
Pcosa-+ P’ cosa’ +P’ cosa” + &e., = 0. 
3G 
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The preceding are the six equations which are necessary 
and sufficient to secure the equilibrium of a solid body en- 
tirely free, and solicited by any forces whatever. 

261. If, in order to abridge, we make 


P cosa + P’ cosa’ + P” cosa” + &e. = x, 
Pcos 3 + P’ cos B’ + P” cos B” + &e. = ¥, 
P cos y + P cosy’ + P" cosy" + &e. = 2, 
P (x cos B—y cos a) + P’ (2’ cos 3’—y’cos a’) 4- &e. = L, 
¥ (z cosa—xcosy) + P/ (2! cosa’—2’ cosy’) + &c. = M, 
P (y cos-y—zc0s3) + P’(y’ cos y/—z'cosp3’) &e, =! X, 
these equations of equilibrium will become 
x20, ¥=0, 2-0, L=0,M=0, n=0, (1) 


It may be remarked here, that these quantities, 1, M, N, as 
also z, ¥, x, may be deduced the one from the other by the 
tule of No. 22. 

* ‘These six equations contain the conditions of equilibrium 
which belong to all systems of material points, that are en- 
tirely free ; for whatever be the nature of such a system, or 
the mutual connexion of the material points which compose 
it, it is evident that, if their coordinates and the forces which 
solicit them remain the same, the equilibrium will not be dis- 
turbed by making their distances invariable. Consequently, 
the equations of equilibrium of a system of an invariable form, 
which obtain between these quantities, must also subsist for 
every other system; but then they are no longer sufficient, 
and it is necessary to combine with them other conditions that 
are peculiar to each system in particular, which, as we shall 
see in the sequel, will enable us to determine the relative po- 
sitions of its different points in the state of equilibrium. 

262. When all the given forces are parallel to each other, 
the angles which they make with each of the axes oz, oy, oz, 
are either equal or supplementary, according as these forces 
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act in the same or in opposite directions; they may, however, 
all be supposed equal, if, at the same time, those forces which 
act in one direction are considered as positive, and those which 
act in the contrary direction, negative, (No. 11); therefore 
in this case we shall have 


a=d =a", &., B=’ = PB", &e., yoy =y', &e; 


in consequence of which the three first equations (1) are re- 
duced to one, namely, 


P+r+r" + &.= 0, 
and the three others will become 
(px + P’a! 4px 4+ &e.) cosB=(Py+P'y’--P y+ &c.) cosa, 
(Pz + P’e/+ p24 &e.) cosas (Pat P’a/ P20” 4-&e.) Cosy, 
(ryt Py + P/y + &e.) cosy = (pz + P/2/p Plz! 4. &c.) cos 8. 
But as in the case of the equilibrium of parallel forces, the 
number of equations is only three, these three last equations 
must be reducible to two; and in fact, if they be added toge- 
ther, after having been multiplied by cosy, cosB, cosa, re- 
spectively, there results an identical equation, so that one of 
these may be deduced from the two others. 

When all the given forces exist in the same plane, this . 
plane may be taken for that of the axes of x and y; in this case 
the angles y, y’, y”, &c., are right, and the coordinates z, 2’, 2”, 
&c., are equal to cypher, which will cause the third and also 
the two last equations (1) to disappear. In this particular 


case, as in that of parallel forces, there are only three equa- 
tions of equilibrium, which are 


x=0, y=0, r=0. 


263. When the given forces do not constitute an equili- 
brium, it may be required to know what condition they should 
satisfy, in order that they may have an unique resultant, and 
what is the value of this resultant. In order to determine this 
question, let r denote this force, and a, b, ¢ the angles which 
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its direction makes with lines parallel to the axes ox, oy, Oz, 
arawn through one of its points, which may be taken as its 
point of application, and whose coordinates parallel to these 
same axes are represented by 2, #1, %1- If this force be 
taken in an opposite direction from that in which it acts, it 
will constitute an equilibrium with the given forces. There- 
fore equations (1) will obtain, if to pr, Pp’, P”, &c., there be 
joined a force equal and contrary to R; consequently, we shall 
have 
X= R cosa, Y= ROS, ZR cose, (2) 
and, besides, 
L= R(x, cosb — y, cosa), 
M = R(z, cosa — 2, cose), 
N = R(y, cose — z, cos b), 


that is to say, in virtue of the three first equations, 


xy, — Ya, +L = 0, 
Zt) — X%,-+M = 0, | (3) 
Y¥y—wm+n=—0. J 


As the coordinates 2,, y;, 2; may belong to any point what- 
ever of the right line along which the resultant is directed, 
these three last equations will be those of its projections on 
the three planes of the coordinates. Therefore, in order that 
this line may exist, these equations must be reducible to two ; 
now, if after having multiplied them by z, y, x respectively, 
they be added together, the three variables 2, y,, 2 will 
disappear, and there results 


ZL ++YM+xN=0; (4) 
consequently, in order that the given forces may have an 
unique resultant, it is necessary, and it suffices, that equation 
(4) be satisfied; when this is the case, this force will be de- 
termined both in magnitude and direction, by equations (2). 

If the three sums of the components parallel to the axes of 
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X,Y, z are respectively cypher, equation (4) will be satisfied, 
but then the resultant will be an infinitely small force, si- 
tuated at an infinite distance from the point of application 
of the given forces, or more correctly, these forces are reducible 
to two, equal and parallel, acting in opposite directions, but 
not directly opposed, and therefore not reducible to an unique 
force, (No. 44). 

When the three sums 1, M, N are respectively. cypher, 
equation (4) will also be satisfied ; and, from equations (3) it 
appears, that the resultant will then pass through the origin of 
the coordinates. 

264. When the condition expressed by equation (4) is not 
fulfilled, it may be satisfied by joining a suitable force to the 
given forces. For greater simplicity, let it be supposed that 
it passes through 0, the origin of the coordinates ; if it be de- 
noted by a, and if A, », v represent the angles which it makes 
with the axes ow, oy, oz, the quantities L, M, N will not be 
changed by the addition of this force, and the sums x, y, % 
will be increased by the terms @cosA, Q@cosp, Q cosy. 
Equation (4) will therefore become 


Q (Leos vy + M cosy 4+ NcosX) + LZ 4+ MY + NX=0; 


so that it may be satisfied in an infinite variety of different 
ways, by meansof the force @ and of the angles d, », v, which 
determine its direction. 

The intensity and position of R, the resultant of the forces 
Q, P, P’, P”, &e., will be determined by means of equations (2) 
and (3), in which x + QcosA, ¥ + Q cosy, z+ @ cosy should 
be substituted for x, y¥, z. Consequently, the given forces 
p, ve’, v’, &e., may be replaced by this resultant x and by a 
force equal and directly opposite to the force @ (a) ; hence we 
may infer that when the given forces are neither in equilibrio, 
nor reducible to an unique force, they may always be reduced, 
in an infinite variety of different ways, to two forces only, which 
however will not exist in the same plane, for otherwise, if they 
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did, they would be reducible to one sole force contrary to the 
hypothesis. This is, moreover, rendered immediately appa- 
rent by the transformation effected in No. 257; for the given 
forces Pp, P’, P”, &c., may be replaced by the resultant of the 
forces parallel to the axis of z, and by that of the forces com- 
prised in the planc of the axes of x and y: and we may then, 
without any difficulty, transform these two resultants into two 
other forces in an infinite variety of ways. If the condition 
which should be satisfied in order, that their directions should 
meet, be investigated, we will light on equation (4) relative 
to the existence of an unique resultant. 

265. From what has been now established it will be easy 
to determine the conditions of equilibrium of two solid bodies 
a and a’ (fig. 62), which being solicited by given forces, touch 
at a point K, and press against each other. 

For this purpose, let the six quantities x, y, z, L, M,N 
of No. 261, refer to the body a, x’, y’, 2/, L’, Mm’, N’, being 
what these quantities become with respect to the body a’, and 
let 1, ¥715 2, be the coordinates of the point x, referred to the - 
same axes as those which occur in these different quantities ; 
through the point x let the line uxu’ be drawn perpendicular 
to the plane which touches the two bodies, and let a, }, ¢ 
denote the angles, which xu, the part of this line comprised in a, 
makes with lines drawn through x parallel to the axes of z, W235 
all these quantities are given, and it is only necessary to form 
the equations of equilibrium which they ought to satisfy. 

Now, the body a will exercise on a’, in the direction of 
ku’, an unknown pressure, which we shall denote by R; 
it will experience from it, at the same time, a resistance equal 
and contrary to this normal force. If, therefore, to the given 
forces which act on a, there be joined a force Rr acting in the 
direction KH, we may then abstract altogether from the consi- 
deration of a’; and, in the same manner, if to the forces ap- 
plied to a’ there be joined a force x acting in the direction 


KH’, a‘ may be considered by itself as detached from a. It 
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follows from this, and from equations (1), that the twelve fol- 
lowing equations will be required in order to the equilibrium 
of these two bodies 


x +Reosa=0, y+Rrcosb= 0, z4+Rcosc= 0, 
x/— Reosa= 0, ¥’— Rreosb = 0, 2/— Reose = 0, 
L-+R (x, cosb—y, cosa) = 0, 

M + RB (2,cosa—z, cose) = 0, 

WN + R(y, cose—z, cosd) = 0, 

L’/— R(x, cosb—y, cosa) = 0, 

mM’ — R(2, cosa—a, cose) = 0, 


n’— R (y, cose—z, cosb) = 0, 


which will be reduced to eleven by the elimination of x. After 
that these eleven equations of equilibrium shall have been 
verified, one of the preceding will make known the value of 
R, which must be a positive quantity, in order that the two 
bodies may press the one against the other. 

From these twelve equations there results immediately 


x4+x=0, y+y’=0, z242/=0, 
L+u'=0, M+mM’=0, N+n’'= 0; 


which may be also deduced from the conditions of equilibrium 
which belong to all systems entirely free, like that of the two 
bodies a and a’ (No. 261). 

In the same manner, the equations of equilibrium of any 
number of bodies, which press against each other, may be 
found, and it is easy to perceive that the number of these 
equations will be equal to six times that of the bodies minus 
the number of their points of contact (5). 

266. The equations of equilibrium of a solid body subject 
to given conditions must be comprised among those of a body 
entirely free; for the equilibrium of this last will not be dis- 
turbed if it is subjected to these particular conditions, pro- 
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vided that no new equation of equilibrium be introduced by 
these conditions. But, on the contrary, one or more of equa- 
‘pons ()) wil) become superfluous ; and it will be of use to de- 

termine, in the different cases that may occur, which of these 
equations will be necessary. It is this which it is proposed to 
do, in the following cases that are discussed in this number, it 
being always supposed that the given forces p, P’, P”, &c., are 
replaced by the three groups of forces of No. 259. 

1. If the solid body which is in equilibrio, contains a fixed 
point, we may take this point for the origin of the coordinates. 
The forces acting in the direction of the axis ox will be de- 
stroyed by this point; this will cause the equation x = 0 to 
disappear. In order that the forces parallel to the axis oy, 
and comprised in the plane of the Axes of x and y should be 
in equilibrio, it is not necessary that we should have y = 0, 
it will suffice if their resultant coincides with the axis oy, or 
that x, the sum of their moments with respect to the plane of 
the axes of y and z, should be equal to eypher(c). Finally, 
for the equilibrium of the forces parallel to the axis of z, the 
equation z = 0, will not be necessary, it will suffice, if their 
resultant coincides with the axis oz; this will require that the 
sums of their moments with respect to the planes of the axes 
of y and z, and of x and z, which are represented by —m and N, 
may be equal to cypher. Thus, in this first case, the three 
equations of equilibrium which will be necessary, are 


L=0, M=0, N=O 
In fact, they indicate that the given forces have an unique 


resultant, and that this resultant passes through the fixed 
point o. 

This force will express in magnitude and direction the 
pressure exerted against this point, and it will be determined 
by equations (2). 

2. Let the solid body be retained by a fixed axis, about 
which it is constrained to turn, without being able to slide in 
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the direction of its length. Let this be assumed to. be 
that of z; the forces parallel to this line’ az cannot produce 
any motion, and the three equations z= 0, m= 0, N= 0, 
relative to their equilibrium, will be no longer necessary, 
Neither will equations x = 0 and y = 0 be required for the 
equilibrium of the forces comprised in the plane of the axes of 
w and y; so that in this case, there will be only one sole equa- 
tion of equilibrium, which will be 1 = 0, that is to say, 
P (x cosB—y cosa) + P’(x’cos’/—y’ cosa’) + &c. = 0. (6) 
But if the body is free to slide along the fixed axis, it is, 
Moreover, necessary, in order to hinder this motion, that z, 


the sum of the forces parallel to 02, should be equal to cypher ; 
and in this case there will be two equations of equilibrium, 


z2=0, Lod. 


The pressure which the fixed axis will experience perpen- 
dicularly to its direction, will be the resultant of forces com- 
prised in the plane of the axes of a and y, determined both in 
magnitude and direction, by the two first equations (2), and 
passing through the point o in virtue of equation (5). The 
forces parallel to this axis will at the same time tend to make 
it revolve on itself. 

It appears from a comparison of the quantities m and x 
with L, that the equation of equilibrium about the axis oy will 
be m= 0, and that it will be ny =0 about the axis oz. It 
likewise results from what has been established, that the condi- 
tion of equilibrium about a fixed point consists in this, that 
the equilibrium obtains successively about three fixed rect- 
angular axes, drawn arbitrarily through this point. Conse- 
quently, if the equilibrium subsists about three rectangular 
axes which intersect in the same point, it will also obtain about 
every other line passing through this point. 

3. If in a solid body, three or a greater number of points 


which do not lie in the same right. line, are constrained ‘to 
2 we 
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exist on a fixed plane, of which the position is given, and if 
this plane be assumed to be that of the axes of # and y; as 
the forces parallel to the axis of x cannot produce any motion, 
the equations relative to their equilibrium will not have place, 
but the three equations 


x=0, r=0, L=0, 


which obtain in the case of forces comprised in the plane of 
the axes of a and y, will be necessary, to prevent the body 
from sliding or turning parallel to this fixed plane. 

The force z will express the entire pressure which the 
fixed plane experiences. If the body is merely placed on this 
plane, so that it may act, for example, as a polyhedron, one 
of whose faces is in contact with the plane of the axes of « 
and y, the sign of z must be such, that this force may press 
against this plane. It is, moreover, necessary that this resul- 
tant of the forces parallel to the axis of z, should meet the 
plane of the axes of x and y, within the area of the base of the 
body, otherwise it will detach it from this plane, by causing it 
to turn about one of the sides of this base. Now, if x and y, 
denote the coordinates of the point, where this resultant meets 
the plane of the axes of x and y, its moments with respect to 
the planes of the axes of x and z, and of y and z, will be zy, 
and za,; they should be equal to the sums of the moments of 
the components with respect to the same planes ; and from the 
values of these two sums which have been already found, 
(No. 260), we shall have 


ZL, = —M, 2ZY=N. 


It is necessary, therefore, in each particular case, to shew 
that the values of x, and y,, deduced from these equations, 
belong to a point within the base of the body, this condition 
of equilibrium cannot be expressed by equations, no more than 
that which is relative to the sign of z. 

4. If the number of points of a body which is constrained 
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to rest on the fixed plane of the axes of x and y be only two, 
or if they are all situated on the same line, we may assume 
this line for the axis of y, the resultant z must then meet 
the plane of the axes of x and y, in a point situated on this 
axis; and, independently of the three equations of the pre- 
ceding case, we shall have a fourth equation of equilibrium, 
namely, M = 0. 

5. Finally, when the solid body touches the fixed plane of 
the axes of w and yin only one point, at which, if o the origin 
of the coordinates be placed, it is easy to perceive that there 
will be five equations of equilibrium, namely, 


x0, yx=0, L—0, m=0, n=O. 


The force z will always express the pressure exerted on 
the fixed plane at the point o, and it must consequently be 
affected with a suitable sign. 

This result coincides with that of the preceding number ; 
for if the body a’ be supposed to be fixed and terminated by a 
plane which may be taken for that of the axes of # and y, and 
if the point x (fig. 62) be taken for the origin of the coordi- 
nates, we should make in the equations of this number, 
a=0, 42-0, 7=0, a= 90°, 6 = 90°; by means of 
which we can reduce to the five preceding equations, a like 
number of the six equations which refer to the equilibrium of 
the body a. The sixth of these equations will, at the same 
time, become 

R+z2= 0, 


by supposing that ¢ is equal to cypher, or which is the same 
thing, that the part ru of the normal coincides with the posi- 
tive axis of z; consequently, the pressure exerted on a’, which 
is equal and contrary to the resistance r, will be the force z, 
in magnitude and direction. 

From a consideration of the preceding enumeration of the 
different eases of equilibrium, it is evident that the number of 
equations relative to a solid body constrained by fixed ob- 
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stacles, may be any number less than six, which is the num- 
ber in the case of a body entirely free, 

267. As equation (5) relative to the equilibrium about the 
axis of x supposed fixed, contains neither the components of 
the given forces p, p’, p”, &c., parallel to this axis, nor the 
coordinates of M, m’, 1”, &c., their. points of application pa- 
rallel to the same axis; the equilibrium will not be deranged, if 
these forces and their points of application are replaced by their 
projections on the plane of the axes of x and y; this may be 
easily demonstrated a priori. 

Let a, @', a", &e., represent the forces Pp, P’, p”, &e. pro- 
jected on the plane of the axes of a and y, that is to say, re- 
solved parallel to this plane, and transferred to the projections 
of the points m, m’, m”, &c. on this same plane. Let g, q’, q"s 
&c. denote the perpendiculars let fall from the origin of the 
coordinates, which is supposed to be fixed, on the directions 
of the forces Q, Q’, Q”, &c., and, for greater clearness, let the 
effect of the forces a, a’, a”, &e. be to cause the body. to turn 
in the same direction, and the effect of a’, Ql¥, &e. be to 
make the body turn in the opposite direction. For the equili- 
brium of all these forees, it is necessary, by No. 47, that we 
should have 


ag tag + aq — aq" — alg’ — &e. = 0; (6) 


295057" V", &e. being considered as positive quantities, 
as also a, 9’, @”, a”, &e.; consequently, this equation must 
coincide with equation (5), which it is easy to verify in the 
following manner : 

Let u (fig. 63) be the projection of the point M, oa and 
HG its coordinates x and y, ua the direction of the force a, 
and u the angles which this line makes with parallels to the 
axes on and oy, drawn through the point u. Through the 
point o, let two other axes oz, and oy, be drawn, the first in 
the direction ua, and the second perpendicular to this line, 
and such that the angle yoy,, may be acute or obtuse at the 
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same time as xoz,; now if x, and y, denote the coordinates 
or and FH of the point u, referred to these new axes, we shall 
have 


X= ycosu+xrcosr, y, = ycosA — 2 cosp. 
But, as the perpendicular ox or q, let fall from the point o 
on HA, must be a positive quantity, we shall have 
a= ty= + (ycosd — xeosp), 
according as the ordinate y, is positive or negative, or what 
comes to the same thing, from the direction which has been 
assigned to the axes oy,, according as the force @ tends to 
make the body turn in one direction or the contrary, about the 
point o. Moreover, we have 
Q=Ppsiny, 
and, besides, (No. 8) 
cosa=sinycosA, cos = siny cosp; 
hence there will result (d) 
ag = += P(ycosa — z cos). 
As, by hypothesis, the forces @’ and @” tend to make the 
body turn in the same direction as Q, we shall have also 
Q/g/= + P’ (y’ cosa’ — 2’ cosf’), 
alg’ = + Pp" (y” cos a" — x! cos 8"); 
and as the other forces Q’”’, q!”, &c. tend to make the body 
turn in the opposite direction, we shall have 
Q"q" = xP” wy” cosa!” — a” cos BY; 
alg” = = al’ (y"” cosa” — x cosp?”), 
&e. 
Therefore, in all these values, the superior signs or the in- 
ferior must be taken at the same time, and by substituting 


them in equation (6), it will become equation (5); which was 
required to be verified. 
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268. The body in equilibrio being always acted on by 
gravity, the weight of a body acting in the direction of a 
vertical passing through its centre of gravity, must be sup- 
posed to be included among the given forces p, P’, P”, &e. 
For example, if we suppose that the heavy body rests on an 
inclined plane, and is sustained by one sole force, (fig. 64 re- 
presents a section of this body passing through the centre of 
gravity G, and perpendicular to the inclined plane,) the 
length of this plane is aB, its base Bc, and its height ac. Let 
0, the origin of the coordinates, be in the vertical cu passing 
through the centre of gravity, and let the axes oz and ow be, 

, the one perpendicular, and the other parallel to a8; the third 
axis oy, which is not represented in the figure, will be perpen- 
dicular to the plane of the figure. The force p will be the 
weight of the body, the vertical cu its direction, and now the 
angle a. Morcover, we shall have « = 0, y= 0, B= 90°. 
Hence, if p’ represents the given force which sustains the 
heavy body, the equations of equilibrium of the third case of 
No. 266 will be reduced to 


Pcosa +P’ cosa’ =0, P’cos Pp! = 0, 
P’(2'cos ’ — y’ cosa’) = 0. 


From the two last, we obtain 8’ = 90°, y’ eos which shews 
that the force pr’ must exist in the plane of the axes of 2 and 
z; and, in fact, this is evidently necessary, in order that this 
force and the weight of the body may have an unique result- 
ant, perpendicular to the inclined plane. Let o be the point 
where the direction of r/ meets the vertical cx, and let op re- 
present this direction. The angle a’ or pox must be obtuse, 
in order to satisfy the first of the three preceding equations ; 
let 8 denote the acute angle poz’, which the force p’ makes 
with the production of oz, so that we may have 


cosa’ = — cosé. 


‘The angle a or Hoz is the complement of axc, the inclina- 
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tion of the plane ; therefore denoting the height ac by , and 
the length as by J, we shall have 


h 
cog a = 75 


hence there will result the equation of equilibrium, (¢) 


Ph 
7 = P’cos8 5 
by means of which one of the two quantities P’ and 8 will be 
determined, when the other is given. 
For example, when the force P’ is parallel to the inclined 


plane, we shall have § = 0, and consequently, 
‘ 
P:pi:hil, 


or, what comes to the same thing, 

pi = Psint; 
i denoting the inclination of the plane. If @ denotes the pres- 
sure that the plane experiences, and which in this case will be 


the weight p resolved in the direction of the perpendicular oz, 
we shall have, at the same time, 


Q = Pcost. 


269. In the preceding discussion no account has been 
taken of the frictton, which combines its effect with that of the - 
force P’ parallel to the inclined plane, in preventing the body 
from sliding along it. If this force P/ vanishes, the friction 
alone may retain the body, as long as the inclination ¢ does 
not attain a certain limit. If this limit be A, i. e. what 7 be- 
comes when the equilibrium commences to give way, and ifat 
this instant the friction is the fraction f of the pressure @, the 
force fo must be in equilibrio with P sin , the component of 
the weight of the body resolved parallel to the inclined plane. 
Consequently, we shall have at the same time 


a= pecost, fa = Psind; 
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hence we obtain 

Jf = tang); 
which will enable us to determine the value of f, by ob- 
serving A the angle at which the body commences to move; 
this has been termed the angle of friction. 

It is proved by experiment, that, every thing else being 
the same, at the instant the equilibrium gives way, the friction 
is proportional to the pressure, so that the coefficient f and 
the angle are independent of the pressure @(f), and conse- 
quently of the weight p. This coefficient depends on the na- 
ture of the body and the smoothness of the surfaces; it has 
been also observed, that it does not attain its maximum value 
until the body and the plane have been some time in contact, 
(which time varies with the nature of the body), and that it 
is only when this maximum is attained, that the friction is 
proportional to the pressure. Assuming this experimental 
law to be correct, it follows, that if several bodies of the same 
nature, and whose surfaces have the same degree of smooth- 
ness, are placed on a horizontal plane, and if after the lapse 
of a certain time this plane is gradually inclined, all these 
bodies will commence to slide at the same inclination A, what- 
ever be their weights, and the extent of their surfaces in con- 
tact with the plane. 

270. When a body is placed on a hogjzontal plane the 
force with which, in consequence of its weight p, the plane is 
pressed, is distributed among the points of support of this 
plane; but when their numbef is more than three, this distri- 
bution seems at first view to be indeterminate. The diffi- 
culty which appears to occur in this case we now proceed to 
examine, 

For greater clearness, let this horizontal plane be supposed 
to be the surface of a table, the feet of which are vertical. 
Let two rectangular axes ox and oy (fig. 65) be drawn in 
this plane, let c be the projection of the centre of gravity of 
the body on this plane, and a, 4’, a”, &c. the points of this 
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plane where the legs of the table meet it; and let a and y,, 
wand y, x’ andy’, 2” and y", &c. denote the coordinates. of 
the points c, a, a’, a”, &c. referred to the axes ox and oy. In 
order that the table may not be overturned, the point c must 
lie within the polygon aa’a” a”, &c. This condition being 
satisfied, the weight p, applied to the point c, may be re- 
solved into a number of parallel forces acting in the directign 
of gravity, and passing through the points of support 4,4’, 4”, 
&c., which forces are the loads that are supported by the legs 
of the table. If a, a’, @”, &c., denote these unknown loads, 
by the theory of parallel forces, we shal] have 


pP=e+a’+oa" + &e. 
P2, = Qe + Q/2/ + 9%2" + &e. 
Py, = ay +a'y +0°y” + &e. 


Now, if there are only three points of support, 4, a’, a”, 
these three equations will be sufficient to determine the loads 
Q, Q/,@”; but if there be a greater number than three, the 
problem will be indeterminate, and the values of all the un- 
known pressures, minus three, may be assumed to be what we 
please, provided that for these three, the values which result 
for them are positive. This indetermination would in fact 
obtain, if the table was rigorously inflexible; but this is ne- 
ver the case: and, though this flexibility may be supposed 
ever so little, still it will so far cause a slight displacement, 
the effect of which will be, that the table will be unequally 
pressed in its different parts. Now, the figure that it will 
assume, and, the force with which it will be pressed, in each 
point, will depend not only on the weight Pp, but also on 
the number and disposition of the points of support a, 4’, 4’, 
&c.; and both the one and the other, as also the pressure 
which has place in each of these points, will be completely 
determinate in each particular case. However, this determi- 
nation is an extremely difficult problem, the general solution 

31 
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of which belongs to the department of mathematical physics, 
and has not yet been given. We shall therefore restrict our- 
selves here to one sole observation which is suggested by this 
subject, namely, that in nature every thing ts necessarily deter- 
minable, and that when any thing appears to us indetermined, 
at is because we have not taken into account some one of the 
data of the problem, i.e., some property of matter, like the 
degree of flexibility tn the table in question. 


CHAPTER I. 


THEORY OF MOMENTS, 


271. Tue moments which we Propose to treat of in this 
chapter are those that have been already considered in No. 42, 
where the moment of a force p was defined to be the product 
of this foree and of p the perpendicular let fall from the centre 
of the moments on its direction. Therefore, if c be this centre 
(fig. 66), and if the force Pp be represented by the line ma taken 
on its direction, its moments will be expressed by twice the 
triangle cam, which has this force for its base, and its vertex 
at the point c. From this it appears, that the theorem of 
No. 46, relative to the moment of the resultant of two forces, 
is a geometrical proposition extremely easy to demonstrate. 

In fact, if ma and mb be the two components, mp the di- 
agonal of the parallelogram Mapp will be their resultant ; and | 
if the point c be without the angle ams and its vertically op-* 
posite, it is easy to demonstrate that the triangle cmp is 

. equal to the sum of the triangles cma and cmp. For in the 
first place, we have 
CMD = CMA ++ CAD 4 MAD ; 


and if a perpendicular cx be let fall from the point c on the line 
MB, this will meet pa which is parallel to ms in F, and we shall 
have * 
CMB.=3.MB.CE, cap= $.AD.CF.3 
and since 
MB= AD, CF = CE —ER, 

there will result 

CAD = CMB — map, 
and, consequently, 

CMD = CMA + CMB: 


which was required o be-proved. 


428 THEORY OF MOMENI. 


In the figure, the line EF is supposed to be the difference 
of the perpendiculars cz and cr; but it may be equal to their 
sum, and it is easy to modify the preceding demonstration so 
as to apply it to this case. In the same manner it may be 

. proved, that, when the point c lies within the angle amu, or 
its vertically opposite, the triangle cmp is equal to the differ- 
ence between the triangles cma and cms. 

272. Through the centre of moments (fig. 67), let any 
plane whatever be drawn, and let the right line an, which 
Tepresents the force P in magnitude and direction, be projected 
on this plane, also let @ be the force. represented by a’n’ the 
projection of a8; the moment of the force p will be twice the 
triangle cau, and that of the force @ twice the triangle ca‘s’ ; 
consequently, the centre of moments remaining the same, the 
moment of the projection of a force ona plane passing through 
this point, is the projection of the moment of this force on this 
same plane. 

If m and Kk denote respectively the moment of the force P 
and of its projection Q; and if the perpendiculars cp and ce 
be erected to the planes of these respective moments, 8 the 
‘angle contained between these perpendiculars will be equal to 
the inclination of Hon K, and by No. 10 we shall have 

K = Heosé. 

The force p remaining the same, the angle 6 and the mo- 
ment H will vary with the position of the point c on the line 
8; but if the position of this line is not altered, the product 
u cos 6 will not vary; for k or the triangle ca’! will only be 
displaced parallel to itself, without undergoing any change in 
its magnitude. : 

273. In place of one force Pp, let any number of forces 
p, P,P’, &e., be considered. If un, u’,H”, &c., be their mo- 
ments with respect to the point c (fig. 68), 8, &, 8", &c., the 
angles which the perpendiculars cp, cn/, cp”, &c., to the planes 
of these moments make with the same axis cE; a, 9’, 9”, &c., 
the projections of p, p’, Pp’, &c., on the plane drawn through 
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the point c, and perpendicular to this axis; K, kK’, Kk”, &c., the 
projections of n, n’,H”, &c., on this same plane, we shall 


have : 
K=Heosé, K’/= H’cosS, Kx” = Hn” cos 8", &e. 


If it is merely proposed to determine the areas of the prow 
jections from knowing those of the projected surfaces, the im« 
clinations 8, 8',8”, &c., must be considered as acute angles; but 
in the applications which we shall make of the projections of 
the moments, these angles will be regarded either as acute or 
obtuse, or in other words, it being agreed on to consider a cer- * 
tain direction as positive, and the opposite as negative, we will 
assume for the lines cp, cv’, cp", &c., the parts of the perpendi- 
culars to tle planes of the moments H, H’, H”, &c., which make 
acute or obtuse angles with the axis cz, according as Q, a’, a", 
&e., the projections the forces of P, P’, P", &., tend to produce 
a revolution in a certain direction previously agreed on, or the 
contrary. Thus, in the figure, the angles pcx, p’cr, pcr, 
being acute, and the angles p’’cr, p/”cx, &c., being obtuse, this 
implies, that the forces a, 9’, 9”, tend to produce a revolution 
in the same direction, and the forces Q’/”, a7”, &c., in the op- 
posite direction. As the lines cp” and cp” are the produc- 
tion the one of the other, this indicates that the forces Pp’ and 
p” are both comprised in the same plane, passing through 
the point c, but that they, as likewise their projections @” and 
9”, tend to produce revolutions in opposite directions. 

Denoting the sum of the values, whether positive or + 
gative, of K, x’, K”, &c., by s, we shall have, 

Sx Heosé + H’ cos 3} HW” cos &! + &e.; 
and, abstracting from the consideration of the sign, s will be 
the sum of the moments of the forces a, 9’, 9”, &e., which 
tend to produce a revolution in one direction minus the sum 
of the moments of those which tend to produce a revglution 
in the opposite direction ; therefore, by the theorem of*No. 
47, the quantity + s will express the moment of their’ re- 
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sultant, which will tend to produce a revolution in the di- 
rection of the forces that refer to the acute angles 8, 8’, 8”, or 
to the obtuse angles 8”, 8!”, &e., according as the preceding 
value of s will be positive or negative. 

If all the lines cp, cv’, cp”, &c., are at the same time 
changed into their productions at the other side of c, the 
angles 8, 8’, 8”, &c., will be changed into their supplements, 
and s will be changed into —s. This will also be the case 
when for the axis cg there is substituted its production cr’. 

Each of the parts which make up the sum s, and conse- 
quently s itself, will be independent of the position of the 
point c on the axis cz; it will depend orily on the system of 
forces Pr, P’, P’”, &c., on the position of this axis, and on its 
direction perpendicular to the plane of projection. Hence- 
forth this quantity s will denote the moment of the forces 
pr, P’, r’, &e., with respect to the axis cx. 

274. From this definition it appears, that the three quan- 
tities L, M,N, of No. 261, will be the moments of the forces 
p, Pp’, &c., with respect to the axes of the positive coordi- 
nates of their points of application. ‘ 

In order to prove this, let a be the projection of the force-# 
on the plane of the axes of « and y, and g the perpendict lar tet 
fall from the origin of the coordinates on its direction, so that 
the valué of its moment with respect to this point may fe ag. 
Let us suppose that the force q acts from a towards B (fig. 69), 
and that ac and an are the coordinates « and y of its point of ap- 
plication a, referred to the rectangular axes ox and oy. Liké- 
wise let ) and » be the angles Bac’ and Bap’ which the force 
q makes with the productions of x and y; Q cosA and Q cos # 
will be the components acting in the direction of ag’ and ap’, 
and ya cosA, 2 cos, will be thei moments with. tespect 
to the point o ; it appears from the figure, that they will tend 
to make the system to turn in opposite directions, and that 
the force @ tends to produce a revolution in the direction of 
Q cos 4; consequently, we shall have 
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ag = £Q cos — ya cosX. 


It is easy to perceive from a consideration of the different 
positions which the point a can have, and of the different di- 
rections which may be assigned to the force q, that this equa- 
tion will subsist, whatever he the signs of 2, y, cos A, cos py 
provided that the force @ transferred ta the point © or r, where 
its direction meets the axes of the coordinates a or y, tends to 
make oz the axis of the positive coordinates zs to turn within 
the angle of the positive xs and ys, and, consequently, oy, 
the axis of the positive ys, without this angle, as is indicated 
by the sagitte s ands’. If the contrary be the case, that is 
to say, if the force Q, thus transferred, tends to make the axis 
of the positive ys to turn within the angle of the positive as 
and ys, and, consequently, the axis of the positive zs without 
this angle, we shall have 


ag = yacosA — 2Q cos p. 


whatever may be the signs of x, y, cos A, cos p. 

It follows from this, that ifs be the moment of the forces 
p, P,P”, &c., with respect to the axis of the positive zs, and 
if the angles 3, 8’, 8”, &c., of the preceding ber are con- 
sidered to be acute or obtuse, according as the projections 
a, a, a”, &e., of these forces tend to make the of the 
positive as to turn within the angle contained between the 
positive coordinates «and y, or without this angle,.we shalt, 
_have , 

S= Q (xcosp — y gosA) + a’ (a cos’ — y’ cos’) 
+ 9” (x cos pp’ — y" 003 A”) + &e. 


a'yy's dsp, 2, yd, w’, &e., being what 2, y, d, ps become 
relatively to the forces 9’, @”, &e. 

Moreover, if a, 8, y, 4’, B's y's @”s By &e.s be the 
angles which the directions of the forces P, r’, »”, &c.. make 
with parallels to the axes of x, y, z, we shall have 
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a=psiny, Q’==p'siny,. Q’= Pp" siny”, &e., 
cosa=sinycosi, cosa’=siny'cosd’, cosa”=siny”cosr”, &c., 
cosB=sin ycosp, cosB’=siny’ cosp’, cosB”=siny” cosy”, &e. 5 
and from these values, it is evident that the expression for s 
will coincide with the value of L of No. 261(a). Hence, tis 
the moment of the forces pr, P,P”, &c., with respect to the 
axis of the positive zs; and, according as it is positive or ne- 
gative, this system of forces will cause the plane of the axes 
of the positive zs and zs, to turn within the solid angle of the 
positive coordinates, or without this angle. 

Now, if the axes of the positive 2s, xs, ys, be substituted 
for those of the positive 2s, ys, 2s, & will be changed into m; 
it follows, therefore, that m is the moment of the forces 
p, P,P”, &e., with respect to the axis of the positive ys, and 
that according as it is positive or negative, this system of 
forces will tend to make the plane of the axes of the positive 
zsand ys to turn about this axis, within the solid angle of the 
positive coordinates, or without this angle. In like manner, 
if the axes of the positive ys, zs, xs, be substituted for those 
of the positive zs, as, ys, mM will be changed into nN; conse- 
quently, s wit be the moment of the forces P, P’, P”, &e., 
with respect to the axis of the positive as ; and, according as 
this moment is positive or negative, this system wil? tend to 
make the plane of the positive ys and xs to turn about this 
axis, within the solid angle of the positive coordinates, or 
without this angle. 

The’three quantities L, M, N, are consequently, as has been 
stated, the moments of the same system of forces with respect 
to the three axes of the positive coordinates of their points of 
application, and the signs of their: alues, such as they are 
written in No. 261, refer to a known direction of rotation, 
about each axis supposed to be fixed. 

275. It appears from the preceding number, that the first 
value of aq is the same thing as(5) 
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ag = xP cos B ~yP cosa. 

Hence if # denotes the moment of Pr with respect to the 
origin of the coordinates, and § the angle contained between 
a part of the perpendicular to the plane of this moment and 
the axis of the positive zs, we shall have (No. 272) 

H cos 8 = P (2 cos B — y cos a); 
which implies, that this part of the perpendicular to the plane 
of n, is that which makes an angle with the axis of the posi- 
tive zs, that is acute, or obtuse, according as the quantity in- 
cluded between the brackets is positive or negative. If 8, 
and 6, be the angles which the same part of this perpendi- 
cular makes with the axes of the positive ys and xs; we shall 
have in like manner 

H cos 8, = P(z cosa — ® C08 y), 

cos 8 = P (y cosy — zc03 8). 


If, therefore, in order to abridge, we make 
(«cos B—ycosa)?+4(z cosa— x cosy)? (yeosy —zcos3)’=p’, 
there results, (p being regarded as a positive quantity,) 

"= rp, 
because 
cos’ é + cos? 8, 4- cos? 8, 1; 
consequently, we shall have 
cos 8 =i (eeosp — ycosa), 


nt <. 
cos 8, = me cos a — x C08 -y), 


cos BSF yeosy — 2 cos 3) 5 


by means of which the three angles 8,8,,0), can be deter- 
mined without any ambiguity. The angle 8 will be acute or 
obtuse, according as the sign of x cos 8 — y cosa is positive 


Pe 
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or negative, and the angles 6, and 8,, according to the signs of 
x coSa—a# cosy, and y cosy —2 cos f. 

It is easy to verify these formule. In fact, if the equation 
of the plane which comprehends the origin of the coordinates 
and the force p, be denoted by 


Au + Bo -+ cw = 03 
u,v; w, being any coordinates whatever, then if for these we 


substitute a, y,z, the coordinates of the point of application 
of this force, this equation will become 


Az 4+ By + cz = 0; 


moreover, the equations of a right line drawn through the 
origin of the coordinates and parallel to this force, will be 


veosa ucosB, wcosa= ucosy; 


and as this parallel is likewise comprised in the plane which 
ye are considering, there results from it this second equation 
of condition 

acosa + BcosP +c cosy = 0. 


From these two equations we deduce(c) 
_ 4 (# cos B — y c08 a) 
yeosy—zcosp ” 
ee a(zcosa — 2 COSY), 
— “yoosy — zc0sp ” 
and by substituting these values in the equation of the plane, 
it becomes 


u(y cosy —2 0083) -+u(zcosa—zxecosy) +10(z cos B—ycosa)=0. 


Now, by known formule (No. 17), the cosines of 8,3,,8:, ° 
the angles that the normal to thi. plane makes with the axes 
of u, v, w, which are likewise those of 2, y,2, will have for 
yalues the formule which it was required to verify. 

In virtue of the equation = pp, the quantity p is the 
perpendicular let fall from the origin of the coordinates on the 
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direction of the force p. This may be also verified without 
any difficulty, by taking the foot of this perpendicular for the 
point of application of P; for, denoting the radius vector of 
this point, which will then be this perpendicular, by r, and 
the angles which its direction makes with the axes of x, y, 2, 
ty A; 4, v, we shall have 


~ 


a@oareosA, yo=rcosp, z= rcosy; 


and. if these values be substituted in that of p?, in consequence 
of equations (Nos. 6 and 9), namely, 


cos’ a + cos? B + cos? y = 1, 
cos’ X + cos? u + cos’ vy = 1, 
cos a cos X + cos 8 cos up + cosy cos v = 0, 
we shall find 
; - por, or por. 

276. The moments of the same system of forces with res- 
pect to different axes, possess remarkable properties, which 
being an immediate consequence of those of the projections 
of plane surfaces on different planes, we now proceed to in- 
vestigate. 

Let ox, oy, oz, be three rectangular axes which intersect 
in the point o (fig. 70). Through this point let three other 
retangular axes oz’, oy’, 02’, be also drawn, In order to de- 
termine the directions of these new axes with respect to the 
first, let 

wow =a, you! = B, zox =y, 


zoy =a, yoy =f’, zoy=y', 

zoz =a’, yor =f", z0z ="; 
a, 3, y, @, &c., being considered as nine given angles, which 
may be either acute or obtuse. Their cosines will be con- 


nected together by six equations, for with respect to each of | 
the three lines oz’, oy’, 02’, we shall have evidently, 


436 THEORY OF MOMENTS. 


cos?a + cos? 8 + cos? y = 1, 
cos? a! + cos?’ +- cos? y’ = 1, qd) 
cos? a” + cos? 8” 4 cos? y” = 1; 
and because 2/oy’, 2’02’, y’oz’, are respectively right angles, 
we shall likewise have 
cos a cosa’ + cos 8 cos (3 + cosy cosy’ = 0, 
cos a cos a” + cos 8 cos B" + cos ycosy” = 0, (2) 
cos a’cos a” -+- cos 8’ cos 8” + cos y’cos y” = 0. 
By means of the nine angles a, a’, a’, &c., we can reciprocally 
determine the directions of the first axes ox, oy, oz, with re- 
spect to the second oz’, oy’, oz’, in which case we shall have 


cos’ a + cos*a’ + cos* a” = 1, 
cos’ + cos?’ + cos?” = 1, (3) 
cos? y + cos? y/ + cosy" = |, 
afd, besides, 
cos a cos 8 + cos a’ cos B’ + cos a” cos 8” = 0, 
C08 a Cosy + cos a’ cosy’ + cosa” cosy” = 0, {4) 
cos 8 cosy + cos 3’ cosy’ + cos 8” cosy” = 0; 
these equations are evidently equivalent to the six preceding, 
and may be substituted for them. 
If a denotes the area of a plane surface bounded by any 
outline whatever, and situated in a plane passing through the 


point o; and if a perpendicular op be erected at this point to 
this plane, then by making 


zoD=q, yoo=g’, zop=@g", 
these three angles, which may be either acute or obtuse, will 
determine the direction of op and that of the plane of a; if 
each of these three be changed into their respective supple- 


ments, the right line op will also be changed into its pro- 
duction, but the plane of @ will remain the same as before. 
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Also, ifthe projections of a on the planes of yoz, xoz, zoy, 
be denoted by p, p’‘, p", we shall have (No. 10) 


p=acosg, p’=acosq’, p"=acosg”. 


Finally, if & denotes the projection of a on any fourth 
plane, as for instance the plane y’oz’, and if ¢ denotes the 
angle won, we shall also have 


b=acose, 
and, by formula (2) of No.9, 
cos ¢ = cosg cosa + cosg’ cos 4+ cosy’ cosy, (5) 
hence we infer, , 
b=pcosa +p’ cos B + p” cosy; (6) 


by means of which the projection of an area a on any plane 
whatever, will be determined, when its projections on three 
rectangular planes are known. Z 

As equation (5) obtains only when the signs of the cosines 
which it contains are taken into account, it follows that it is 
also necessary to have regard in equation (6), to the signs of 
the projections p, p’,p”, and to treat them as positive or ne- ° 
gative, according as op the perpendicular to the plane of a, 
makes acute or obtuse angles with the axes oz, oy, oz. 

277. This being established, let any number of plane 
areas whatever, such as a,a’,a”, &e., existing in different 
planes, be projected on the three planes xoy, zoz, yor, and 
let the sum of the projections on each of these planes be 
taken, respect being had to their signs in the manner above - 
specified, then if the three sums, which are obtained in this 
manner, be denoted by a, a’, a’, and if in like manner 3B de- 
notes the sum of the projections of a, a’, a”, &., on the plane 
y’oz’; by forming for each of these areas, an equation similar 
to equation (6), we shall obtain, by adding together all these 
equations, 

B= acosa +a’ cos 8 + a” cos y. 
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If again the sum of the projections of a, a’, a", &c., on the 
plane 2’o2z’ be denoted by B’, it is evident that the value of 3’ 
may be deduced from that of 3, by substituting the axis oy’ 
perpendicular to this plane, for the axis ox’ perpendicular to 
the plane y’oz’, that is to say, by substituting in the preceding 
formula, a’, B’, y’, for a, 8, y; by this means we obtain 


B’= acos a’ + B cos B’ + C cosy’. 


If, in like manner, the sum of the projections of a, a’, a” 
&c., on the plane 2’oy’ be denoted by B”, its value may be de- 
duced from that of B, by substituting a”, RY y'', in place of 
a, 8, ; from which there will result ; 


B= acosa" + B cos 3" + c cosy”, 


We can likewise deduce conversely from these values of 
B, B', 8”, and by having regard to equations (3) and (4), 
A = B cosa + B' cosa’ + B” cosa’, 
a! = B cos + B’ cos 9’ + B cosB", (7) 
a" =B cosy + B' cosy’ + B” cosy’. 


From a consideration of these different equations, it is evi- 
dent, that the projections of plane surfaces on different planes, 
are subject to the same laws as those of right lines on other 
right lines. 

278. If the sum of the squares of the values of B, B/, B”, 
be taken, there results, by equations (3) and (4), 

Bp + Bp? + Be Aaa Az Ale; (8) 
from which it appears, that the sum of the squares of these 
three quantities B, 3, B’’, does not vary with the direction of 
the three rectangular planes of projectio to w) ich they are re- 
ferred. In the particular case, in which all the areas a, a’, a", 
&c., exist in the same plane, this sum is in fact the square 
of the entire area a+ a’ + a + &c.; and, if for example, 
this plane be assumed to be that of the axes oy and oz, we 
shall have 
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Amat+a+a"+&e., a0, a’=0. 
In this case all the areas a,a', a’, &c., lie in the same plane, 
but if they should exist in different planes, then it is easy to 
prove, that this sum is equal to /a?-+- a?-f a’?, in aie by 
equation (8) we have 
Bo VA pat +a? BBY, 

from which it appears, that the sum B which varies from one 
plane of projection to another, is greatest when p'= 0, B= 0; 
in which case it is equal to Va? a?+4 a’, this is, therefore, 
the expression fdt the greatest sum of the projections on the 
same plane, of the plane areas a, a’, a’, &c., considered as exe 
isting in different planes. 

279. The plane y'oz’ that answers to this greatest pro- 
jection, possesses remarkable properties, which will be advert- 
ed to in the sequel of this treatise. It is easy to determine 
its position by means of the equations B' = 0, 8” = 0, which 
characterize it. 

In fact, equations (7) are then reduced to 


A=Bcosa, a’= BcosB, a’= Beosy; 


from which we obtain 








A 
oc. —— 
Vw +ar+4 al? 

al 
cos B = 
Yat A? of a/® 

a’ 
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Hence, when a, 4’, a”, the sums of the projections on any 
three rectangular planes yoz, xoz, xoy, selected arbitrarily, are 
known, the. direction of y’oz’, the plane of greatest projection, 
may be immediately ascertained, by means of the angles a, 8, y, 
which determine the line oz’ perpendicular to this plane. With 
respect to its absolute position in space, that is evidently unde- 


w 
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termined, for the projections of each of the areas a, a’, a", &e., 
and, consequently, the sum of these projections, are the same 
on all parallel planes. . 

280. The sum of the projections of the areas a, a’, al", &ey 
on all planes equally inclined to the plane of greatest pro- 
jection, is always the same. 

In order to demonstrate this, let the plane perpendicular 
to the line op be taken, let c denote the sum of the pro- 
jections of a, a’, a", &c., on this plane, g, 7’, q', the angles 
which this line op makes with the axes ox, oy, oz, &c., ¢ the 
angle z’op, which measures the inclination pf this plane on 
fhat "of the greatest projection. By what has been esta- 
plished in No. 277, we shall have 


c=acosg+a‘cosg’ +a" cosg”. 


Hence, by substituting for a, a’, a”, their respective values 
Bos a, B Cos B, B cos y, we shall have 


c = B (cosa cos g + cos 8 cos g' + cos y cos g"), 


that is, in virtue of formula (5), c = B cose, and, substituting 
for B its value, 


ca Va? +a? +4 a? cose; 


consequently, the value of c, is the same for all planes, which 
make the same angle c, with y’oz’, the plane of greatest pro- 
jection. 

This value diminishes according as the angle ¢ approaches — 
to 90°; and it is cypher for all planes perpendicular to y’oz', 

281. In order to apply these propositions relative to the 
projections on plane surfaces to the theory of moments, it is 
only necessary to suppose that the areas a, a’, a”, &c., are the 
doubles of triangles which have for their common vertex the 
point o, and for bases the lines, which represent, in“magnitude 
and direction, the forces r, r’, pr", &c., that have been con- 
sidered above. ‘Their moments L, M,N, with respect to the 
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axes .0z, oy, 02, of the positive coordinates oftheir points of 
application (No. 274) will be then the sym of the pwjections' 
of a, a’, a", &er; on the planes xdy, coz, yor? Fhe follawing 
consequences result from the propositions which hae been 
now-demonstrated; > , 

ist. Denoting by = the moment of the forees P,P’; Pp, &e., 
with respect” to_an axis passing through point 6, and 
that makes with the axes oz, oy, 02, the angles ¢, «’, e”, whith 
may be either acute or obtuse, we shall have 


E=Ncose+Mcose' + Leose”. 


2ndly. Among all the directions which the axis of the 
moment ¥ can assume about the point o, there is one for which 
this moment is the greatest possible and equal 1?+-M= pn? 
With respect to every other axis passing through the point 0, 
and perpendicular to that of the greatest moment, the mpment & 
is cypher, and it is equal to YL? + m® + nN? cos &, relatively to an 
axis which makes the angle 8 with that of the greatest moment, 

3rdly. Finally, if a, /3,y, denote the angles that the axis of 
the greatest moment passing through the point 0, makes with 
Ox, oy, 02, the axes of the moments N,M,L, and if G repre- 
sents the magnitude of this greatest moment, we shall haye 


cosa = = cos 3 = = cos y = sais 
G G G 
and, at the same time, 
G= VU PEN; 
hénce it follows, that if on the axes Ox, OY, 02, we take, rec- 
koning from the point 0, lines proportional to the moments 
N,M,1L, and if the parallellopiped, of which these lines are 
the adjacent sides, be completed, the length of its diagonal 
"will represent the magnitude of the greatest moment, and this 
line will be the axis of this principal moment. 

Euler was the person who first announced these remark- 
able theorems. They establish a complete analogy between - 
the composition of moments and that of forees ; an analogy 

3b 
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which arises from this, that forces heing represented by right 
lines, moments are éxpressed by plane surfaces, which are 
projected on different planes, in the same manner as lines are 
projected on different, lines (No. 277). , 
282. The point o and the system of forces P, P’, P”, &e., being 
given, their greatest moment c is termed the principal moment 
of these forces. If all these forces be transferred parallel to 
themselves, to this point o, their resultant r will have for 
components parallel to the axes ox, oy, 02, respectively, the 
three quantities x, y, z, of No. 261. The consideration ‘of. 
this resultant and of the principal ment, furnishes us* with 
a very simple mteans of stating the results of the preceding 
chapter. : 

In order to the equilibrium of the forces P, P’, P”, &e., 
applied to a solid body entirely free, it suffices if the resultant 
rand the principal moment & are respectively equal to cypher, 
for since 

woe+y?42%, 2a? +m? +n’, 
the equations xr = 0, G = 0, imply that the six equations of 
equilibrium of No. 261 have place. 

Hence it is easy to infer, that when one system of forces is 
in equilibrio with another, it is necessary, and it suffices, 1st, 
that the resultants x of the forces of the two systems should 
be respectively equal and contrary; 2ndly, that for the same 
point o, their principal moments should be equal, and should 
refer to two axes, drawn in opposite directions, or of which 
the one is the production of the other. The resultant x and 
its direction, the principal moment and the direction of its 
axis, will remain the same, in all the transformations which 
the same system of forces can undergo, and, generally, for any 
two systems of equivalent forces. 

If a, 6, ¢ be the angles which the force x makes with the 
axes oz, oy, 02, we shall have 


x A 
cosa=-, cosb=-, cose ms 
x R R 
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Likewise, if w be the angle comprised between its direction 
and the axis of the principal moment, we shall have, (a, B y> 
being the angles which this axis makes with oz, oy, 0z), 


cs w = cos acosa + cosb cos 8 + cose cosy, 
or, what comes to the same thing, 


XN + YM + ZL 
RG . 


cos w = 


It follows, therefore, that the condition of an unique re- 
~ sultant which is expressed (No. 263) by the equation 

XN+ Yu 4+ zL= 0, 
consists in this, that the axis of the principal moment G, and 
the direction of the resultant r, should be at right angles to 
each‘atker. This is what can in fact be verified by observing, 
that if the forces p, ve’, P”, &c., in their actual position, have 
an unique resultant, this force must be equal and parallel to r; 
and that its moment with respect to the point o, must also be 
the principal moment «, so that the axis of the principal mo- 
ment is then perpendicular to this resultant transferred to the 
point o in a dircetion parallel to itself; but this reasoning 
does not suffice to prove conversely that, when the preceding 
‘equation obtains, the given forces have an unique resultant. 

283, If the point o be transferred to any other point 0, 

and if a, 4, 2,, be the coordinates of the point o, with re- 
spect to the axes oz, oy, oz; and if L,, ™,, ™1, be what 
L, M, N, become relatively to this point 0,, the values of these 
last quantities may be obtained from the first (No. 261), by 
substituting #—2x,, y—y,, z—2, in place 2, y, z, from which 
there will result (e) 

L=L+xy,— Ya, 7 

M)=M + 22%, ~— xz, (a) 


Np SN+ YZ, — zy. 


‘ 7 2 * m 
From these formule it appears that when p, Pp’, P”, &c. dze 
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reduced to equal and parallel forces, which though acting in, 
contrary directions, still are not directly opposed to each : 
other, in which case we have x= 0, ¥ = 90, 2='0, the 
quantities 1,, M1, N, are independent of the coordinates of the’ 
point 0; ; so that the magnitude of the principal moment and 
the direction of its axis do not vary with the positioh of this 
point. In fact it is evident, that, whatever be the position of 
the point 0,, the axis of the principal moment of the two pa- 
rallel forees which may be substituted for the given forces 
Pp, P’, P”, &e., is perpendicular to their plane; and we know 
from other considerations (No. 48) that the sum of the mo- — 
ments of these two forces, which will be the principal moment 
of the given forces, is a constant quantity. 

In every other case, the principal moment varjes with the 
position of the point 0,; and if it were required to determine’ 
the point, or series of points, for which this moment isa 

“minimum, by making generally 


= it+nu? +n. ‘ 
we shall have 
GP = (L + xy, ¥ay)? + (M +4 Za, — xz) + (N + ¥2,—2y,)*. 


If in order to determine the minimum value, its three par- 
tial differences with respect to 2%, 71, 21, be put equal to 
cypher, and if we observe that 


n? = 1? + mM? + Nn’, 
three equations result, which it is easy to write under the fol- 
lowing form, (/) 
na, = x (Xa + YY, + 2%) + YL—ZM, 
R’y, = ¥ (Ka, + Yy, + 22) + 2N—XL, 
nz, = 2 (Xa, + YY, + 22%) + XM—YN, 


Now, if these three equations be multiplied by x, ¥, z 
respectively, and then added together, there will result, an 
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identical equation ; ‘it follows, therefore, that one of them is a 
consequence of the other two; and as the coordinates ayyy;, 21 
- do not exceed the first dimension, they appertain to a right 
line, which is therefore the locus of the centres of the mo- 
ments, with respect to which the principal anoment is a mini- 
mum.” It is evidently unnecessary to examme whether. the 
preceding’ equations determine a maximum or a minimum, 
for the value of G is not susceptible of being a maximum, 
inasmuch asit increases indefinitely with the variables «,, yj, 21. 
284, If the quantity xa, + ry, + 2, be eliminated be- 
tween the preceding equations taken successively two by two, 
there results (7) ; 


(NX + MY 4 Lz): 
ge 


. (NX + MY + Lz) 4 
Be 


“NXg. — Ya, $4 =z 


Z0,— X2+M =Y 


(by 
< (nx + MY + Lz) 
Y¥—-7,+N= an 3 
which are the equations of the projections on the three planes 
of the coordinates, of the loci of the centres of the principal 
minima moments. 
: By squaring, and then adding them together, we obtain 
Nx-+ My + Lz 
G= NX+ My + LZ (c) 
R 
for the value of the principal minimum moment, which is con- 
sequently the same for all the centres 0}. 
Denoting the angles that the axis of the moment c, makes 
with parallels to the axes oz, oy, oz, drawn through the point 
01, by a, Bi, yi» we shall have 


z M My, L 
cosa, = 5 cos 8, = a? cS y= ma 
1 1 + 


wherever the centré of the moments may be; yf = ‘equa> 
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tions (a), (5), (c), there will result in particular, for a point 0, 
which belongs to the right line determined by equations (5) 


x 66 B Y 
cosa, == — sB,=-, cosy, = -3 
Pr w wae R? 


which shews that the axes of all the principal minima moments, 
whose common value is given by formula (c), are parallel to 
each other and to the direetion of the foree Rr. 

When the given forces have an unique resultant, it is evi- 
dent that the value of «, is the least of all when the point 0, 
exists on its direction, in which case this value is cypher. 
Conversely, if the value of G, is cypher with respect to any 
point 0,, it follows that the given forces P, Pp’, P”, &e. have 
an unique resultant passing through this point; for if they 
can be reduced to two forces not existing in the same plane, 
one of them may be made to pass through the point 0), 
and thus reduce their principal moment to that of the other 
force, which would not be cypher, contrary to the hypothesis. 
From this it follows, that the condition which is necessary and 
sufficient in order that the given forces may have an unique 
resultant consists in this, that their principal moment may be 
equal to cypher. This moment being then a minimum, the 
condition in question will, in consequence of formula (c), be 
expressed by the equation 


LZ +MY +NX=0; 
andas the point 0, to which it refers, belongs to this resultant, 
the equations of the line in the direction of which it acts will 
be, in virtue of equations (b), 

XYi~ Yt Ls= 0, 

22, — XZ, +™M=—0, 

¥2,— 24+N= 0. 
These results coincide with those of No. 263, that have been 
obtained from other considerations. 


CHAPTER III. 
EXAMPLES OF THE EQUILIBRIUM OF A FLEXIBLE BODY. 


1. Equilibrium of the Funicular Polygon. 


285. Every system of cords connected together by fixed 
knots, or merely run into rings which can slide along these 
cords, is termed a funicular machine. Any number of strings 
may terminate at the same knot, but for greater simplicity we 
will suppose that at cach knot there are never more than three 
strings, and, in the first place, we will exclude the consideration 
of moveable rings. 

Let then a and zB (fig. 71) be the two extremities of a cord 
perfectly flexible, and of any length whatever, and, , m’, um’, 
&e., being different points of this cord, let the strings 
mc, M‘c', Mc", &c., drawn in the direction in which the given 
forces Pp, P’, v, &e. act, be attached to these points; likewise 
to the point m let there be applied a given force #, acting in 
the direction of the string ma, and to the last of the points 
M, M’, Mm”, &c., let another given force K, directed towards the 
point B, be applied. In the state of equilibrium, this flexible 
cord will constitute a polygon, the summits of which will be 
the points a, M, M’,M,”..... B, and it is termed a funicular 
polygon. The problem to be solved with respect to it, is to 
find the conditions, which the given forces H, P,P’, P”,...K, 
must satisfy, in order that this equilibrium may be possible, 
and to determine the figure of the polygon which suits this 
state. 

Tn order to find these conditions, this self-evident principle 
must be assumed, namely, that when the equilibrium obtains, 
each of the strings mu’, m’m”, &c., must be drawn at its 
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«two extremities by equal forces, acting in the directions of its 
productions ; for if these two forces had not the same directions 
as the string, nothing would prevent them from deflecting it; - 
and, unless they were equal and contrary, they would cause 
the string to move in its direction. 

It follows at once, that the resultant of the two forces 1 
and p, applied to the point M, must coincide with mp, the 
production of the string m’m. We may therefore transfer the 
point of application of this force to the point mM’, which exists 
on its direction (No. 41); if it be then compounded with the 
force P’ applied to this point, this second resultant, which will 
be in fact that of the three forces u, Pp, P’, must coincide with 
M ’D’, the production of the ea mies ; and, consequently, it 
may be transferred to the point m’. If, in the same manner, 
the resultant of this force and of W, which acts at this same 
point m”, be taken, the foree which draws the string mM” at 
its extremity mw’, and which should act in the direction of its 
production m”p”, will be obtained. This force is evidently the 
resultant of the forces u, P, »’, Ps by similar reasoning it 
may be shewn, that the foree which draws the same string at 
its extremity m'', and which must coincide with its other pro- 
duction m’p'", is the resultant of the forces P’”, P!”,..... K; 
therefore these two resultants are equal, and directly opposed 
to each other ; and consequently, the resultant of all the given 
forces H, P, P’, P”,....K, must be equal to cypher. We would 
evidently arrive at the same result, if the forces which act at 
the two extremities of any other side of the polygon were 
considered. 

Henee, the forces applied to the funicular polygon should be 
such, that when they are transferred to the same point respec~ 
tively parallel to themselves, they may constitutean equilibrium. 
This furnishes us, as we know, with three equations, between 
the magnitudes of these forces and the angles which their di- 
rections make with three rectangular axes drawn through this 
point. These equations are (No. 35) 
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COS a + Keose + Pcosa + P’ cosa’ + &e. = 0, 3 
Hcosd + Kcos f+ reosZ +- Pr’ cos’ + &e. = 0, {a) 
Icose + Kcosg + P cosy + Pr’ cosy’ + &c. = 0; 


@, €, a, a’, &e. denoting the angles relative to one of the axes; 
5, B, B’, &e. the angles relative to another axis; and ¢, 2 
y, 7’, &e. those which refer to the third, 

286. When the forces u, P, P’, P”,.... +K, and the direc- 
tions of the strings along which they act, do not satisfy these 
equations, an equilibrium cannot be effected between them by 
means of the funicular polygon, whatever be the figure it is 
made to assume; but whenever these equations are satisfied, 
we may assign to the polygon a figure suitable to the existence 
of the equilibrium. As the magnitudes and directions of the 
forces H, P, P’, P”,....K, are given, this figure is necessarily 
determinate, and its construction results from the series of 
compositions of forces which we proceed now to point out. 

In fact, the directions of the strings ma and mc along 
which the forces H and P act, being known, the magnitude 
and direction of their resultant will be determined. On the 
production of this direction, reckoning from the point m, let 
there be taken the given length of the side mm’, and then to 
the point m’ let there be applied the resultant of u and P act- 
ing in the direction of the line m’m, and the force p’ acting in 
the given direction of the string m’c’. Let the resultant of 
these two forces be taken, and on the production of its direc- 
tion, let there be laid off, reckoning from the point m’, the” 
given length of the side m’m”, and at the point m”, let a con- 
struction similar to that indicated for the point m’ be per- 
formed, and then at the point a" let there be applied this last 
resultant in the direction of the side m’m’, and the force p’ in 
the given direction of the string m’c”, these two forces must 
then be compounded into one, and, on the production of the 
resultant, the given length of the side mm’ should be taken. 

This operation should be continued until we arrive at the 


as 
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jast of the knots m, wm’, mM”, &c., if in the present case we sup- 
: pose the last of them to be ml’, then M/’B will be the last side 
of the polygon. Its direction is known, being that of the last 
force K, which by hypothesis is given. It is therefore neces- 
sary that the produced direction of the resultant of the two 
forces applied to the point m!’, in the direction of the side 
m’”’m?’, and in the direction of the string m7"c7", should co- 
incide with the given direction of the side w7"B. This is, in 
fact, what will-always be the case; for, by our construction, 
the force acting in the direction of m7’m’”, is the resultant 
itself of the five forces H, P, P’, P’, P”, transferred to the point 
m/” parallel to their directions, and if it be compounded with 
the force 7”, acting in the direction m’%c?’, the resultant of 
all the given forces, except the force x, will be obtained ; and, 
in consequence of equations (a), which are supposed to be sa- 
tisfied, this resultant is equal and directly opposite to the force 
K (No. 35). 

If through the point a, the three axes to which the angles 
a,e, a’, a’, &e., b, f, B, B', Ke, C59, yr 7's &e., are referred, 
be drawn, the coordinates of each of the summits of the poly- 
gon, with respect to these axes, will be the projections on 
these same axes of the parts of the polygon intercepted between 
the point a and this summit. They may be determined in 
functions of these angles, of the lengths of the sides of the 
polygon and of the given forces ; the general formule which 
are obtained in this manner, will enable us, in each particular 
case, to construct directly all the summits of the polygon, or 
one or more of these points; but it is simpler to determine 
them, one after another, in the manner pointed out above (a). 

287. When the given forces satisfy the conditions expressed 
by equations (a), and when the polygon has been made to 
assume the figure suitable to the equilibrium, the common in- 
tensity of the two equal and opposite forces which draw each of 
the sides in the direction ofits production, is the tension which 
this string experiences; it is therefore of consequence, to be 
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able in practice to compute this tension, and to be assured, by 
experiment, that it is not greater than that which a string of 
the same diameter and material can bear without breaking. 

Now, from what precedes it appears, that this tension will 
vary from one side to another of the polygon; the tension of 
the side mm’ will be equal to the resultant of the forces u and 
P, or to that of the forces v’, Pe”, p’”, Kaw... K; the tension 
of the side m’m” will be equal to the resultant of the forces 
H, P, Pb’, or to that of the forces P”, P’”’,....K, and soon. It 
will therefore be easy, in each particular case, to determine 
the tensions, which all the sides of a polygon in equilibrio 
experience, when the magnitudes and directions of the forces 
i, P, P’, P’,....K, are given, 

If 4 and 3, the extreme points of the polygon, are fixed, 
the forces H and x will represent both the tensions of the 
strings that terminate at these points, and also the pressures 
which these points sustain. In this case, the values of H and 
K, and of the angles a, 8, ¢, ef, g, which determine the direc- 
tions of the two extreme sides of the polygon, will be no 
longer given; but we shall have eight equations, by means of 
which these eight unknown quantities can be determined ; 
these will be, equations (a), equations (No. 6), namely, 


cos’a + cosh + cos’e = 1, cos’e + cos’f’+ cos’g = 1, 


and three equatigns resulting from the consideration that the 
position of the two fixed points a and B is given, These are 
obtained by computing the values of the three coordinates of | 
one of these points referred to axes passing through the other 
point, that is to say, the projections of the entire polygon on 
these three axes, and then putting them equal to the given | 
values of these same coordinates. 

In general, the determination of these eight unknown 
quantities is extremely complicated, but. after that the funi- 
cular polygon has assumed of itself the figure suitable to the 
equilibrium of the forces, which are applied at its summits, 
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the tensions of these different sides may be obtained without 
any difficulty ; and this is sufficient in practice. Thus, if the 
force p applied to the point m be resolved into two others act- 
ing in the directions of the productions of the sides am and MM’, 
the components, which are given immediately by the rule of 
the parallellogram of forces, will be the tensions of these two 
sides. That which will act along the production of am, must 
be equal to the force acting in the direction of this first side, 
when the point a is free; and when it is fixed, it will express 
the pressure exercised on this point. In like manner, the com- 
ponents of the force p’ in the directions of the productions of 
mm’ and m’m” will express the tension of mm’, already known 
by the decomposition of p, and that of the adjacent side m’m" ; 
and so on. 

288. As the strings which constitute the different sides of 
a funicular polygon are always a little extensible, the length 
of each of them is increased by a small quantity, in conse- 
quence of the tension which it experiences in the state of 
equilibrium ; and when this tension is known, the correspond- 
ing increase of length may be calculated. 

In fact, it appears from experiment, that when the tension 
of a homogencous thread of a constant thickness is inconsider- 
able, compared with the foree necessary to break it, its increase 
of length is proportional to its length and to the tension to 
which it is subjected; and in different thready, it varies with the 
thickness and the material of which the thread consists. This 
being so, if to a fixed point a thread is attached of the same 
thickness and material as the string am, and if at its inferior 
extremity there be suspended a given weight n that is very 
great, relatively to that of the thread, and if 2 and 7. (1 + w) 
he its lengths before and after the suspension of the weight 1, 
this quantity w will be a very small fraction, independent of , 
and proportional to n, (the weight of the thread being ne- 
glected) ; so that if, in another experiment, the three quantities 
Zw, 1 become 7’, w‘, n', we shall have ; 
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2 wi’ 
or TT? 
whatever may be Zand i’. Now, it is evident that a thread 
attached to a fixed point, and drawn at its other extremity by 
a force acting in the direction of its production, is in the same 
condition as if it was drawn in the directions of its two pro- 
ductions by this same force. If therefore, t be the tension of 
the string am, and if its length be increased in the ratio of 
1+ 7 to unity, we shall have 


by means of which, this increase of length can be determined ; 
and in the same way the value of 7 for all the other sides of 
the polygon can be obtained. 

289. Whether the extreme points a and B of the polygon 
be fixed or free, if one or more of the knots m, m’, m", &c. are 
replaced by rings, this circumstance will give rise to new con- 
ditions of equilibrium. If, for example, m" is a moveable ring 
which ean slide along the chord mM’ mm”, it is evident that 
in this motion the sum of the distances m’m" and m’M of 


the point m’, from the points m’ and m’” 


, will remain constant. 
Now, if the equilibrium obtains, this state will not be deranged 
by fixing these two last points; but then the point m” will be 
in the same cigcumstances as if it was constrained to exist on 
an ellipsoid of revolution, of which m’ and m’” are the two foci, 
and whose major axis is equal to the given length of the 
string m’m” mM”, therefore this point cannot be in equilibrio 
(No. 36), unless the force P’ which is applied to it is perpen- 
dicular to this surface; hence, by a known property of the 
ellipse it follows, that the direction of this force must divide 
the angle between the two radii vectores m’m" and MM’ into 
two equal parts. 

When, therefore, in performing the construction indicated in 
No. 286, we come to a moveable ring such as m”, if it is found 
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that, after we have taken the resultant of the two forces acting 
im the directions ww and mc”, of which airs side m’M” is 

the production, the angles c”’m’’ and c”m"m” are not equal, 
it follows that the equilibrium does not subsist. In general, it 
is necessary that the direction of the string m’c” attached to 
the moveable ring, should not be given beforehand, in order 
that we may be enabled, by asuitable determination of it, to 
satisfy the condition of the equality of the a aa w’m%c” and 
Mw’ Mc", 

It is evident that when there is an equilibrium, the tensions 
of-the two sides adjacent to a moveable ring will be equal to 
cach other; this follows from the circumstance that these two 
sides make equal angles with the direction of the force applied 
to this ring, and that their tensions are equal to this force re- 
solved in their respective directions ; but, indeed, this equality 
of tension may be regarded as self-evident, inasmuch as the 
two sides, in the directions of which the ring can slide, consti- 
tute parts of the same string, which necessarily experiences 
an cqual tension throughout its entire extent. 

290. What has been stated relatively toa ring constrained 

' to slide along an inextensible and perfectly flexible thread, 
may be applied to all the points of a system of material points 
in equilibrio. In whatever manner these points are connected 
together, it is evident that this equilibrium will not be de- 
ranged, by fixing all the points of the system except one. 
Now, if the connexion of this point with the others is such 
that it may besides describe a surface, or only a curved line 
about these fixed points, it is evident that the moveable point 
will be in the same condition as if the surface or curved line ac- 
tually existed; consequently, the direction of the force which 
is applied to it must be normal to this surface or this line, 

Hence it follows, that in any system of material points in 
cquilibrio, the force applied to each of these points is perpen- 
dicular to the surface or line on which this point would be 
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constrained to exist, if, for an instant, all the other points to 
which it is connected, were considered as fixed points. 

When this condition relative to the direction of the forces, 
and to the connexion of the parts of the system, is not satisfied, 
we may be certain that the equilibrium does not exist, but on 
the other hand it is not of itself sufficient to secure the equili- 
brium of the system. 

291. If all the forces which act ona funicular polygon 
suspended at the two fixed points a and 8, are given weights, it 
follows, from the construction of No, 286, that this polygon 
must exist altogether in the vertical plane passing through 
these two points; this is indeed evident of itself, for there is 
no reason why it should deviate from this plane to one side 
rather than to the other. Hence, if the perpendicular to this 
plane be assumed for the axis to which c, g, y’, y”, &c. are 
referred, all these angles will be right, and the third equa- - 
tion (a) will disappear; the two others will become 


Hosa -+ K cose = 0, (b) 
ncosb + Keosf+n = 0; 


in which the angles a, ¢, a, a’, &c. refer to an horizontal axis, 
and the angles 6, f, B, 9’, &c. to an axis drawn in the direc- 
tion of gravity, m denotes the sum of the weights p, P’, ep, &c. 
which are applied to the polygon. 

The equilibrium of this polygon will not be deranged, by 
making its form invariable ; consequently, the force n must be 
equal and directly opposed to the resultant of the forces a 
and x. From equations (b), we know already that it is 
equal and contrary to this resultant, it must therefore pass 
through the point o (fig. 72), where the productions of the 
extreme strings am and BN intersect; hence this point may 
be taken for the common point of application of the two forces 
nand x. Thus, in the state of equilibrium, m the resultant 
of the'vertical forces P, p’, P”, &c., will be directed along the 
vertical op, and, consequently, we shall have (No. 29), (4) 


456 -- BQUILIBRIUM OF THE FUNICULAR POLYGON. 


H:iT::sin BOD: sin ao, 





K IE: tsin aoD: sin AOB; 


by means of which, the tensions of the extreme strings, or the 
pressures H and K on the two fixed points a and B, will be 
known, when the angles aop and gop are measured. 

292. The same remark is applicable to the tensions of 
strings which support a given weight, as has been already 
made relatively to the pressures experienced by the points of 
support of a horizontal plane, on which a weight is placed, 
(No. 270). : 

Let us suppose that the three strings attached to the fixed 
points 4,3, c (fig. 73) are reunited at the point m, and that 
at this point a weight Pp is suspended, which acts in the diree- 
tion of the vertical mp, On the production of this line, let a 
point p’ be assumed, and let a parallellopiped be constructed, 
of which mp’ is the diagonal, and whose three adjacent sides 
are MA’, MB’, Mc’, taken on the directions of the three strings. 
If the force p be represented by the line mp’, its components 
in the directions of the lines ma’, mB’, mc’, will be represented 
by these lines respectively, and they will express the tensions 
of the three strings ma, mn, mc, or the pressures on the three 
fixed points a,B,c, which will, in this case, be completely 
determined. But, when the number of strings which terminate 
at the point m is four, or a greater number, the force p may 
be resolved in their directions, in an infinite variety of different 
ways; so that their tensions and the pressures of the fixed 
points, will be no longer determined, and one or more of them 
may be either cypher or any arbitrary magnitude whatever, 
Now, this indetermination really obtains in the abstract ques- 
tion, when the extensibility of the strings is not taken into 
account; but it no longer exists, when regard is had to this 
property of the material of which the string consists; then 
ali the strings are lengthened by some small quantities, 
they may be ever so small; they depend on their num- 
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ber and on their relative positions; and by sneasuring the 
small increase of length for each of theth, the’tension of each 
string, or the pressure of each fixed point, which actually bas 
place, may be determined. 

Thus, if we suppose that the string am, for example, is 
lengthened in the ratio of 1 + 8 to unity, and if, besides, we 
know that a string of the same material and diameter is 
lengthened in the ratio of 1 4-w to unity, when being sus- 
pended vertically from a fixed point, the weight P is attached 
to its inferior extremity; it follows from No. 288 that the 
tension experienced by this string, or the pressure which the 
point a sustains, is equal to the product oP 

If we denote by w’ and 8, w" and 8", &c., what the frac- 
tions w and 8 become relatively to the strings MB, Mc, &c., 
and by 7,7’, y", &c. the acute angles which the strings ma, 
MB, MC, &c., make with the vertical mp’, we must have 


i = Cosy + s cosy’ +o al 7 cosy" + &e., = 1, 


in order that the sum of the vertical components of all the 
tensions may be equal to the weight p. If the same strings 
are projected on a horizontal plane drawn through the point m, 
and if 4,1‘, 1”, &c., denote the angles which the projections 
of ma, MB, Mc, &c. make with a line mo arbitrarily traced in 
this plane, we shall also have(d) 


7 7] 


ein y sin y+ av siny’ sin 7’ +o 5 =, sin-y” sin io &e. = 0, 


& siny cos n +S siny! cos 7’ ao siny” cos n” + &e. = 0; 


which indicate that the resultant of all the tensions is a vertical 
force. 

When there are only three strings, these three equations 
are sufficient to enable us to determine the relations which 
exist between their tensions and the weight r, or the values of 

3N 
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3 om a by means of the angles which these three strings 
w& 

make with the vertical mp’, and of the angles comprised be- 

tween the planes of this line and their directions. When there 

are only two, their directions and this vertical exist in the 


same plane ; this reduces the two last equations to one. 


IL. Equilibrium of a flexible ‘Thread. 


293. The case which we propose to consider first, is that 
of a homogeneous thread, which we suppose to be acted on by 
gravity, and to have a constant diameter. If it be perfectly 
flexible, and attached at its extremities a and c (fig. 74) to two 
fixed points, the figure that it assumes in the state of equili- 
brium is termed the catenary, all its points evidently exist 
in the vertical plane which passes through the two fixed 
points a and c, for there is no reason why it should deviate to 
the one side rather than to the other of this plane. 

Let there be drawn through a point o situated in this 
plane, the two rectangular axes ow and oy, which will be those 
of the positive coordinates, let ox be the horizontal axis drawn 
on the same side as the point a, and oy the vertical axis drawn 
through B, the lowest point of the curve, in a direction the 
opposite to that of gravity. Let x andy be the coordinates op 
and pM referred to these two axes, of m any point of the cate- 
nary, s the arc BM, measured from the point B, and terminating 
at this point; and let 2’, y’, s’ denote what z, y, s become, rela- 
tively to another point of this curve which is so situated that 
s'> 8. 

If p be the weight of the unit of length of the thread, 
when it exists in a horizontal plane, p(s’— s) will, in this 
state, be the weight of any length s’— s of this curve, since 
it is assumed to be homogeneous and of a constant diameter. 
If it be suspended at the two fixed points a and ¢, its different 
parts will be unequally elongated, on account of their re- 
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spective tensions; and, at the same time, since their masses do 
not undergo any change, either their densities, or their thick. 
nesses must diminish ; consequently, the weight of this length 
s’— s will be no longer the same as before; however, if the 
material of which the thread consists is very little extensible, 
so that the small dilatations of its parts may be neglected, 
p (s' — 8) may still be considered as the weight of the are mm’ 
of the catenary. 

Moreover, let 1, 1’, be the unknown forces that act at its 
extremities m and m’, which arise from this, that these points 
are connected with the parts cm and am’. By joining ‘these 
forces to the weight p(s’— s), we may consider mm’ as en- 
tirely free; consequently, if a and 8 denote the angles which 
the direction of the force T makes with the productions of « 
and y, the coordinates of its point of application, and if a’ 
and 3’ denote corresponding angles relatively to abe force 1’, 
we shall have 

T cosa + T’ cosa/= 0, | 
T cos B + 1’ cos B’ = p(s’— s), 


(a) 
T(x cos [3 —y cos a) + T’ (a’cos B'—y'cos a’) = p (s/—s) a1, | 


for the equilibrium of these three forces existing in the same 
plane (No. 262) ; a being the horizontal abscissa of the centre 
of gravity of the are mm’. These equations will obtain, whatever 
be the length of this are; if it be infinitely small, then the in- 
finitely small quantities of the second order may be neglected 
in these equations, but the quantities of the first order must 
be retained; this, however, will not prevent us from consi- 
dering the force r as acting in the direction of mu, which is a 
tangent to the curve at the extremity m, and the force v’ as 
acting in the direction of m’n’, the tangent at the other ex- 
tremity m’. : 

In order to be satisfied of this, let there be taken on MM’ a 
point m, suchthat the are mm may be an infinitely small quantity 
of the second order; this will enable us to neglect the weight 
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of this part of the catenary. The equilibrium will not be de- 

ranged by fixing the point m, but as the thread is supposed to 

be perfectly flexible, there is nothing to prevent the force T 

from causing the are Mm to turn about m, if it did not act in 

the direction of its production mu. In the same way it may 

be shewn, that the force rT’ must act in the direction of m’H’ 
In consequence of this, we shall have 


dx di 
coxa=— 7, cos 8 =~, 
, , 
cos a’ = a dy 


basal Peas, 
a” cos 8 = as? 


and by neglecting infinitely small quantities of the second 
order, these last values will become 
cos v= a 2 ed a a cos p= Hy a & 

It may be likewise shewn, that t’= r+4+dr. In fact, the 
quantity r is a function of the coordinates of any point m to 
which it refers, which, consequently, becomes at the point m’ 
T+dr; at this point, it expresses the force which acts in the 
direction of mu,, the production of n’m’, on am’ the upper 
part of the catenary. But, if m’ be a point of the curve, the 
distance of which from m’ is an infinitely small quantity of 
the second order, the force which acts at m’ on the part am’, 
will be the same, in magnitude and direction, as that which 
acts at m’ on am’; consequently, the part m’m’ of the catenary 
is drawn in opposite directions, along m‘x’ and m/’n,, by the 
forces t’ and r + dr, which must be equal in order that m’m’ 
may continue in equilibrio. 

This being established, if these different values are substi- 
tuted in the two first equations (a), they will become, by 
making s'— s = ds(e), 

dx dy 


= ee 
ate =0, dt = pds. (b) 
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As to the third, it will assume the form 


dy ey = 
d.v (2% aa Le = prds, 
in which z is substituted in place of a, in the second member, 
which substitution we are permitted to make, as infinitely 
small quantities of the second order are neglected. Now, this 
equation being the same thing as 


dy dz 
ad.T - yd. t = pads, 


it is evidently a consequence of the two others. In point of 
fact, the problem cannot depend on more than two equations, 
inasmuch as there are only two unknown quantities to be de- 
termined in functions of x, namely, y and tT. The first makes 
known the equation of the curve, the second determines the 
tension in any point Mm, that is to say, the magnitude of the 
equal forces which draw the element mm along its two pro- 
ductions. 
294, The integral of the first equation (b) is 


dz 
T>=¢4, 


ds 
in which ¢ denotes a constant arbitrary. At the point B, 
we have = =1, and t=¢; if, therefore, the tension in this 


lowest point be denoted by the weight of a certain length, 
such as h, of the thread, we shall have c = ph, and, in any 
point whatever, 


ds 
T=ph Ze 
The second equation (b) will therefore become 
dy _ , 
hd. ial ds; 
from which we deduce 


s=h- 
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there is no constant arbitrary, as we have, at the same time, 


s=0 and # = 0, at the point 8. By means of these 


equations, the are s and the tension 7 will be immediately 
known, when the ordinate y shall have been determined in a 
function of a. 

By substituting in the preceding equation, in the place of 
ds, its value 
dy* 
ds = dx 1+ oa 
we obtain 

ay 

roe a hd.z 





14% 


3 


By integrating this expression and observing that at the 


point B, we have x= 0, & = 0, there results 


a= hlog (#4 4 V 1+), 


dx* 
and, consequently, 


ty /,, Buf, 


dz dx?” 


e denoting, as usual, the base of the Naperian system of loga- 
rithms. If this equation be multiplied by 


there results 


consequently, we shall have(/) 
ds =4 (ei + ei) dx, dy=} (ci _ ei) dz, 


hence we deduce 
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oak (ci i) =h(e —t\ 
Sglet—e 8), yogleite i), (c). 


in which we suppose that s = 0 and x= 0, at the point B, and 
that o the origin of the coordinates, is taken at a distance 
below this point equal to 4, so that we have y = h when 
2=0. : 


From equations (c), we obtain s = at as before. The 


second is the equation of the catenary in its simplest form ; it 
shews that this curve is symmetrical on each side of its lowest 
point. 

The preceding value of r will become 


ds 
T = ph = py; 


from which it appears, that the tension in any point M is ex- 
pressed by the weight of a length of the thread, equal to mp, 
the perpendicular let fall from this point on the horizontal 
line, passing through the point 0. Therefore, the tension is 
least at the point B, where it is equal to pA, as has been al- 
ready supposed. 

295. It only remains to determine the constant A which 
occurs in these formule. The expression for y will then 
make known the figure of the eatenary ; but, in order to know 
its position in the vertical plane passing through a andc, it is 
necessary also to determine the distance of the axis oy from 
one of these fixed points. 

For this purpose, let there be drawn through the point a 
a horizontal line cutting the axis oy ina point a, and through 
the point c, a vertical line meeting ag in in the point p. The 
position of the point c, with respect to the point a being known, 
the distances ap and pc will be given. If these lines be de- 
noted by a and 2, and if & denotes the distance aq, we shall 


have 
aD=a, pc=b, agoks op=h; 
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a and bare given, and k and h are the two unknown quan- 
tities which it is proposed to determine. 

Denoting the distance gp by 4’, the given length of the 
curve asc by J, its parts aB and Bc by g and g’, and the sa- 
gitta Be by f; we shall have 


k+th’=a, g4+g'=l, 


in which k’ and g’ are considered to be positive or negative, 
according as the point c belongs to the production of az or to 
AB itself. The coordinates of the points a and c will be h+ 
and h + f— 0, in which 6 is to be considered as positive or 
negative, according as c falls below or above the horizontal 
line, drawn through the point a. 
If, in equations (c) we first make, 
wrk, s=g, yohrs 

and then 

wah, s=—g, yr=ht+f—s, 
there will result : 


kf KR 


k’ Li 
g=h(er = es), A+tf-t= ; ( + er); 
from which we obtain 
k k we k 
ix 3 (c— eh’ten— es), 
k k ke ke 
b= 3 (ci +e k— ek — 4), 


Hence and because & + k’ = a, we obtain(y) 


P—f— e(et + Pare 2, 
and, consequently, 


- (e - e*) =a, (d) 
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in which we make, in order to abridge, 





PF— Re 
sa =a, el =”, 

As 7 consists entirely of given quantities, equation (4) will 
make known the value of a, and, consequently, that of h. In 
general, this equation can be resolved by trials; and the nu- 
merical value of a can be deduced from that of » as accurately 
as we please. If » differs little from unity, the value of a will 
be very small, and, in this case, if the exponentials be deve- 
loped, we shall obtain, by neglecting the fourth power of a, 
a = 6 (n — 1). (4) , 

If in like manner, we make 

Ul 
aoe = 28, 
we shall have 
ko=ta+thg, &= 3a— hB;- 


and the preceding value of 4 will become(?) 
Af @ eared 
bas (cite wi) (ee — PY 5 (e) 


by means of which, the value of B, and, consequently, the 
quantities & and k’ will be known, when that of his determined. 
The sign of k’ will determine on what side of oy, the point c is 
situated. 

The simplest case will be that in which the fixed points a 
and ¢ are situated on the same horizontal line. In this case 
we have 6 = 0, and equation (e) will give B = 0, and, con- 
sequently, & = k'= La, as we know it ought tobe. At the 
- game time, we shall have 


h +F=$ em + eit); 
by means of which, when the value of h shall have been caleu- 
lated, the tensions at the points a and c, or the pressures 


which these fixed points will have to sustain, can be deter- 
30 
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mined. In the general case, these extreme tensions can be 
deduced from the values of y corresponding to # = k and 
em, 

296. Among all the curves of the same length, which ter- 
minate at the given points a and c, the catenary is that 
whose centre of gravity is the lowest. 

In fact, if through the point a (fig. 75) an horizontal axis 
ay be drawn, and a vertical axis az’ in the direction of gravity, 
and if 2’ and y’ be the coordinates of any point M, referred to 
these axes, we shall have 


= (eat V l+7n eo, -dx!; 


in which 2, denotes the distance of the centre of gravity of 
amc any curve whatever, from the axis ay’, } the value of 2’ 
which refers to the point c, and Z the given length of this 
curve, the value of which we know is 


= CV in Bae 


Now by formula (e) of No. 201, the differential equation 
of the curve, for which, among all curves of the same length, 
the first integral is a maximum, is 

— eda! . 
0° "V@topae® 
e and ec’ being two constant arbitraries. The integration of 


this gives, as 2’ and y’ are equal to cypher at the same 
time(*) 





and, consequently, 


vy 


a tev (a/c) —e?® = xe", 
in which, for the sake of abridging, we make 
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e+¢V¥e eis y 
Hence it is easy to perceive that 
es me 
w be— (a +epoe® = ye #, 
in which, in the same manner, we suppose 
e— Vaca yy, 


Consequently, 
a _v 
Ype= bye + byes (f) 
will be the equation of the curve which possesses the required 
property. At the point c, we shall have 


a a 
bp cab ye! dye es; 
in which a is the given distance of this point from the axis aa, 
so that we have at the same time a’ = 5 and y=a By 
means of this particular equation, and of Z the length of the 
curve, the two constant quantities ¢ and c’ can be determined. 
Now, in order to make equation (f) to coincide with that of 
the catenary, let ¢ denote an indeterminate constant, and let 
the ordinates a’ and y’ be changed into two others, such 
that : 
a+e=~—y, y’=e—2; 

so that these new coordinates x and y must be drawn in a con- 
trary direction from that of x’ and y’, and also be referred to 
another origin. By this change, equation (£) will become 

See “5.2 

y= —hye"e "ye He%, 
« can be determined by putting 
yermye *; 

and denoting their common value by —-, so that .we may 
have : 


yet=~h, yee = hh, 
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As yy’ = ¢’?(/), there will result A== ec’; and the preceding 
equation of the curve will become 


yeas): 


which evidently coincides with the second equation (c) that 
has been found for the catenary. 

297. If the vertical force which acts on each element of 
the thread suspended at the points a and c, (No. 74), in place 
of being proportional to the element ds, was proportional to 
ita horizontal projection dz, the second equation (b) will be- 
come 

ar = pdx; 
p being a given constant, that denotes the weight of a prism, 
the altitude of which is the linear unit. From the first equa- 
tion (b) which does not undergo any change, we shall always 
have 


= pa 


in which 4 denotes a line of unknown length, and ph a weight 
equivalent to the tension at B, the lowest point of the curve. 
From hence there will result 


dy . 
hd. = dz; 
and, consequently, 


d 
: at =a, 2Zhy= x’; 


the origin of the coordinates z and y being placed at the point 
B. In this case, the curve is evidently a parabola, the summit 
of which is at the lowest point, and the expression for the ten- 
sion at any point whatever will be (m) 


Ta pV ht + 2. 
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By employing the notations of No. 295, we shall have, at the 
points a and c, 
2f=h, Ah(f—b) = hk, 
and because & + &/ = a, there will result 
2hb.= a(k—2’); 
by means of which J; k, R’, will be known, when A shall have 
been determined, and the value of this last can be deduced 


from knowing that of 4, the length of the thread. In fact, 
we shall have 


as. ° Vo | er nay 
de RVE Te, uz$_f VIF + Eda; 


which, by integrating, gives 








2hl = }? log 42 :: att AVE ER WYRE, 


If, for greater simplicity, we suppose that the two points a 
and c exist in the same horizontal line, we shall have 


b=0, k=h=3a; 


and the preceding equation will be reduced to (n) 


2 2 
Ale log ht VE TF LAV PR,; 





from which, when the numerical values of J and & are given, 
an approximate value of & may be deduced by trial. This un. 
known & can be determined with greater facility, when J, the 
length of the curve, differs little from a its projection; for then 
the value of A will be very great relatively to that of a. In 
this case, we shall have in very convergent series 


ote Bk 
V+ Roh+ le bas + &e. 





PEE _k ok 
log $+ VP Ee fe 
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By means of these values, the preceding equation becomes (0) 
q: p- 
WL 2khy = ik, 
and, consequently, 
_ ava 
~473(—a) 

This example has been selected, because it may be usefully 
applied in the construction of suspension bridges, in which it 
is important to be able to calculate the tension of the chain of 
suspension, and also the pressure on its points of support. 

298. If all the points of the thread are supposed to be 
solicited by any forces whatever, the figure which it will as- 
sume in consequence of the action of these forces, will be, in 
general, a curve of double curvature; the equations of equili- 
brum of each of its points will be three in number; and if the 
thread be perfectly flexible, these equations can be obtained 
in the manner which has been explained in detail in No. 293. 
In this way, we obtain 


dz 71 

dt 5 + xeds = 0, | 
di : | 

dy A + yeds = 0, [ qd) 
dz | 

d.t 7 + zeds = 05 | 


,y, 2 being the rectangular coordinates of m any point what- 
ever of the curve, ds the differential element of its length, « 
the product of the density of the thread and of the section 
made by a perpendicular to the thread at the point m, so that 
eds is the element of the mass of the thread, 7 the tension at 
this same point, or the force, of unknown: magnitude, which 
draws this element eds in the direction of each of its produc- 
tions; x, Y, 2 the forces referred to the unit of mass, parallel 
to the axes of a, y, z, the coordinates of the point m, which will 
be given functions of these three coordinates. 
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In virtue of the tension t, the element ds will experience 
an extension, and the quantity ¢ a diminution, such, however, 
that the mass eds remains the same; consequently, if ds’ and 
e’ denote what these quantities were in the natural state of 
the thread, we shall have 


eds = eds’; 


and if the extension be proportional to the force which pro- 
duces it, (No. 288), we shall, at the same time, have 
ds = (1 4+ wt) ds’; 

w being a very small coefficient, depending on the material and 
thickness of the thread at the point m. When the thread is 
homogeneous, and of a uniform thickness throughout its en- 
tire length, <’ and w will be constant quantities; but, in 
general, these two quantities may be considered as given 
functions of the are s’, reckoned from a determinate point of 
the thread, and terminating at the point m. 

299. If the thread, whatever be its nature, is only acted 
on by gravity, and suspended vertically at a fixed point a, the 
two last equations (1) will disappear, and the third will be 
reduced to 

dr + gedz = 0, 


the axis of the ordinate z being supposed to be vertical, and 
to act in the direction of g which denotes the force of gravity. 
If the origin of the ordinates x be placed at a, and if @ de- 
notes the value of t when z= 09, that is to say, the load 
which it will have to support, we shall have for any point 
whatever, 

T= a — gSedz, 


in which the integral vanishes at the same time as x. 

If to B, the lower extremity of the thread, a weight P is 
attached, and if J denotes the length of an, it is evident that 
the tension at the point z will be equal to P; consequently, 
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we shall have at the same time, # = J, and T= Pp, by means 
of which we obtain 


a=Pp+g 1 de, 
and, consequently, 


t= P +9 Mp ede — 9 Sede. 


But as the second and third terms of this formula are evi- 
dently the weight of the entire thread and of its part am, it 
follows that the tension at any point such as M, is equal to the 
weight of the part sm, increased by the weight Pp; which in- 
deed is evident of itself. 

The law of the extensibility of the thread throughout its 
entire length, depends on the nature of the material of which 
it is composed and on its thickness. If, for example, it was 
homogeneous, and of the same thickness throughout, the co- 
efficient w would be constant, and if we denote the length of 
the part am before the thread is stretched by 2’, which length 
becomes 2 by the effect of the tension, and if, in consequence, 
dz‘ and dx be substituted for ds’ and ds, in equation (2), we 
shall have 

dz = (1 + wT) de’. 

Likewise, if /’ be the entire length of thread before it is 

stretched, and p its entire weight, the weight of the part BM 


will be PS >"? ies =e) , and the value of the tension at the point M 


will be 
T=P +20"), 
By substituting this expression for T in the preceding equation, - 
and then integrating, we shall obtain, because 2’ = 0, z= 0, 
at the point a, (p) 
wp (202! — x?) 


2 — a! = weer’ + ar 7 





EQUILIBRIUM OF A FLEXIBLE THREAD. 473 


which is, therefore, the quantity by which the length of the 
part am is increased. The entire increase of length will be 
obtained by making x= V’, x’ = 1, this gives 
1—V=ol'(? + 3p); 

from which it appears, that if, in calculating the increase of 
length of the thread, its own weight is taken into account, 
half of this weight must be added to that which is attached to 
its inferior extremity. 

300. In the general case, if, after having multiplied equa- 

5 dz di : 

tions (1), by ro ¢,&, respectively, they be then added to- 
gether, there will result(7) : 


dr 4. (xdx + vdy + zdz) = 0, (3) 
because ; 
dx? dz* 
ete + a=) 
dx , dx 


dy 
GG tad 4 4% nP =. 
If the thread be homogeneous and of a uniform thickness, 

" and if the small dilatation of its parts be neglected, the quan- 

tity « will be constant; moreover, the formula xdx + vdy + zdz 

is, in general, an exact differential of a function of the three 

variables x, y, z, considered as independent, therefore, by 

making 

xdz + ydy +- zdz = — d.9(2,y, 2), 
we shall have 
dr = ed. 9 (x, y,2), 
and, consequently, 
y T= e6(2, y, 2); 

~in which, the constant arbitrary that is introduced by the inte- 
. gration, is supposed to be comprised in the function ¢. ~ This 

constant will disappear in the expression for the difference of. . 
* the values of r relative to two points of the thread ; it follows 
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therefore, that it is not necessary. to determine the figare 
which the thread assumes in the state of equilibrium, in order 
to know the increment of the tension from one point to 
another ; so that the tension will be known throughout the 
entire length of the curve, if it be known in any one deter- 
minate point of it. The curve which the thread assumes will 
be determined by two of the three equations (1), or by any 
two combinations of these three equations, in which the pre- 
ceding value of r should be substituted ; so that in general it 
will be necessary to integrate the system of two differential 
equations of the second order, in order to have the equation 
of this curve. 

Its radius of curvature at mM, any point whatever, will be 
obtained by means of the following differential formula, which 
does not surpass the first order, and in which itis only assumed 
that the direction of the tangent at this point is known. 

Equations (1) may be replaced by the following : 


dx dy dy 


at 7h San SE = 0 (xdy ~ vde), 
dz, dx dz, dz 
Wee de ae ay = EF (zd — xz), 
di dz dz, dy 
ad. 1 Sa. Tok = e(vde — zdy) 5 


: which, by performing the differentiations, and assuming the 
are for the independent variable, are the same as(r) 


eds* 
dxd’y — dydx = (xdy — ydz) oa) 


eds? 
dz@x — dad’z = (zdx — xdz) > (4) 


dyPz — dzd’y = (xdz — zdy) a 


Now, if the radius of curvature at the point m be denoted 
by p, we have (No. 18) 
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ds* 
as (dad’y — dyd'x) + (ed'x — dad’ P+ (dyd’z — dzd’y)?” 


which by means of the preceding equations, and by substituting 
the value r, becomes 
p= ¢ (x,y, 2) ds (5) 
~ (xdy — yx)? + (adx — xdz)*4- (vdz — zdy)*” 


In the case of the catenary, 





x=0, y= -g, 2=0, o=9Y 


the axes and origin of the coordinates being assumed to be the 
same as in equations (c) of No. 294. ‘We shall therefore have 


a4 6. 
P93 


which it is easy to verify, by means of these equations. 

301. Let these formule be applied to the case of a string 
stretched on the surface of a solid body, and, for greater sim- 
plicity, let it be assumed that it isnot subjected to the action of | 
any given force, so that the only force which acts on its dif. 
ferent points is the unknown resistance of the solid on which 
it is stretched. s, 

Let nds be the magnitude of this force applied to eds the 
element of the thread at any one of its points , its three com- 
ponents will be xeds, veds, zeds; its direction will be normal 
to the surface of the solid, and directed from without inwards, 
The pressure on the part of the solid corresponding to ds, 
will be equal and contrary to this force nds, so that n will 
express the measure of the pressure referred to the unit of 
length. If, pw, v, denote the angles which the exterior part 
of the normal at m makes with lines drawn through this point, 
parallel to the axes of x, y, z, we shall have 


eX = Neos\, eY=Neosp, eZ = Nosy. 


Moreover, if = 0, is the equation of the surface of the solid, 
and if, for the sake of abridging, we make 
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gue a di? 4a) 
at dy* * 


we shall likewise have (No. 21) 


du du du 
cosA = va aid ah 7 cosy = Vo, 
asuitable sign being given tov. This being so, we shall 
have(s) 
xdz + ydy + zdz = nvdu = 0; 

_ in consequence of which, the value of dr furnished by equation 
(3) will be cypher. Hence, whatever be the form of the solid 
body, the tension will be the same throughout the entire length 
of the thread. Let its value be supposed to be given, and to be 
represented by 2, then if the thread is attached at one of its ex- 
tremities to a point of the body, and if, at its other extremity, 
there be suspended vertically a weight such as p, that is con- 
siderable relatively to that of the thread, which may, therefore, 
be neglected, this weight will be the tension & and the pressure 
which the fixed point will experience. If the thread is free 
at its two extremities, and if considerable weights are sus- 
pended from them, they will express the extreme tensions ; 
consequently, they must be equal, and each of them will be 
the tension 4. Finally, if the two extremities are supposed 
fixed, its tension & will be deduced from its extension, which 
will be constant throughout its entire length. 

302. IfX’, p’, v’, denote the angles which the perpendicu- 
lar to the osculatory plane at the point m, makes with parallels 
to the axes of x, y, z, then the radius of curvature at this point 
being p, we shall have (No. 19) 


dzd’y — dyd’. 
et = peosy’, 
dz’ — daz _ chat 
gg 2 em 
dy@z — dad’y 


as = poosr’. 
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If, therefore, equations (4) be multiplied by cos v, cos p, 
cos A, respectively, and then added together, there will re- 
sult, by taking into account the values of x, ¥, Z, in the case 
which we are considering(¢), 


COS y cos y’ ++ cos pu cos p’ + cos A cosd/= 0; 


consequently, the normals to the surface of the solid body and 
to the osculating plane of the curve formed by the thread at 
each point m, are perpendicular the one to the other; this 
we have proved to be the characteristic property of the line, 
the length of which is a minimum or maximum on a given 
surface (No. 161). It follows, therefore, that a thread 
stretched on a solid body, traces, in general, the shortest dis 
tance from one point to another on the surface. Strictly 
speaking, it is possible that this distance may be, on the con- 
trary, a maximum. Thus, for example, two given points on 
a sphere are the common extremities to two arcs of great 
circles, of which one is the shortest distance between these 
points, and the other the plane curve which is the longest ; 
now, it is evident, that the equilibrium of the stretched 
thread will be rigorously possible on these two arcs of the 
circle, since if it be placed on one of them, there is no reason 
why it should deviate from it to the one side rather than to 
the other ; but on the small arc the equilibrium will be stadde, 
and on the great only instantaneous, so that, phystcally, it 
cannot subsist except by means of the friction of the thread 
against the solid body. 

Likewise, if the values of ex, ey, ez, of the preceding num- 
ber, be substituted in formula (5), we shall have 





N ne cos X © cos) + (¢ cos vp — é cos ) 
+ (4 cosu— 5, cos " |=! TP 


because «¢ (2, y,Z) = &. We have at the same time 
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dy? , dz 
gt pt ee 


cos A? =} cos p? + cos v? = 1; 


and, as the normal to the surface of the body, and the tangent 
to the curve of the thread, at each point mM, are perpendicular 
the one to the other, we have also 


d. 
cosh + 4 cos u +5 cos y= 05 


but, it is easy to shew by means of these three last equations, 
that the coefficient of n in the preceding expression is unity, 
hence we have simply(u) 


N= -3 


Pp 

from which it is evident, that the pressure, referred to the unit 
of length, exerted by a thread stretched on the surface of a 
solid body, is, at each point of the curve, equal to the tension 
divided by the radius of curvature of the thread, that is to say, 
by the radius of the section which is normal to the surface, 
and to the tangent to the curve which the thread assumes. 

303. These results will be modified by the friction of the 
thread against the surface of the body on which it is stretched. 
In order to show how this force should be taken into account 
in the equilibrium of a flexible thread, we proceed to consider 
the equilibrium of a cord anmcp (fig. 76), whose part Bmc is 
applied to the throat of a fixed pulley, and which is drawn in 
the directions of sa and cp, the productions of this part, by 
given forces. Let the pulley and the line az be supposed to 
be vertical, and let the force acting in the direction of Ba be 
represented by the weight #, and that in the direction of cp by 
F, it is evident that & and F denote the tensions at the points 
nandc, in the directions of the tangents Baandcp. If, in like 
manner, in order to simplify the question, the pulley is supposed 
to be circular, its radius to be denoted by c, and the centre 
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0, to be the origin of the coordinates ; the axis of z will be per- 
pendicular to the pulley, the axis of y vertical and directed up- 
wards, and the axis of x horizontal and passing through the 
point B. Finally, let c be the origin of the ares, terminating 
at M, any. point of the cord, so that cm = s. 

This being premised, if there is no friction, it is necessary 
that in the case of equilibrium’we should have k = F, but, in 
consequence of the friction, the equilibrium may subsist as 
long as the difference between these two forces k and F does 
not pass a certain limit. Let us suppose, therefore, that the 
equilibrium is on the point of giving way in the direction of 
the weight 4, this implies that k>r. At this instant, the 
friction of the cord against the pulley, which has place at any 
point M, will act in the direction of the part mH of the tan- 
gent at this point. If its intensity be denoted by p, and if, 
as before, the normal resistance which has place at the point 
M in the direction of m’o, the production of mo, be denoted 
by x, then yds and wds will be the tangential and normal 
forces which act on eds, the element of the cord terminating 
at the point m, and and N represent these forces, referred to’ 
the unit of length. If through this point m, ma’ and my’ be 
drawn parallel to the axes ox and oy, we shall have 


cos z/MH = cos y/MH =~ 
co? y °? 





x 
cos #’Mo/ = zs? cos y'Mo! = %, 


hence we infer, 


SNR AMY, = NY Be, 
eer c’ alee ar 
for the values of ex and ey, which should be substituted in 
equations (1). The force ez will be evidently equal to cypher ; 
the third equation (1) will disappear, and the two first will 
become 
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ee wads ds 
es, le walt =, 


os 
art ae 


dy pads 
ig as c 


+ =0. 
As the point belongs to the circumference of the pulley, 
we have 
e’+yYroe, adx+ydy=0; 
by means of which the two preceding equations may be changed 
into the ne 


ad. oe +yd. ol + neds = 0, 
F 6) 
dt oe e dy 
‘ds ds 
But oe —axdy) is the differential of the sector described 
by the radius om reckoning from a fixed line (No. 156), oc 
for example. This sector being circular and corresponding to 
the are s, its value will be 4cs; hence we have * 


dy ee ~ 
ata = yan — ady) = 0. 


ydx — «dy = cds. 
Moreover, we have likewise 
dx dy _ dx dy _ 
rat y ga ad. +b yd y, = — ds, 


dx | dy® dz | da , dy , dy _ 
tga Zlgt ahaa 





this reduces equations (6) to(z), 
Toen, dvmpds; 
hence we obtain 
edn = yds. 
As the pressure at the point M, on the throat of the pulley, 
is equal and contrary to the force Ny, if the friction be propor- 
tional to the pressure (No. 269), we shall have 


waSN; 
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F being a coefficient which will depend on the nature of the 
surfaces in contact. Consequently, we shall have 


cdn = fxds, 
and, by integrating, 
Sa 
N= aee; 
4 being a constant arbitrary, and e the base of the Naperian 
system of logarithms. We shall also have at the same time, 
FG f 
Toacee, prmafer. 
At the point c, s = 0 and t = F, hence we have 


AS 


ols 


3 


and denoting the length of the arc cm by J, we shall have 
s=zl and t =k, at its other extremity 8. Therefore, we 
shall have finally at m, any point whatever, 
fs ft Si 
N= =e, T= Fee, nae, 


and moreover, the equation of equilibrium will be 


St 
kom Fee. 


Denoting the total friction through the entire length of 
cMB by F¥’, we shall have 


‘ L ft 
r=), =F (ee — 1), 


and the equation of equilibrium may be written thus, 


RorF+pr’, 
By assuming 4 
e—1=f’, 
we shall have ‘ 
rof'r, =—o 1; 


3a 
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from which it appears, that the total friction F’ is equal to the 
least of the two forces k and ¥, multiplied by a coefficient f’, 
which varies not only with the quantity yf; but also with J, the 
extent of the surface in contact, and ¢ the radius of the pulley. 
The difference of the forces k and F, at the instant the equi- 
librium gives way, will make known the value of r’, and their 
ratio, diminished by unity, will be the value of the coefficient f”, 
from which it is easy to deduce that of f When ¥ is a weight 
as well as k, we should, for greater accuracy, include as be- 
longing to these weights, those of Ba and cp, the vertical 
parts of the string. : 

304, It is easy, by means of the three equations (1), to shew 
that the six general equations of equilibrium (No. 261) obtain 
in the case of a perfectly flexible thread. 

For this purpose, let Kk and x’ be the two extremities of 
the thread, and / its length; also let the origin of the are s be 
fixed at the point x. By integrating the first members of 
equations (1) from the point K to the point k’, we shall have 


(72) —[r@ +) xeds = 0, 
(x #) -[7# + ({) yds = 0, 


(22) [92] 4. nace = 0; . 


the quantities comprised within the crotchets refer to the 
point x, and those which are contained within the parentheses, 
to the point x’. Besides the forees x, ¥, z, which act through 
the entire length of the thread, particular forces given in mag- 
nitude and direction, may be supposed to be applied at its two 
extremities; let & be that which acts at the point x, and a, B, y, 
the angles which its direction makes with lines drawn through 
this point, parallel to the axes of x, y, z; and let K’, a’, 3’, y’ 
be the corresponding quantities relatively to the point x’. 
These forces & and k’ will be the extreme tensions, in magni- 
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tude and direction ; and as their directions must coincide with 
parts of the tangents to the curve, which the rod assumes at 
K and x’, we shall have 


[r Ge] =—eoea,[ 1 =—hcos B, [: 2] =—heosy, 
(7) 


dx 
(#2) = F cosa’, (rit) = Kk cos B'; (v va) K cos y'3 
consequently, the preceding equations will become 


keosa + hk’ cos a’ + foxes = 0, 
keosB + Keosp' + yeds = 0, (8) 


keosy +’ cosy’ + { zeds = 0; 


and it is evident, that they express the conditions of equilibrium 
contained in the three first equations (1) of No. 261. As the 
following equations ; 


dy dx (o% =), 
ad. = — yd. Tad. @F, Yas) 

dz dz 2 (2@ 3) 
ad. te ~ adn =dt za @ a )s 


ure ~ zd. =d.T y# — 2H), 


are evidently identical; by equations (1) of No. 298 we shall 
have 


dq dz 
d.n(eP— oF) + (er ys) edo = 


d. r(2@- 2%) + (2x — 22) eds = 0, 


av (yZ— 2 2) + (ys — zx) eds = 0. 


Henee, if the first members of these respective equations be 
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integrated from the point K to the point x’, and if a, d,¢ de- 
note the values of x, y, z, relative to x, and a’, b’, ce’, those 
which refer to x’, we shall obtain by means of equations (7), 


h (avos3—beosa)+K (a’cosps'—Veosa’)+ Vi(ex —yx)eds=0, 7} 
k(ccosa— acosy)+k'(c'cosa’—a'cosy’) +foex —«2)eds=0, + (9) 


K(beosy~ceos) +k (P'cosy'—c'eos')4(q(yz —zy)eds==0, 


these express the conditions of equilibrium relative to the 
moments of the given forces, which are contained in the three 
last equations (1) of No. 261. 

305. Equations (8) and (9) will, in general, enable us to 
determine the coordinates a, b, c, a’, b’, c’, of the two extreme 
points k and k’; nevertheless, there are cases in which some of 
these quantities must remain indeterminate. If, for example, 
the given forces which act on the thread are the force of gra- 
vity and other forces that are independent of the coordinates 
_ of their points of application, it is evident that the absolute 
position of the thread in space cannot be determined, hence the 
three coordinates of one of the points K and K’ may be arbi- 
trarily selected. Equations (9) will determine the three coor- 
dinates of the other point; and, in order that the equilibrium 
may be possible, it is necessary that the given forces should 
satisfy equations (8). If one of the points x and x’ be fixed, 
the first, for instance, equations (8) and (9) will still obtain, 
provided that the force & is considered to be unknown, in mag- 
nitude and direction, and as representing the pressure which 
the point x will have to sustain. In this case, the, values of 
a, b,e will be given; equations (9) will determine those of 
a’, b’, c', and equations (8) will make known the three compo- 
nents of the force k. When the two points K and x’ are fixed 
and given in position, their coordinates are determined, and 
equations (8) and (9) will enable us to determine & and h’, the 
pressures exerted on K and x’, in magnitude and direction. 
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In all cases, whether the coordinates of x and k’ are given, 
or whether they have been deduced from equations (8) and 
(9), the curye formed by the thread must pass through these 
two points ; this will enable us to determine the four constant 
arbitraries which the complete integrals of these two diffe- 
rential equations of the second order contain. With respect 
to the constant arbitrary which the function ¢ of No. 300 
contains, its value can be obtained from the given length of 
the thread, that is to say, from the equation 


‘a’ dy dz 
Sc Vane aaa 4 


in which y and Z are regarded as functions of x. By this 
means, the problem will be completely solved. 


Ill, Equilibrium of an Elastic Rod. 


306. By this term we understand a straight or curved rod, 
the figure of which cannot be changed, without applying one or 
more forces to it, while at the same time it resumes its natural 
form when these forces cease to act; on the contrary, a per- 
fectly flexible thread retains, without the aid of any force, the 
curvature which it has been made to assume, and is elastic - 
only in the direction of its length. In order that a rod may 
be elastic with respect to its flexion, the material of which it 
is composed should be very little extensible and contractible 7 
but this is not solely sufficient; it is likewise necessary, that 
the dimensions of its thickness, although very small Tela- 
tively to its length, should nevertheless be of a determinate 
magnitude ; for, of whatever material the rod consists, its 
thickness may be always so diminished, as that it cannot have 
any sensible tendency to resume the figure from which it has 
been deflected, by which means it may be reduced to the state 
of a perfectly flexible thread. : 
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When an elastic rod is deflected from its natural form by 
given forces, each of the longitudinal filaments of which it 
consists may experience three different effects; each part (the 
length of which may be as small as we please) may be con- 
tracted or dilated, its naturals curvature may be either in- 
creased or diminished, and this part may have been twisted on 
itself. The tendency of each part to resume its natural state, 
depends on the mutual attractions and repulsions which obtain 
between the molecules of all bodies, and which extend only to 
insensible distances. It is the province of mathematical phy- 
sics to compute the total effect of all the forces which result 
from them, and which must constitute an equilibrium with the 
given forces. For information on this subject, the reader is 
referred to a memoir by the author on the Equilibrium and 
Motion of Elastic Bodies, which is inserted in the Mémoires 
de ! Académie des Sciences, tome viii. In the present treatise, 
the equations of the equilibrium of an clastic rod will be : 
formed, by setting out from such secondary principles as are 
generally admitted. 

By an elastic plate is understood a rectangular parallelo- 
piped of small thickness, which is bent in the direction of its 
length, so that it is always comprised between two cylindrical 
surfaces, whose heights are equal to its breadth. This di- 
mension may be of any magnitude whatever; by dividing it 
by planes very near to each other, and perpendicular to its 
direction, the plate will be distributed into rectangular elastic 
rods. James Bernoulli was the first who determined the 
figure of an elastic plate in equilibrio, from considerations that 
we proceed to develope, and by means of which we shall then 
be enabled to solve the problem completely, in the case of any 
elastic rod whatever. 

307. Let us consider an elastic plate made fast at one of 
its extremities, that is to say, fixed in such a manner that one 
of the two small rectangles which terminate it perpendicularly 
to its length, cannot be moved in any direction. Ifit be supposed 
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to be bent in the direction of its length by means of a force 
applied to its other extremity, and which is the only one that 
acts on the plate, in order that the plane may assume a. cylin- 
drical form, as has been stated, it must be terminated at its 
free extremity by an inflexible rectangle, to the middle of 
which the given force is applied in a plane perpendi dar to 
the breadth of the plate. All the longitudinal sections, that 
is, those which are perpendicular to this breadth, will.be 
equal ; that which contains the direction of the given force is 
represented by fig. 7Z: and the curves AmB and a/m’B’ are sec-~ 
tions of the two cylindrical surfaces of the plate, which its two 
faces form in its natural state. All the points which, in this 
state, appertain to the common perpendicular to these two 
faces, are still supposed, after the plate has been bent, to exist 
on the common normal to the two cylindrical. surfaces, which, 
in fact, agrees with what has been observed to take place in 
its change of figure. Hence it follows, that if mm’ is normal 
to the curve am, it will be so likewise to a’m’s’, and will 
contain all those points of the plate, which, previously to the 
bending of the plate, existed on a common perpendicular to 
its two faces; it appears also, that if the plate, in its natural 
state, is divided into longitudinal filaments, and if the eurve 
CND represents what one of those filaments becomes after the 
change of figure, it will intersect the normal mm’ at right 
angles in N. 

If m bea point of the curve ams, infinitely near to M; 
and if mnm’ be drawn normal to the three lines AmB, cND, 
a’m’B‘, and intersecting them in m,n, m’, respectively, the 
productions of mya’ and mx m’ will meet ina point 0, which 
will be the common centre of curvature of these three curves. 
Let p denote the radius of curvature of the mean filament, that 
is, of the filament which is equally distant from amp and 
a’m’B‘, o the part of this filament contained between the two 
normals mn’ and mum’; u the distance of any filament what- 
ever, such as cND, from the mean filament, and o’ the length 
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of nn; w is to be considered as positive or negative, according 
as cNnD exists, relatively to the mean filament, nearer to aMB, 
the convexity of the plate, or on the side of its concavity 
a’m’b’, No the radius of curvature of cnp will be equal to 
p +4, and the infinitely small lengths ’ and o will be to each 
other as p + w to p, so that we shall have 


, uo 
omao+—. 


In consequence of the bending of the plate, the longitudinal, 
filaments undergo small contractions or dilatations, which will 
destroy the equality that previously existed between o and o’. 
If their primitive magnitude be denoted by y, we shall have 


c=y(Lta of =y(1 +893 


in which 8 and 8 are very small fractions, positive or negative, 
according as the mean filament and the filament cp are 


lengthened or contracted. The fraction : is likewise sup- 


posed to be very small; hence if the product of 8 and : be 


neglected, we shall have 
vast “; 
Pp 


which shews that, when the length of the mean filament is not 
changed, the filaments situated on the side of its convexity 
are all lengthened, and the filaments situated on the side of the 
concavity are all contracted, and each proportionably to their 
respective distances from the mean filament (a). 

This being established, let the form of each of the two 
parts of the plate, which correspond to amm’a’ and Bmm’s’, be 
rendered invariable, and, for the sake of abridging, let them be 
denominated by # and K. The part # will be immoveable, 
the part x will be drawn towards u, or repelled from it, by the 
tendency of the intermediate part Mmmm’ to resume its natural 
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State, and become again a section of a constant thickness such 
as y. The filament nn of this slice will tend to contract. or 
dilate itself according as it shall have been lengthened or short- 
ened, that is to say, according as the quantity & will be posi- 
tive or negative. Consequently, the part K will be drawn in 
the first case, and pushed in the second case, by a force applied 
to the point x; but as this force arises from the action of Nn, 
we may suppose it to be proportional to the quantity 5 and 
normal to mnm’, as if this filament xn was detached. By 
adopting this hypothesis, the force in question referred to 
the unit of surface, may be represented by aé’, and, conse- 
quently, the normal force exercised on the transversal element 
of the surface x, which corresponds to the point x, may be 
represented by a8’Adu; a being a constant depending on the 
material of which the plate consists, X its breadth, and du 
the area of this element. Hence denoting the thickness of 
the plate by 2c, and representing the entire force which draws 
or pushes x, according as it is positive or negative, by Tt, we 
shall have 


T=a\ fii Sdu; 
and, by substituting for 8’ its value, 


T= 2ared. 


Moreover, if 1 be the moment of the forces normal to the 
surface of k, taken with respect to a transversal axis equally 
distant from the two faces of the plate, we shall likewise have 


eS af_s Sudu ; 


and, consequently (4), 
Zar? 
3p i. 





= 


Hence it appears, Ist, that the force T, which tends to con~ 
tract or dilate any slice of the plate, is proportional to the 
3R 
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positive or negative extension of the mean filament, and inde- 
pendent of its curvature; 2ndly, that its moment p is, on the 
contrary, independent of this extension, and in the inverse 
ratio of its radius of curvature; 3rdly, that, the material and 
breadth of the plate remaining the same, the value of T is 
proportional to its thickness, and that of 4, to the cube of this 
«dimension. 

When the length of the mean filament does not undergo any 
change, we have 8 = 0, r= 0; the parallel forces which draw 
or push K are reduced to two, equal and contrary, but not 
directly opposed, the moment of which, relative to the trans- 
versal axis perpendicular to these forces, is always equal to p. 
This quantity y is what is termed the moment of elasticity ; in 
each point, it is proportional to the curvature of the plate, or 
to the angle of contact of its mean filament (¢). 

308. It is easy now to obtain the equations of the equi- 
librium of this plate. In the first place, if 7’ be what the 
force T becomes at the point M, it is evident that the infinitely 
small slice which corresponds to Mmmm’, will be drawn or 
pushed on one side by this force t’, and on the other by a 
force equal and contrary to T; and since by hypothesis, no given 
force is supposed to act on this slice, we must have T= 1’. 
Hence it appears that the force rT is constant throughout the 
entire length of the plate, and, consequently, it is equal to the 
given force which acts at its free extremity, resolved in the di- 
rection of this length. In like manner, the dilatation 8 will 
be constant, proportional to this force, and positive or negative 
according as this force tends to lengthen or contract the longi- 
tudinal filaments, It will not influence the figure of the plate ; 
but by measuring it, it will enable us to determine the value 
of the constant a, with reference to the material of which the 
plate consists. If we suppose that w denotes a weight equiva- 
lent to the force which draws the plate in the direction of its 
length, and that w represents the area of cach transversal sec- 
tion of the plate, we shall have 
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wo2hke, Tow = awd, on. 
wd 


In order to determine the figure of the plate, let there be 
drawn through the point a, in the plane of the mean filament, 
two rectangular axes aw and ay, of which let the first be a 
tangent to the curve ams, and drawn in the direction of the 
plate in its natural state, and let the second be directed from 
the side of its concavity. Let x and y be the coordinates of 
any point of the mean filament, referred to these two axes, 
aand b those of its free extremity, which is supposed to be 
the point of application of the given force that retains the 
plate in equilibrio; vy and Q the components of this force in 
the direction of the productions of @ and 4, Let there be 
drawn through the point indicated by v and y, an axis per- 
pendicular to the plane of the figure to which the moment 
denoted by y refers, and let there be made a section perpen- 
dicular to the mean filament. In order that the part of the 
plate contained between this section and its free extremity 
may be in equilibrio, it is necessary that the sum of the mo- 
ment », and the moments of Pp and Q with respect to the same 
axis, should be equal to zero, regard being had to the direction 
in which the forces, of which » is the moment, and the forces 
P and q, tend to make this part of the plate to turn;-in this 
manner we shall have 

w+ P(b—y) — Q(a— 2) =0. 
By assuming the abscissa x for the independent variable, 


and observing that the plate is convex towards the axis ax, we 
shall have 


1 dy. dy\i 

pn aer (+a) 
in which the radical is considered to be positive. If, there- 
fore, this value be substituted in that of z, and the resulting 
expression, inthe preceding equation, and if, in orderto abridge, 
we make 
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gare = B, 


we shall have 
& dy\i 
p 4 = [aa-a)—r6—-y)] (144), 


for the equation of the curve formed by the elastic plate in 
equilibrio. 
Its integral will contain two constant arbitraries, which 


are determined by the conditions y = « and w = 0, when 
#=0, or, if we prefer it, y= 0 and we 0, for this value 


of x, in consequence of the extreme smallness of c. If thenx be 
made equal to a, and y equal to 4 in this integral, an equation 
between @ and b will be obtained, and this combined with that, 
which is furnished by the given length of the plate, gives the 
two equations that are necessary to determine the unknown 
coordinates @ and 6; and the elastic curve, properly so called, 
will be completely determined. 

309. Ifthe plate, instead of being fixed, is entirely free at 
its extremity a, then in order to maintain it in equilibrio, it is 
necessary to apply to this extremity a force, the components 
of which are equal and contrary to p and Q; by taking the 
corresponding extremity of the mean filament for its point of 
application, it is, moreover, necessary that the resultant of Pp 
and q should pass through this point; in order that this should 
take place, we must have 


aa=P(b— es). 
This equation will be sufficient, when the plate is retained by 
a fixed axis, passing through this extremity of the mean fila- 
ment, and drawn in the direction of its breadth. If it is 
merely placed on a plane perpendicular to its length, which 
does not prevent it from turning about the edge of one of its 
two faces, it is necessary that the friction of this edge against 
the plane, or some other force, should prevent the plate from 
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sliding. When the plate is not firmly fixed, the direction of its 
plane which is a tangent to the curve at the point a, ‘will not 
be known; if, however, the origin of the coordinates # and y, 
be placed at this point, we shall still have y = «, or y = 0, 
when x = 0, but we can no longer take the axis of z on the 
tangent at A, since its direction is not known a priori. This 
axis will then be the given direction of the force p, and in the 
determination of the constant arbitraries, the equation é =0, 
when a = 0, must be replaced by the preceding equation rela- 
tive to the moments of the forces Pp and @, which can be re- 
duced to ga = Pd. 

310. If p be supposed equal to cypher, the plate will be 
bent by a force @ perpendicular to its primitive direction ; 
which is, for example, the case of a horizontal plate, one end 
of which is fixed, a given weight @ being attached to the 
other. 

If in this case we make 


Brea; 
c being a line, the given length of which is generally very 


great, unless the weight Q is also very considerable, equa~ 
tion (1) will become 


#¥ (14 Blae—es — @ 


di 
and by integrating it so that we may fa = 0 when x= 0, we 


shall have 
By pee l pets Qax~ 2? 
Hence we obtain 
— 7 
dy = ee). 
V 4c8— aa — a? 
2cdx 


~ Wael (laren? 
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ds being the element of the curve. These formule may be 
exactly integrated by means of elliptic functions; but in con- 
sequence of the magnitude of c, we have s = x very nearly, 
and the value of dy may be reduced to 


dy = oa (2a — x) dz; 


hence we obtain 
6 c’y = 3az* - 2, 
for the equation of the curve. 
If the plate deviates very little from the horizontal direc- 


tion, the abscissa a may be taken for its length, and the ordi- 
nate 4 will express its greatest deviation. Because 


3 Qc? = awe’, 
if, as before, we make 22 = w, we shall have 
awe*h = aa, 


whena=aandy=6. Hence it follows, that the nature of 
the plate remaining the same, the quantity b, by which it will 
be deflected, will be proportional to the weight @ and to the 
cube of the length a, and in the inverse ratio of the square 
of its thickness ¢ and of the area of w its transversal section. 


If for aw, its value = given in No. 308, be substituted, 


and if A denotes the total lengthening a of the plate, produced 
by a weight w, we shall have 


ha’e 
= 





b= 


If w be supposed equal to a, it follows from this that when 
the same weight a, applied to the free extremity of an elastic 
plate, acts successively in the direction of its length and per- 
pendicularly to its length, the extension # and flexion 5, which 
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are supposed to be very small in respect to the length a, will 
be as the squares of the thickness and of this length(e). 

311. Whatever be the nature of the forces P and q, a first 
integral of equation (1) may be always obtained, by reducing 
it to the form of equation (2), by the transformation of co- 
ordinates. We shall restrict ourselves to the consideration of 
the case, in which the plate being pressed against a plane, and 
not fixed in it, deviates little from its natural form. This 
will be, for example, the case of a spring, the lower extremity 
of which is laid on a horizontal plane, its upper extremity 
being at the same time loaded with a given weight. Let us 
suppose that in bending under this load, the spring deviates 
very little from the vertical as, and that throughout its entire 
length, the tangent to the curve, which it forms in its state of 
equilibrium, makes a very small angle with this right line. 
Figure 78 represents the different forms which it can assume 
in this state. 

Let there be taken for the axes of x and y, the vertical az 
drawn in a direction opposite to that of gravity, and the hori- 
zontal line ay. The quantity a being very small by hypo- 
thesis, its square may be neglected in equation (1); we shall 
likewise have @= 0, since the force which acts at the extremity 
B is vertical; in virtue of the equation aa = Pb of No. 309, it 
follows that b = 0; and as the weight p acts in the direction 
from B towards a, the sign of this force must be changed in . 
equation (1), in which it is suppoged to act in the contrary di- 
rection, This equation will thus become simply 
S224, 


by making, in order to abridge, 


oe 


2 
B= Fue = Sr, 


In this equation w denotes the area of the section of the 
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spring perpendicular to its length, « its semi-thickness, in 
the direction in which it is bent, and a a,quantity depending 
on the material of which it is composed. ‘These three quan- 
tities are supposed to be constant, and, consequently, ¢ isa 
line of a constant and given length. 

Since y = 0, when x ="0, we obtain from this equation 

y= hsin™, Y= Theos 
h being a constant arbitrary, which must be either cypher, or 
very small relatively to ee © * 

When k= 0, the spring will remain straight, and its 
length ap will be a little diminished by the weight p. When 
this coefficient & does not vanish, the spring will bend; at 
the point B, we shall have 2 = a andy =6=0; therefore, ¢ 
denoting any whole number, it isnecessary we should have(y') 


ate 
for the value ofa or an. Naming / the length of the spring, 
we shall likewise have 


_ a dy” =(" wh owe, 
b= (0/14 Gae= 16/14 EE cot aes 


which, by neglecting the fourth power of : , and substituting 


its value for a, becomes(g) 


tsie(1455); 


from which we obtain 


2e l 

k= 2er/’ mo (3) 

Thus then, the coefficient & will either vanish, or be ex- 
pressed by this formula. * 


312, The following remarkable consequences follow from 
this result : 
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ist. As long as JZ is less than e, formula (3) will be ima- 
ginary for every value of the whole number 7; the coefficient & 
cannot then be different from cypher, and the spring will not 
be bent by the weight p. 
2ndly. When by increasing the length of the spring, or 
by diminishing the quantity c, (which last is effected by in- 
creasing the weight p,) 2 is made to surpass c; the value of 
4, which is different from cypher, and which corresponds to 
é=1, will be real, and the spring can be bent by this weight. 
Iff denotes a very small fraction, and if we make 
2 gs 
ree(i+®P) 
we shall have 
isl, asc k= fa; 
and the equation of the curve of the spring will be con- 
sequently 
y= fasin =, 


from which it is evident, that it does not intersect the curve 
between the two points a and B. 


3rdly. The ratio u still continuing to increase, if it sur- 
passes 2, the value of % which corresponds to i= 2 will be 
real, and the spring can assume a figure different from the 


preceding. For if 7” denotes a very small fraction, and if we 
make 
t=2c(1+ rf”), 
we shall have 
i=2, a=2c, k= fia; 
hence there will result, 


. 2 
y =S@sin==; 


from which it is evident, that in this case, the curve will intersect 
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the vertical at the middle point of an, which corresponds to 
eoada. io 

4thly. By continuing in this manner, it may be proved, 
that if Z surpasses ée by a small quantity, and if, ¢ denoting a 
very small fraction, we have 


l= ic (1 + ee), 


aztec, k= ga; 





we can assume 


by means of which we obtain 
. ine 
y= pasin a 


which is the equation of a curve that will intersect as in the 
number ¢ +1 of equidistant points, a and B being reckoned 
in this number(A). 

When J surpasses a multiple of c, by a quantity which is 
not very small, the value of &, furnished by formula (3), 
ceases to be very small relatively to c; and as the value of 
a is then no longer a very small fraction, the figure of the 
spring cannot be determined by the preceding analysis. It 
should be observed, that in all cases, the rectilineal figure, 
which corresponds to k= 0, is possible ; but it is not necessary 
and stable except in the case of JZ ¢. 

313. By the force of a spring, (which, for greater clear- 
ness, we suppose to be vertical,) is understood the greatest 
weight which it can support without bending. This weight 
P is determined by the equation ¢ = J, which gives(} 

Oath 

; ~~ 3P? 
from which it appears, that, every thing else being the same, 
the force of a spring is in the inverse ratio of the square of 
its length. It likewise appears, that when the. spring is a 
rectangular paraliciopiped, if its adjacent faces be bent, its 
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force will be proportional to the square of the thickness which 
is perpendicular to the face that is bent. With respect to the 
absolute magnitude of p, it may be computed by substituting 
in the preceding formula the value of a, which may be de- 
duced either from # the extension of this spring, or from its 
flexion J, produced by a weight w; now, it appears from Nos. 
308 and 310, and because a8 = h anda= i, that these yalues 
are : 
wl _ wh 
= on 9 web’ 
consequently, we shall have 
sore gure 
~ Blk’ ~ 35° 

314. The results of No. 307 may be easily extended to an 
elastic rod, when it is supposed to be straight, or of a single 
curvature in its natural state, and that, when it is bent, it 
continues to be of single curvature, and does not experience 
any torsion. 

In this case, the mean filament will be assumed to be that 
which passes through the centres of gravity of all sections 
perpendicular to. its length, which may be either constant, or 
variable, provided that in each point their dimensions are very 
small, with respect to the radius of curvature of the rod. Let 
wbe the area of one of these sections, made through any point 
whatever of the mean filament ; if it be divided into elements 
perpendicular to the plane of this filament, and if vdu be the 
area of the element that is at the distance u from this same fila- 
ment; in this expression the variable « may be either positive 
or negative, and v denotes a given function of u. Likewise, 
if hand — #/ denote the extreme values of u, we shall have 


k h 
Neg vdu =, er vudu = 0 


the second equation obtains because the origin of the variable « 
is at the centre of gravity of w. 
. a 
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- Let ¢, 0°, 8, 5, p denote the same quantities asin No. 307, 
and Tet y,y',7, be what o, 0’, p, were in the natural state of 
the elastic rod ; we shall have for the two states of this rod, 
uw us 
y=y +2, aot a 
and, for the passage from the one to the other, 


o=y(l48) sy (143) 


Hence by neglecting the products ou and =, we shall ob- 
tain(k) * 
; 1 1). . 
e_s+u ¢ + *) 3 


a value that coincides with that of the number cited, in the 
case in which the rod is naturally straight, when we have 


TID. 


Moreover, let r be the sum of the forces perpendicular to 
w, which draw or push one of the two parts of the rod that are 
separated by this normal section. Naming » the moment of 
these forces with respect to the axis passing through the centre 
of gravity of w, and perpendicular to the plane of the mean 
filament ; we shall have by the hypothesis of No. 307, 


h hk yy 
taal" | Sudn, waal” | doudu; 


a being a quantity dependent on the material of the rod, 
which is supposed to be constant through the extent of each 
section w, but which may vary from one point to another of 
the mean filament. By substituting for 8 its preceding value, 
and making, in order to abridge(Z) 


7 is Ww vudu— 4 wg"; 
there will result 
2 
T= awd, ee G _ a). 
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When the elastic rod is a curve of double curvature in its 
natural state, or after its change of figure,. the. expression for 
the force r will be still the same; moreover, the mean fila- 
ment being always that which passes through the centres of 
gravity of all the normal sections, and 7, p, denoting the radii 
of curvature in the same point, before and after this change, 
this value of » may be taken to express the moment of elas- 
ticity with respect to an axis passing through this point, and 
perpendicular to the osculating plane of the mean filament; 
but it will be necessary, besides, te take into account the tor- 
sion of the rod, as will be done immediately. 

315. It appears from a comparison of this value of w with 
that given in 307, that the second differential equation of 
the plane curve formed by the mean filament of an elastic rod 
which does not experience any torsion, differs from that which 
refers to the elastic plate properly so called, only in this, that 


it will contain <- 1 in place of ° and the quantity g instead 


of the semi-thicknéss «. If the rod is homogeneous, and if, in 
its natural state it is either a prism or a cylinder of a small dia- 
meter, the three quantities a,w,g, will be constant, and we 
shall have r = x. Fence it appears, that the flexion of a rod 
which is naturally straight, produced by a weight @ perpen- 
dicular to its direction, and the force of this spring, may be 
deduced from the values of } and pr found in Nos. 310 and 3!3, 
by substituting qin place of e. By means of this substitution, 
we shall have, (2 being the length of this rod,) 


fe Pa rang? 
b= nag? P= aR 


or, what comes to the same thing, 


2 


In the case of two different rods, having the same length, 


b= 
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the fiexions produced by the same weight will be in the in- 
verse ratio of the forces of the spring, so that we will be en- 
abled to compare together the magnitudes of these forces, in 
the different hypotheses made respecting the contour or out- 
line of the normal section. noe 

Let, for example, the normal scction be an isoceles triangle, 
and let it be proposed to bend the rod so that the'face cor- | 
responding to the base of this triangle might become a ¢ylin- 
drical surface, either convex or concave.. Let @ and tv denote 
the base and height of this triagggle. When the surface is that 
of a convex cylinder, towards which the positive values of u 
(No. 307) are directed, we shall have 


kho=}e, = }e, v=" ge tu), 


and there will result from this 
_waac’ 
~ 36r° 
In the case of the concavity, we shall have 
h=fe, W=he, v=“(le +u); 
¢ 
hence we obtain(m) 
at waac? 
~ 12P’ 
whieh shews, that in this second case, the force of the spring 
is triple of what it is in the first. 
If the normal section is a square represented by ¥?, and if 
it is proposed to bend the spring in such a manner that two of, - 
its opposite faces may become cylindrical surfaces, we. shall 


have 
eee a w waf* ~ 
Rak Sh Pay RS ‘12F° 
If it is a circle, the radius of which is k, we shall have 
: mak! 
qe? 


and, if the area of the normal section be supposed to be equal 


Wok, ve 2VP a Po 
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in this and the preceding case,.so that we may have f?— ak*, 
it is evident that the force of the spring in the first case, is to 
the force of the spring in the second, in the ratio of 7 to8(n). 

Let the cylindrical spring be supposed to be a hollow tube, 
of which the radii of the interior and exterior concentrical sur- 
faces are g and g’. In order to obtain the force of the spring, 
gand g ought to be successively substituted in place of 2 in 
the last value of p, ‘and then the results should be taken, the 
one from the other, this gives” 


— Tag? + 9) (g?- 9°) 
4P = 


If the area w (g— g’) of the normal section is equal to 
ak?, we shall have(o) 


ri nak? (K? + 29%) 
P= > 


4c? 


hence it follows, that the volume, the length and the material 
being the same, the force of a hollow spring is greater than 


2 2 
that of a full spring in the ratio of 1+ — to unity ; 2g being 


the interior diameter, and rh% the area of the normal seetion. 
316. Let us now proceed to form the equations of equili- 
brium of any elastic rod whatosever, all whose points are soli- 
cited by given forces. 
-  , Let a and B be the two extremities of the mean filament, 
“a, y, z the three rectangular coordinates of any point m of this 
curve, 8 the are am, w the normal section of the rod made 
through the point Mm, y its density at this point, and conse- 
quently, ywds the mass of the infinitely slender slice of the 
rod. Ifx,y¥,z, be the forces referred to the unit of mass, 
parallel to the axes of 2, y, z, then xywds, Y-ywds, zywds, will 
be the given forces which act on this mass. ‘The sum of these 
forces resolved in the direction of the tangent to the mean fila- 
ment at the point M, and tending to increase the are s, will be 


504 EQUILIBRIUM OF.AN ELASTIC ROD. 


at hte ee 
"e 
Likewise, if 1 denotes the force arising from the action of 
one part of the rod on the adjacent part, applied to one of the 
faces of the slice ywds, perpendicular to w, and tending to 
increase or diminish the are s, according as it is positive or 
negative, the other face of ywds will be drawn or pushed in a 
contrary direction by a force equal to T + dr; consequently, 
in order that this slice may -be in equilibrio, ‘the force dr 
must be equal and contrary to the{ given’ tangential foree, hehce 
we must have(p) 
dr + yw (xdz,+ ydy + zdz)— 0; (a) 
which agrees with equations (3) of No. 300. : ‘ 
As the material of which the rod consists is very little ex- 
tensible, y and w in this equation (a) tay be assumed to de 
the density, and the normal section of the rod at the point mj 
inits natural state. If these two quantities, 2 are constant, and 
if the formula comprised between the parentheses is an exact 
differential, the value of 7 will be had by an immediate inte- 
gration, and, since T= awd (No. 307), it is easy to ‘infer the 
positive or negative dilatation of the element ‘ds, which will 
be lengthened in the ratio of 1 + 6 to unity; but this will not 
make known the dilatation of the normal section w, nor the 
change of density of the rod at the point a. Now, by what has 
been established in the memoir cited at the commencement of 
this paragraph, it appears that the lengthening or shortening 
of ds is always accompanied by a diminution or increase of w, 
but such, that the volume wds will increase and diminish with 
ds, and the density -y will vary in the inverse sense. It follows 
from this, that when a prismatie or cylindrical homogeneous 
rod is fixed at one end, and drawn at its other extremity by a 
force acting in the direction of the production of its length, it 
will experience at the same time an extension and increase of 
volume, proportional to this force, which, in point of fact has 
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been confirmed by experiment. “On the other hand, if this 
rod is placed vertically on a horizontal plane, 4d loaded with 
a weight at its upper part, which does not cause it to bend, it 
will be shortened, and, at the same time, its'volumie will be di- 
minished in proportion to. the magnitude of this weight. % 

317. Ifon am thé are of the mea filament, a point m in- 
finitely near’ to M be taken, and thro’ it a normal section 
be made, and if the part.of the rod’ comprised between this 
section and the extteniity A; be rentered,immoveable, and the 
form of the. part comprised between the other end 3B, and the 
section made through m, be merely rendered invariable; the 
conditions of the equilibrium of this second part, which we 
shall denote by x, wey be determined in the following man- 
ner. 

_In virtue of the torsion of the ted, thé jwints of the slice 
comprised, between the two normal sections made through m 
and m, will be solicit ted By fetces ‘which will tend to untwist 
its different longitudinal filaments, and will act in planes per- 
pendicular to mm, that is to say, to the tangént to the mean 
filament at m. These forces will tend to make x turn about 
this line, in a direction contrary to that ofits torsion. Let r be 
their moment with respect to this line, it will be what is meant 
by the moment of torsion of the rod, corresponding to the point 
m. Ifthrough this point lines be drawn parallel to the axes 
of 7, y, Z, then since the axis of this moment makes with 


“43 F dz dy dz 
these lines, angles whose cosines are We’ de as’ © shall have 


(No. 281) -|* 
: de dy de 
~ Tas? 7 Gs? 


for the moments relatively to these three parallels, of the forces 
which act on x in the direction of the torgion. ; 
Let « denote the moment of the elasticity with respect to 
the point M, that is to say, the moment of the forces of which 
T is the sum, relatively to an axis drawp seen this point, 
37 
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and perpendicular to the osculating plane.of the mean fila- 
ment; we shall have (No. 314),. (7 and p being respectively 
the radii of curvature at this same point, in the natural state of 
the plate, and after its form has been changed, and denoting 
a positive quantity depending on the material, and normal sec- 


tion at the point m,) 
oa i) 
n=B(-—;): 


and if f,g,h, be the angles which the axis of this moment 
makes with parallels to the axes of , y, z, drawn through the 
point m, the moment of elasticity relative to these lipes'will 
be 

neos f, pcosg, poosh. 

Let m’ be any point whatever of the are mB, a’, y’, 2’, its 
three coordinates, s’ the are AM’, and y’, w’, x’, ¥’, z’, what 
2 #, X, ¥, Z, become relatively to the point um’. If we denote 
the entire length of the mean filament by J, and make 


(. Ly @ — 2) — xy —y)] y'o'ds! = a5 
[x! (2’ — 2) — 2 (2 — 2)) Yw'ds’ = ¥,, 


Vy [x (y’ —y) —¥' (2 — 2)] y'o'ds’ = By 


these three quantitics will be the moments of the given 
forces which act on kK, with respect to the axes drawn through 
the point M, in the directions of the axes of «, y, z. 

Finally, if any particular forces be supposed to act at the 
free extremity of K, and if Pp, a, R, denote the sums of their 
components parallel to the axes of a, y, z, and a’, b’, c’, the 
coordinates of the point of application of their resultant ; their 
moments relatively to the same axes as Z,, ¥,, X;, will be 


ala —2)—vr(' —y), 
P(e’ —2)— x(a’ — 2), 
n(b'~y) — a(e — 2); 
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and if a, 6,¢, be the coordinates of the extremity B of the 
mean filament, these moments may be replaced by 


a(a—2z)—Pr(b—y) +P, 
p(e—z)—R(a—2) +, 
Rb -y)—ece—2+P5 


in which, for the sake of abridging, we make 


Q(a —a)— P(b'—b)= PR, 
P(e —ce)— R(V—a=Qa, 
r(b’—b) — a(e’—e) =P’. 


In gencral, the coordinates a’, 5’, c’, will be distinet from 
a, b, ¢, for the extreme forces y, Q, R, will not be immediately 
applied to the elastic rod, but will act at the extremities of the 
arm of a lever. Whether these forecs have, or have not, an 
unique resultant, the quantities Pr’, @’, x’, will be their mo- 
ments with respect to axes drawn through the point B parallel 
to those of a, y, 2, therefore, if at this point, we assume 

é ¢ = cosa’, om = cos B’, a= cos 7’, 


and if we make 
Pr’ cosa’ + Q’ cos 8’ + RK’ cosy’ = L, 


this quantity L will express the moment of the extreme forces 
with respect to the tangent at the point B (No, 281); hence it 
appears, that 1 will be the. moment of the extreme torsion, or 
the value of 7 relative to this same point. 

This being established, in order to the equilibrium of the 
part K of the elastic rod, it is necessary that the sum of the 
moments with respect to each axis, of all the forees which 
act on its different slices and at its extremities, be equal te 
cypher ; in consequence of which the three following equations 
result : : 
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poof r Sl + x, +P! +n(b—y) —a(e—2) =0,] 


woosg— rt + ¥, +a! +P (c—2) — R(a—2) =0,+ (b) 


weosh—r Se A+R +e(a—2)—P(o—y) =0. 
318. By the formule of No. 19, we have 


dy dz — dzd* 
cos f= y ae 


dzdx — dx®z 
cosg=—— 5, 
dxPy — dy@x 
dds® ; 


in which Ads* represents the square root of the sum of the 








cosh= 


squares of the three numerators. Henee we obtain 











Pz pe? 
; dp cos f= dyd. Ae ~ ded. 44, 
Px dx 
d. xdzed. PO* — dad. # 
Hoon’. haat — Ea 
= pd’y Px | : 
d.ucosh ded. > : ~ yd. oS ; 


and, consequently, 


dx dy dz 
ae PH eS + Fa Fo 089 + Get we cosh =0, 


ds 
moreover, since 


dx? | dy? | dz*__ 

ae + apt a=! 
dx , dx dy , dy dz 
Batata ru 


2 


42 = 0, 


we shall obtain, by multiplying the differentials of equations 


dx dy 
O) Oy ae aa 


and reducing(p) 


ee respectively, ‘then adding them together 
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dz dy dz 
= Gq, d+ Gita 
but because the quantities subjected to integration in the ex- 
pressions of x,, ¥,, Z,;, vanish at the limit s’=s, in order to 
obtain the values of dx,, dy,, dz,, it is sufficient (No. 14) to 
differentiate under the signs § with respect to x,y, 2; hence we 


have simply 
dx,—dz t' ¥'y’w'ds’ — dy ‘ Z'y'w' ds’, 
s 8 


dy,= ac ayu'ds — dz Vi x'y'w'ds', 
Ss s 


dz,— dy x*y'w'ds’ — da \ ¥'y'w'ds’; 


and if these values be substituted inthe*preceding equation, 
it will become dr=3 0k 

Thus it appears, that the moment of the torsion is constant 
throughout the entire length of an elastic rod in equilibrio ; 
consequently, its value will be the same for all its other points 
as at the two extremities of the rod; and it is easy to show 
that at the point 8, we have r= L, as has been stated above. 
In fact, at this point, we have z-a, y=), z= ¢; the inte- 
grals X,, Y,, Z;, vanish, and equations (b) become(q) 


TCOsa == cos f + PK’, 
7 cos 3’ =p cosg + gy 
reos y= posh R. , 

As the normal to the osculating plane of the mean filament, 
and the tangent to this curve, are perpendicular the one to the 
other, we have at this same point B, 

cosa’. cos f+ cos RB’. cosg + cosy’. cosh=0; 


hence, if the preceding equations be multiplied by cos a’, cos 3’, 
cosy’, respectively, and then added together, the quantity x 
will disappear, and we shall have 


510 EQUILIBRIUM OF AN ELASTIC ROD. 


7.(cos? a’ + cos? 9’ + cos’ y’) =r 
= Pp’ cos a’ + Q/ cos PB’ + R’ cos Oe 


It is only the moment of the torsion which we are enabled 
to determine by the equations of equilibrium ; with respect to 
the torsion itself, it varies along the rod, when the material of 
which it consists, or the normal section varies from one point to 
another. When the rod is homogeneous, and the normal sec- 
tion constant, the difference of the angles of torsion is the 
same at the extremities of any two parts of the rod of equal 
lengths, and proportional to their lengths, when they are dij- 
Jerent. For greater clearness, let us suppose that a prismatic 
or cylindrical homogeneous rod, is firmly fixed at one ex- 
tremity, and that at its other extremity, two equal forces, 
parallel and opposite are applied, this rod will remain straight, 
but it will be twisted on itself proportionably to its length, and 
to the moment of these two forces with respect to its mean 
filament, which moment will be the value of the quantity L. M. 
Poisson proved in the memoir already cited (No. 306), that 
if the normal section of this rod be a circle, the quantity of 
torsion will be proportional (every thing else being the same) 
to the fourth power of its diameter, which accords with ex- 
periment. 

319. Two of equations (b), or any two combinations of 
these equations, will enable us, when its value is substituted 
for #, and L is put for r, to determine the figure of the rod in 
equilibrio. If units naturabstate it is straight, and if all the 
forces which are applied to it, cxist in the same plane, the 
three equations (b) will be reduced to one which will be that 
of the plane curve formed by the mean filament. 

If the plane of these forces be taken for that of the axes of 
«and y; we shall have 





z=0, cosf=0, cosy=0, 








e=0, c’/=0, R=0, cosy’=90; 
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hence there will result 
x20, ¥Y=0, r=0, o/=—0, r=L=0; 
and the two first equations (b) will vanish. Because r = », 
the value of j will be 8 ; in like manner we shall have cosh . 
e 


= +1; but as we should take into account the direction of 
the action of r on the part x of the rod (No. 314), it is easy to 
perceive that we must assume cos = — 1 in the third equa- 
tion (b), which will consequently become 


(ih Le! 2) —8'(y' — y)] fords 


(¢) 
+R + a(a—2)—2~N=k; 
and we may remark, that if we retain the notations of No. 


314, the value of the coefficient B will be 
al ox 
=a ie Kv vuidu. 


When the forces x and y vanish, this equation (c) will coin- 
cide with equation (1) of No. 308, for then the forces p and @ 
in equation (c) act at the very extremity of the rod, which 
renders their moment R/ equal to cypher. In all cases, the 
integrals that occur in this equation (c), can be made to dis- 
appear by successive differentiations, by means of which it 
will become a differential equation of the fourth order. 

The figure of the rod being determined: by equation (c), 
is necessary moreover that the given forces which are applied 
to it should satisfy the conditions of equilibrium of No. 261, 
which are reduced to three, because all these forces are com- 
prised in the same plan. Therefore, if we denote by p and & 
the sums of the particular forces which act at the extremity 4 
of the rod, parallel to the axes of z and y, so that D, , ¥’, may 
be, with respect to this point, what p, a, Rr’, are relatively 


~ 
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to the other extremity B; the three equations in question 
will be = 


D+P+ 4 x'y'w'ds' =0, 


7 
e+ed (hy 7 ‘ds’ = 0. 
Or eee (@) 
F’ + R/ + Q(a—2) — P(b—y) 

J 


+ \iry/(a!—2)—x/(y—y)}y'wds'=0; 


in which the coordinates of the point a should be substituted 
for x and y. 

When the two extremities of the rod are entirely free, the 
extreme forces and their moments will be given. If the rod 
is firmly fixed at the extremity a, the forces p and x, and 
also their moment ¥’, will be undetermined; but the values of 


Ly Ys 2, relative to this point a, will be known. If the 


rod is merely retained by the fixed point a, the forces p and 
E will be still undetermined; their resultant will be equal 
and contrary to the pressure at this point of support, of 
which it will express the resistance, and we shall have 
for their moment ¥’ = 0; the values of # and y will then be 


di 
known, but not that of 2. The same remarks are applicable 


° 


to the point B. 

320. Let us suppose, for example, that the rod is homo- 
geneous, and in its natural state either of a prismatic or cylin- 
drical form, the three quantities y, w, 8 will then be constant. 
Moreover, let us suppose that it is only subject to the action 
of forees perpendicular to its length, which cause it to deviate 
very little from its primitive position, and let the mean fila- 
ment in this position be taken for the axis of 2; we shall then 
have 


po=0, x=0, P=0; 
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in consequence of which the first equation (d) will disappear. 


If the square of . be neglected, we shall also have 
Te 


1 @y. 
ds = dx, ris ie 


and equation (c) will be reduced to 
B - =R’+Q@(a—2z) + yo v y’(a'—x)ds'. — (e) 
By differentiating this we obtain 
ass 
Likewise, by No. 14, we have 


las 
pa mane re, 


aS (vas = —yYds; 


therefore by differentiating a second time, and substituting dz 
for ds, we shall have 


ds 
B aA = yor. (f) 


The four constant arbitraries which the complete integral 
of this last equation will contain, can be determined by 
means of the conditions relative to the two extremities of 
the rod, and by observing that the value of y deduced from 
this equation must satisfy the two preceding for all values of 
a. Now, as equation (f) results from the two others by dif- 
ferentiation, it will be sufficient for this purpose, that this 
value of y should satisfy these two for a particular value of a, 
hence it will be sufficient if we have 


afh-n, pi=- «) 


for x = a; conditions which result from equation (e) and its 
first differential, by ascribing to « this particular value. If we 


ees 
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ascribe to x the value relative to the point a, we shall have, in 
consequence of equations (d), 


Bo = 6, Baas (h) 


but these equations do not express new conditions distinct 
from those contained in equations (d) and (g), so that they 
may, if we please, be replaced by the system of equations (g) 
and (h). . 

321. These formule include the case of a heavy rod, 
The point a is then supposed to be fixed, and to be the origin 
of the coordinates x and y, and also the axis of x, which re- 
presents the natural direction of the rod, is supposed to be 
horizontal. If the direction of the positive ys be that of gra- 
vity, which we suppose to be represented by g, we shall have 
¥ = g, and the integral of equation (f) will be (g) 


By = 2 at + ca + c/a? cr; (1) 


c, c’, c", denoting three constant arbitraries, the fourth being 
equal to cypher, because at the point a we have x = 0 and 
y= 0. Ifthe rod be firmly fixed at this extremity, we must 


di 
also have = = Owhen a= 0, hence there results c”= 0. If, 


moreover, we suppose that the weight q is directly attached 
to’the other extremity 1, so that its moment nr’ may be cypher, 
then in consequence of equations (g) which belong to this point 
or tp x = a, we shall have 
kgyow + 6ca+ 2c'=0, 
gywa +6cm—@. 

By means of these equations the values of c and c’ may be 
obtained ; and if they be substituted in equation (1), of which 


the term cx may be suppressed, there results by naming g the 
weight of the rod, in which case we have g = gywa, (r) 
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et 
By =F Ft De tat daar’; 


if in this equation, the weight of the rod be neglected, and if 
ae” be substituted in place of 3, it will coincide with that of 
No. 310. 

In the two cases of g = 0, g = 0, we have 


for the expression of the ordinate of the point B, which ex- 
presses the entire flexion of the rod. Hence it appears, that 
if we suppose @ = q, the flexions produced by a weight a sus- 
pended at the free extremity of a horizontal rod firmly fixed 
at its other extremity, is to the flexions produced by the same 
weight distributed uniformly over the entire length of this rod, 
as 8 to 3. 

322. If the point 8 is, like the point a, fixed and situated 
on the same horizontal line, we must have y = 0 when x = a, 
in consequence of which, equation (1) is changed into the 
following (s): 


by = 45 ¢ w—a*) + cx(x’—a®) 4+ c/a (e—a); (2) 


q denoting as above the weight of the rod. ‘The determination 
of the two constants c and c’ furnish the following cases, 
1st. When the rod is firmly fixed at both ends, we must 


di 
have = 0, forz=0, and =a, hence there results {¢) 
c=—he c= aag; 
and equation (2) becomes 


Die =a) 
By = 90 § = 





If f denotes the sagitta of the curve formed by this rod, 
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that is to say, the value of y at its middle point, when 


2= > we shall have 


— 9 
f= aap 
2ndly. If the rod is merely retained by the fixed points a 
and B, the forces £ and @ taken in an opposite direction from 
that in which they act, will express the pressures exerted 
against these points of support, and their moments F’ and r/ 
will be cypher, (No. 319). In consequence of the first equa- 


tions (g) and (h), we shall have # = 0 fora = Oanda=a; 


hence we infer that 


cx=—qyq, cf =0; 
and also 
__ gt (a— x) (a® + ax — x”) 
ac rag so 
and the sagitta f will be 
= Lb ge 
I= ear 


that is to say, quintuple of what it is in the first case. By 
means of the last equations (g) and (h), we shall also have 
E=Q=—29; 


which values also obtain in the first case, as is evident of 
itself. 

8rdly. Finally, when the rod is firmly fixed at its extre- 
mity a, and merely retained at its other extremity, we have 


d & 
2 = 0 for z= 0, and -_ = 0 for « = a; and, consequently, 


58g ge, 
48 ~~ 16’ 





i 


by means of which, equation (2) becomes 
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qe (a-@) 2) (3a— —22) 
BR a 


The second equations (g) and (h), at the same time, give 


e=-3q F=—Hq 
which shews that the weight of the rod is unequally distributed 
between the two points of support, and that the load at the 
extremity which is firmly fixed, is to that at the other extre- 
mity, in the ratio of five to three. 

323. The points a and B being always assumed to be fixed 
and situated on the same horizontal line, and the rod being 
also homogeneous and prismatic, let us consider the case in 
which the other points are loaded with weights unequally dis- 
tributed throughout its entire length. 

Let therefore 


eS. ren 
yoX =F ge 


q denoting the entire weight, and gx being a given function, 
that vanishes when « = 0 and a = a, which implies that 


4 prdx =a. 


This function gx may be either continuous or discontinuous, 
that is to say, its analytic expression may change once or se- 
veral times between the extreme values x = 0 and = a; or, 
in other words, if it be represented by the ordinate of a line of 
which z is the abscissa, this line may consist of sevgral por- 
tions of different curves. If 3 denotes the length of a Time ever 
so short, we may, for example, suppose that gz = 0 from 
2=0 to c=j3a—8, and from x=}a+8 to x=a4, so 
that this function has not values different from zero except in 
a very small extent, such as 6, on each side of z=}a. This 
ease will be that of g, a weight acting at the middle of the 
elastic rod, which we propose to examine particularly imme- 
diately. * 
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Whatever be the nature of the function ga, whether it be 
continuous or discontinuous, provided that it is equal to eypher 
for x0 and for x =a, we shall have from z=0 to r=a 
inclusively, 

pu =23(( sin "© ga'de'). sin, (a) 
n denoting any entire and positive number, and the charac- 
teristic & indicating a sum which extends to all values of 7, 
from n—-1 ton = 2%. Weare indebted to Lagrange for this 
formula, he first announced it in Les Anciens Mémoires de 
? Académie de Turin, tome iii. p. 261; a demonstration of it 
is given in No. 325 of this section. Substituting this value 
of gx, equation (f) becomes 


dy 2g = (V2 nev ,, \ . are 
Baa=G a sin “© ga’da’) sin "2, 


and by integrating and observing that y=0 for c=0 and 
a =a, we shall obtain(w) 


Qqa? 1 (Ca. ne’, \ . nae 
py =F 3 (V3 sin = oe dz') sin = 
+2(a—2x) [cx +c’ (a—=)]; (b) 


cand c’ being the constant arbitraries which can be deter- 
mined as in the three cases of the preceding numbers. 

324, Let us examine in detail the case in which the weight 
q is suspended at the middle of the rod, that is to say, the case 
in which, as has been stated above, the function ga’ is cypher 
for all values of 2’ that differ, ever so hae from 4a. We 


can then make a’ = 4a in the factor sin ar, which contains 
a 


the integral relative to 2; this will give(v) 
a. ane 4,» Mag, _ 
i sin — px'da’ = sin aNo px’ dx’ =a sin > 


and cause all the terms of the sum &, in which v is an even 
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number, to disappear. Let ¢ denote any néinber odd or even, 

then if we make n= 2i—1, and if the sum & includes all va- 
1 

lues of i from i= 1 to i= », since int — (—1)4 

equation (b) becomes (x) 


By= aes x) [c+ cc’ (a—z)] 
2Qqa 1 5, Qi Dre 


a a = 3 f= ve 





But by a known formula we shall have, as will be shewn in 
No. 327, 


reo 


(~ 1) 
= Spain i Dwr 4 39 


(2i— 
for all values of w, from w = 0 to w = > If therefore x yi 
by making w = =, we shall have (y) 


(=D! (Qi 1re | 








Bimip 8 a = 96a ao o— Be); 
if, on the contrary, «>a, let w= n(ans), 3 and as 
in (2i—1) r(a—x) Sin (asl) ae 
: a a 
it follows that 
—i) —1)7re 
oR ¥ sin = jee e = Gia acm 2)? — 3a? (a—2)]. 


In this manner we shall obtain one or other of the following 
equations : 


By = «(a—z) [cx + c'(a—2z)] —f£ae —38a’2) 
Q) 
By=2(a—2a)[cx4ce'(a—2)] — fie i as oma 


It only remains to determine the constants c and c’ in the 
three following cases :, 
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1st. The condition bd =0, for =0 anda =a, which 


obtains when the rod is firmly fixed at its two extremities, 
gives 


csac=— 


as 


Equations (1) will become 
By= £ Ga*—42%), 


By = £ [3a (a—a)—4(a—2)"] 5 
we shall have & = 0, at the middle point of the rod, as well 
as at the extremities ; and the sagitta f, or the ordinate corres- 
ponding to z= 4a, will be 
qe 
I= 148. 4.48.[3° 
that is to say, double of what it is in the first case of No. 322. 
In like manner we shall have, in consequence of the second 
equations (g) and (h), 
=m=E=— 4 qa 

which we know ought to be the case. 

Qndly. In the case of a rod merely retained at its two ex- 


$e ay 
tremities, in which case a = 0 for <=0 and for a=a, there 
results 
c=0, c/=—0, 
and, consequently, 


py= £Ge—42"), 
By = £[30(a—-2) —4(a—2')]. 


The tangent at the middle point of the curve is horizontal(z), 
and the values of @ and £ are —}q, as in the preceding case; 
but the expression for the sit Sis 


t= 8B Ie 
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so that it is quadrupie of the preceding, and greater in the 
ratio of 8 to 5, than that of the second case of No. 322. Ifa 
tangent be drawn to the elastic eurve, through one or other of 
the points a and B, and if we denote its inclination by a, and 
by /” the vertical ordinate of the point of this line, which cor- 
responds to the abscissa equal to }.a, we shall have(a’) 


a 
tanga = icp J’ = fatanga; : 
hence we infer : 
SHS 
In the second case of No. 322, the ratio of f” to f would 
be 3. 
3. Finally, if the rod is firmly fixed at the extremity a, and 
merely supported at the other extremity B, we shallthave ay =0 


for x = 0, and ay = 0 for x= a; from which there results 


da 


i, 
32” 


c= 


fe 
oma 
and equations (1) will become 
By= gg aa? — llr’), 
=© (50°15 ax?+ 120% ~2a°). 
I= 96 


They give when ‘e =a, the same value for y, namely 


i a 
Y= 896.p’ 
but this is not the greatest ordinate. We shall likewise have 
—li¢ _ —59 i 


B[46° 87 "16? 


so that the weight g will be distributed between the points of 
support a and B in the ratio of 11 to 5. 
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325. We now proceed to demonstrate the formula of La- 
grange, adverted to in No. 323. 
For this purpose, it may be remarked, that if the quantity 
1-# 
1— 2h cos + h? 


which is a rational fraction with respect to 4, and in which 0 is 
areal angle, be developed with respect to the powers of h, its 
expression will be 


1 + 2heosO + 2h? cos 26 4.23 c0s39 4. 2h*c0s4 O + &e. : 
which is easily verified ; for if this infinite series be multiplied 
by the denominator of the fraction, i.e. by 1— 2h cos @ + A’, 
the result will be its numerator, as will be evident at once from 
the consideration that 


2cosnG. cos @=cos (n +1) 0 + cos(n—1)0, 
whatever be the number n. If, abstracting from the sign, 4 
be less than unity, this series will be convergent, and the frac- 
tion will be rigorously equal to its development continued 
ad infinitum ; hence since 
1—2h cosO 4-4? = (1—A)? + 4h sin? 3 0, 
we shall have, on this hypothesis, s 
1-# 
(i —A)y + 4hsin? 30 
in which, under the sum 3, are included all values of the 
integral number 2, from n—=1 ton=n. Therefore, whatever 


be the nature of the function so and of ane teal constant a, 
we shall have also 


(" _ =) f0d0 é 
Ol-# 44h. sintf @—a) - 


= 1423 A" cosnbs 


= Go r0d0 + 231(7 £0. cosn (00) 8. 


Let g be an infinitely small positive quantity, this equation 
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will still subsist if we make A— 1 ~g, since it subsists for all 
values of / less than unity. tia all finite values of 2, we shall 
have 

w= 1 -gY=13 
for infinite values of this exponent, k" may differ from unity, 
but by partially integrating, we obtain 


[rocosn(0—a)a0 = + £0 sinn(0—a)— 1 sinn(O—a)ad 


So that if ¥@ does not become infinite, betweert the limits 
0=0 and 6=7, nor for these limits, the integral 


%G ‘£0 cosn (9 —-a) dO 


by which 4* is multiplied ,will vanish, when 2 = 29, ; hencc it fol- 
lows that we can always replace A" by unity under the sign 3. 
In the numerator of the fraction comprised under the sign §, we 
shall have 1 — A? =2g, g? being neglected with respect to 
2g; in the second term of the denominator, we can substitute 
unity for h or 1 —g3 and, by this means, we shall have 


4 (5.700 4 2 (5/0 cosn (0 — a)d0 


_ f0dd 
= soz 7 + 4sin® 1 (0— a) 


i, 


The coefficient of dO in this last integral is infinitely small, 
except for values of @, that differ from a by infinitely small 
quantities, which render its denominator infinitely small ; con- 
sequently this integral is infinitely small or eypher, when the 
difference 0—ais a finite quantity; which will be the case 
throughout the entire integration, when we suppose a Z 0, or 
a>; hence whenever the constant a falls without the limits 
zero and 7, the following equation will have place : 


4 (5.7020 + x{50 cosn (8 —a) d= 0. (2) 
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If, on the contrary, we have a> 0 and 4 7, there will be 
values of @ which differ infinitely little from a; therefore by 
making 

6=atu, dO=du, 
the integral in question will still vanish for finite values of w, 
but not for infinitely small values of this variable, whether 
positive or negative; with respect to these, we shall have 


. SO=fa, sin} (0—a)= hu; 
consequently, the second member of equation (1) becomes 
fa \ rare 


when a falls between zero and 7. But, as this integral vanishes 
for every value of u which is not infinitely small, it may now 
be extended, “without altering the value, to any values what~ 
ever. of u, whether positive or negative, so that we may take 
it, if we please, from u = — x to wu = x; in which case, we 
shall have 

5 ca gd 


2g Gre Tihs 


and, finally, 
347 7000-425" 70 con (0 ~ a)d) = nfa. (8) 


This reasoning will also suit the case in which a coincides 
with one of the two limits zero or 7; but if a= 0, then we can 
assign none but positive values to uw, and only negative values, 
when a =7, in order that in these two cases, the variable @ 
which is made equal to a-{- v, may not pass the limits of the 
integration. In this manner, the integral relative to w will be 
reduced to the half of its value in the former.ease, or to 7 3° 


so that if 8 and y be the values of fa in the cane ofa= 0 and 
a=7m, there will result 


3 [5 70d0 + 215,70 cos n6d= 4483, 


. ana) 
5 (p78 4+3(-1)" (9.70 cosndd0 = dary. 
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Now if we make 


awa mda! 
= a d= ae 


s(Z) = 92's 


a 


and also 


and if, the quantity x being positive and less than the constant 


a, there be substituted — = in the place of a, in equation (2), 


and = for a in equation (3), we shall obtain by observing, 


that the limits relative to x’ are cypher and a, 


1 + u 
aio eet = 1 26f g cos EE?) ar 0, ed 
; nn (a—a).> (5) 
oho erda' ++ 20 ga cos MEDS ge, 


and, by subtracting the first equation from the second, there 
results 


2 3( Fe ga’ sin aw) s sin. 2" = gr3 
which was to be demonstrated(b’). 

326. This formula represents the values of the function 
2, for all values of the vafiable x, which are positive and less 
than a, and even for x = 0 and x =,a, when ¢z vanishes for 
these extreme values. It is important to observe, that the 
series indicated by &, will be always convergent, when coh- 
tinued to a congiderahle number of terms; for when the 
values of n are very great, the integral relative to 2’ will be- 
come a very small quantity, which will diminish more and 
more according as meinereases; and when 2 = », it will be- 
come cypher, as was already shewn by means of partial inte- 
gration. This remark is necessary, as it shews that we are 
justified in the application which we propose to make of the 
preceding formula. 
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The different formulz, by meansof which portions ofarbitrary 
functions, either continuous or discontinuous, may be thus ex-> 
hibited in series of periodical quantities always converging, can 
be deduced from equations (5), which have been demonstrated 
above. We shall restrict ourselves in this chapter to give two 
of these formule, which will be useful hereafter ; the reader is 
referred for more extensive developments on this matter to the 
author’s Memoirs on the Integral Calculus, inserted in the 
Journal de U Ecole Polytechnique, where will be found a com- 
plete theory of this kind of transformations. 

If equations (5) be added together, and also if the first be 
subtracted from the second, and if 2/ be substituted for a, then 
aw-+d and 2’ + 1 for « and 2’, and afterwards gx and go’ in 
place of ¢ (« + 4), ¢ (2 + 2); the limits of the integrals rela- 
tive to x’ become + J, and these equations will be replaced 
by the following : 


1 ol , 1 to, nm(a’ +l) na(a +l) 
gus 5) 09r'ee +7 (V, $2'cos dit Joos S52, 


rep M(t +1), 
20 dr’) 


1; U t 
pers = (So sin met) : 


sin 

Let each sum & be divided into two others, of which the 
one may contain even, and the other odd numbers. For this 
purpose, let ¢be any integer number whatever, then by making 
n successively = 27, and 2¢—1, we shall have 


os Et (@ AD = (—1)¥ cos ine 


~~ 3r if 
sin tir) = (-—1))}sin *, 


cos ————— 


Giepaee) =(—iy au 2 be Dee, 


he ae sie. 
Fagg eG Oa 


sin ips aT is 
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and, in the same manner, we can express the sines and cosines 
comprised under the signs §; consequently, we shall have 











lel perae ad i 7 tra! tmx 1 
=5§_0e'de'+ 52 (J "ge cos" de')e cos, 
ly Z ro (2i— 1) we" "sin (2i—l) ax 
+52(§ {ga'sin CD ae dx ns | 
1 «trae | Nira (6) 
graze 6 92 sin 2 ae’) sin 2B : 
1 to  (Q¢~1) rat ‘ (2i—1) na, 
+72 (6 oe cos a dz’ ) cos oT] : | 


in which the sums 3 extend to all values of i, from ¢ = 1 to 
i=. These equations will obtain for all values of « that 
are comprised between the limits + J. 

This being established, if the function ¢z is such that 
 (—2) =—9¢2, there will result 


6 ppe'de'= 0, oe y er cos =* dz'= 0, 


5! (27 —}) ra! 


_ Pe" 008 37 —da'= 0; 


and, moreover, 
Z fete tre! ti. tra’), 
fe sin da! = 2 §o 9? sin de’, 


§ pgo’sin CiehY did =» aid ee =2 \ ga’ sin Sc las dz’ ; 
by means of which the second equation (6) will coincide with : 
formula (a), by changing in it, a into 7; and the first will be res: 


duced to 





_2ifel ,. i—l)ma’ ) . (Qi~1)re 
gr=t2(l go sin yi de!) sin aT CS) 
If, on the contrary, the function gz is such, that ¢(- 2) 
= @x, we shall have 
(2% ~1) wa’ 


l . tara! 
6 9 sin a7 = 8, {= 90’ sin de’ = 0; 
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and the other integrals may, by doubling the results, be ex- 
tended from « = Oto x=. If 2 —x be substituted for x, and 
gx for ¢(1— «), the second equation (6) will coincide with 
equation (7). The first equation (6) will become 


tee. Lana’ tre 
gr = 4p pa'da! + I =f, gu'cos a!) cos + (8) 


These formulz (7) and (8) will represent the values of $x, from 
x20 tox =Z; those which can be deduced from them, by 
differentiating with respect to 2, will express the values of 


d 7 : 
a within the same interval. Formula (7) supposes that 


gx =o for a= 0, and ye 


“de 


ee = 0 fore =0ande=2. When these conditions are not 


=0 when «= /; in formula (8) 


satisfied, neither these formule nor their differentials have 
place for the extreme values of a(c’). 

327. Conversely, formule of this kind make known the 
sums of numerous periodical series, which have been obtained 
by different means, Thus, for example, in order to infer 
from them the sum of the series made use of in No. 324, let, 
— a be substituted in place of a in equation (2), and then let 
it and equation (3) be added together ; there will result 


\* soao +2 2(§" 0 cos n6d8) cos na = afa. 


7 If then we assume f0 = 8, we shall have 


cos ar — 1 | 


is 
\" 70 cos 2649 = ———-5-— 3 ; 
which is equal to cypher for all even numbers, and to 


_ way for n==2i—1. Hence the preceding equation 
becomes 

eos (2i—l)a_ ox 

an Sar 2)) 
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in which the sum & extends to all values of the whole num- 
ber 7, fromi=1toi=-n. 

Multiplying by da, and integrating, we obtain 

sn(2i—l)a a7 
oe =3 (m#—a)a. 

It is not necessary to add any constant arbitrary, for 
the two members of this equation vanish for a = 0, and 
fora =; so that this equation obtains for all values of a, 
from a = 0 to a= 7 inclusively ; if we make a = $7 +, we 
shall have 

sin (2¢ — l)a = — (—1)' cos (2i — l)w, 


and, consequently, 


(=1)i.c0s(28—1)w _ 


= Qi— iy = 3 (w*—}7°), 








from w = —4@tow= $a. If this be multiplied by dw and 
integrated again, there results 


(—Disin (27-1) 0 _ ro* rw 


(27 —1)8 Fe 24, Pg 


= 32° 
which was required to be obtained. 

328. If 2a be substituted in place of a, and then 2 +-a, 
x’ +a in place of x and 2’ in the second equation (5), we shall 


obtain, by making ¢ (a + 7) = Fa, 


noe (a’ 2) de’, 





Fz= nS ? ex'dx! + ES 2f ? 3x! cos 
4aJ—a 2a J—a 
for all values of 2 comprised between + a. 
By making 
7 = ne = meu 
9a Ba 
this equation may be written as follows, 
eCa * 1 in a ; : ] 
= -= Fa’ cos u (a! — 2) dx | ¢, 
rr gS * eelde tt al ( ) 2 
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in which we suppose that u is a multiple of «, and that the 
sum & extends to all values of u, from u=etou=2. But 
if the constant a becomes infinite, « the difference of the conse- 
cutive values of u will become infinitely small, andthesum & 
will be changed into an integral which should be taken from 
ume, oru=—0, tou=». Consequently, making a2, 
ex du, and substituting the sign § for 5, we shall obtain, by 
suppressing the first term of the preceding formula, 


ad a 2 if J f 
vo = (7[ ? ee cos u (a’~ 2) da! | du. 


This important formula, which extends to all real values of the 
variable x, positive or negative, and is applicable like the pre- 
ceding, from which it has been deduced, to any function Fa, 
whether continuous or discontinuous, was first given by 
Foutier. 


CHAPTER IV. 
PRINCIPLE OF VIRTUAL VELOCITIES. 


329. In the simplest cases of the equilibrium of machines, 
the power and resistance are reciprocally proportional to the 
spaces which their points of application would simultaneously 
describe, if the equilibrium was destroyed. But, since in 
consequence of the connexion between the points of applica- 
tion, the spaces which these points would describe, if they 
were entirely free, is different from the spaces that they ac- 
tually describe, in order that this relation may always obtain, 
the infinitely small spaces which are described in the first 
instant, should be replaced by their projections on the direc- 
tions of the forces. This relation has been a long time recog- 
nized in the case of simple machines; John Bernouilli afterwards 
extended it by induction to any system whatever of material 
points solicited by given forces; and, under the denomination 
of the principle of virtual velocities, it is now become the ge~ 
neral principle of equilibrium. We propose to demonstrate it 
here in all its generality, after having first verified it, in the 
following examples : 

Ist. Let (fig. 79) a, a’, a”,.... be a series of pulleys con- 
tained in the same block, and constituting a fixed system, and 
B, B’, B’, .... another series of pulleys also contained in one 
block, and constituting a moveable system. Let us suppose 
a thread attached to the inferior extremity of the fixed system, 
to be successively rolled round all the pulleys by passing alter- 
nately from one system to the other. To the free extremity of 
this thread let a weight r be suspended, which may constitute 


532 PRINCIPLE OF VIRTUAL VELOCITIES. 


an equilibrium with a weight R suspended at the inferior 
pulley of the moveable system. The tension of the thread 
will be the same throughout its entire length, and equal to 
the weight Pp; moreover, if the diameters of the pulleys be very 
small, relatively to the distance which separates the two sys- 
tems, the strings which pass alternately from the one to the 
other will be sensibly parallel and vertical; consequently, the 
force which sustains the weight r will be equal to the sum of 
their tensions, or to times the weight P, ” being the number 
of these strings; hence, in the case of equilibrium, we shall 
have 
RMP. 


Now, if the equilibrium is destroyed, and the weight r 
ascends or descends by a quantity a, all the strings which ter- 
minate in the moveable system will be shortened or lengthened 
by this same quantity. As the entire length of the thread 
remains the same, the part to which the weight P is attached 
will be lengthened or shortened by 2 times this quantity a; 
hence if 8 denotes the space through which the weight P 
ascends or descends, we shall have 8 = na, and, consequently, 

Ra = PB; 
which contains the principle of virtual velocities already ad- 
verted to. 

Qndly. apc (fig. 80) represents the wheel, and a’B‘c’ the 
intersection of the vertical plane of this wheel and of the 
surface of the cylinder, in the machine called the axle in the 
wheel; o is the common centre of these two circumferences, 
and aoc, A’oc’ are their horizontal diameters. A. thread coiled 
round the wheel is attached to one of its points; another 
thread attached to one of the points of the cylinder, is in the 
same manner coiled round its surface. A weight P is sus- 
pended from the first thread, and a weight r from the second ; 
these two weights tend to turn the machine in opposite direc- 
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tions, and are supposed to be in equilibrio. This being agreed 
on, if to the point c’ there be applied two vertical forces Rr’ 
and x", equal, and acting in opposite directions, the equili- 
brium will not be disturbed ; if, moreover, these forces are 
respectively equal to r, the force r", and the weight r, will 
constitute an ‘equilibrium, for there is no reason why their si- 
multaneous action should cause the machine to turn in one 
direction rather than in the opposite; there must therefore 
be likewise an equilibrium between the weight P and the force 
Rr’, which act perpendicularly to aoc’ at the extremity of this 
lever, of which the point 0 is the fulcrum. Hence, r denoting 
ao the radius of wheel, and 7’ oc’ the radius of the cylinder, 
the equation of equilibrium will be (because r’= Rr) 


Pra Rr’; 


Now, if the equilibrium is destroyed, and if the weight r 
rises or falls by a quantity a, while the weight P falls or rises 
by a quantity (, it is evident, from the nature of the machine, 
that we shall have Br’ = ar; hence we infer 


PB = Ra; 


conformably to the principle which it was proposed to verify. 
3rdly. Let a vertical serew be loaded at its upper extre- 
mity by aweight n, and let a horizontal wheel, having its centre 
in the axis of this screw, be adapted to its inferior extremity, 
let then a thread be wrapped on this wheel, and fixed to its 
circumference by one extremity, while at its other extremity 
a horizontal force F acting in the direction of a tangent to the 
wheel, constitutes an equilibrium with the weight x. By 
placing a fixed vertical pulley in the direction of this tangent, 
we can give the thread a vertical direction, and thus replace F 
by P a weight equal to this force, and attached to the free ex- 
tremity of the vertical part of the thread. Denoting the in- 
terval between the threads of the screw by &, and by ec the cir- 
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cumference of the wheel, we shall have, by the known condition 
of equilibrium in this machine, . 


Pe = RA. 


The two weights r and P tend to make the screw to turn 
in opposite directions ; if the equilibrium is destroyed, one of 
the weights will rise while the other falls; and if the weight 
R rises or falls by a quantity equal to A, the interval between 
the threads of the screw, the weight p will fall or rise through 
a space equal to ¢ the circumference of the wheel; hence it 
follows, that, in general, denoting the spaces simultaneously 
traversed by the two weights r and », by a and P, we shall 
have ac = Bh, and, consequently, 


PB = Ra, 


conformably to the principle in question. 

4thly. Let us consider the case of two weights, e and R, 
placed on two inclined planes, and connected together by a 
thread passing over a fixed pulley situated above the two 
planes, which are supposed to rest against each other. Figure 
81 represents a vertical section of this system; ac is the 
length of the plane on which the weight r is placed, Bc 
that of the plane which supports the weight p, ap is a hori- 
zontal line, and cp a vertical line, equal to the common 
height of the two planes. Let 


ac =a, Bo=b, co=h; 
: fe . h 
the component of x in the direction of ca will ber wo and that 


oN + h 
> of p in the direction cp will be PF In order that there may 


be an equilibrium, these two components should be equal, con- 
quently, we must have 
Pa = Rb. 


Tf the equilibrium is destroyed, and the weight x slides on 
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the plane cp by a quantity equal to y, the weight P will slide 
by the same quantity, but in a contrary direction, on the plane 
Ac; denoting by a the vertical height by which the weight x 
is elevated or depressed, and by 3, that by which the weight 
P is depressed or elevated, it is easy to perceive, that we 
shall have 


h h 
tt, p=3 
and, consequently, 
PB = Ra, 


as in the preceding examples ; but in this case a and [3 are the 
vertical projections of the spaces simultaneously described by 
the weights n and pv, while, in the preceding case, a and B 
were those spaces themselves. 

330. It appears from No. 49, that two forees which con- 
stitute an equilibrium, through the intervention of any lever 
whatever, are in the inverse ratio of the infinitely small spaces, 
described in the same time by their points of application, pro- 
jected on the respective directions of these forces. 

This relation, which exists in the case of the lever between 
two forces in equilibrie, is true also when two forces, applied 
to any other machine, are in equilibrio, Thus, if we denote 
the power and resistance which are in equilibrio, by the in- 
tervention of any machine whatever, by Pp and R, when an 
infinitely small motion is impressed on this machine, we shall 
always have 

rp = Ra, 


#3 and a being the projections on the directions of these forces, 
of the spaces which would be simultaneously described by 
their points of application; it is necessary besides to take 
notice that one of these projections must be taken in the di- 
rection of the corresponding force, and the other on its pro- 
duetion, as is the case in the lever. 

It is only requisite in practice, that the motion impressed 


536 PRINCIPLE OF VIRTUAL VELOCITIES. 


on the machine be very small. By measuring the lengths of 
the projeetions 8 and a, the ratio of the power to the resist~ 
ance may be immediately obtained, without knowing anything 
of the particular construction of the machine. 

331. This mode of expressing the relations between the 
power and resistance when they are in equilibrio, is not only 
true in the case of every machine, but it may be also extended 
to any number of forces whatever in equilibrio. Therefore, 
let M, m’, Mm”, &c., (fig. 82), bea system of material points con- 
nected together in any manner whatever; let us suppose that 
the forces P,P’, P”, &c., act on these points in the directions 
Ma, M’a‘, "a", &c., if these points be made to undergo infi- 
nitely small displacements compatible with the conditions of 
the system, and if in this way they are transferred to n, ny’, 
&c., and if finally w, »’, x”, &e., be projected on the lines 
ma, M’a/, m"a", &c., to a, a’, a’, &e., so that 


Ma=p, Ma’=p', m's"=p!, &e.; 


then these projections p, p’,p', &c., being considered as po- 
sitive or negative, according as they fall on the directions of 
the corresponding forces, or on their productions, we shall 
have, when the equilibrium obtains, 


pp + P’p’+ p/p” + &e. = 0, 


and conversely, there will be an equilibrium, when this equa- 
tion subsists for all displacements compatible with the con- 
ditions of the system. 

The infinitely small lines Mn, M’N’, MN”, &c., are termed 
the virtual velocities of the points M, m’,m”, &c., because they 
are the spacessthat would be simultaneously described by the 
points of the system, in the very first instant in which the 
equilibrium is destroyed. 

It should be observed, that the principle of virtual velo- 
cities contained in the formula stated above, furnishes merely 
the conditions of equilibrium which may be expressed by 
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equations, but not those which are relative to the directions 
of certain forces, and to the extent within which they should 
meet.a fixed plane (No. 266). The motions compatible with the 
conditions of the system, which furnish the equations of equi- 
librium, are such, that motions directly contrary are equally 
possible. For example, if a material point is placed on a 
fixed plane, the motion will be possible in every direction 
taken in this plane, and also in the corresponding opposite di- 
rection ; but perpendicularly to this plane, it can only have 
place in one sole direction. Now, the consideration of the 
motions performed in the plane, will furnish us with conditions 
of equilibrium which may be expressed by equations, and the 
consideration of the perpendicular motion will only determine 
the direction of the normal force, which ought to be contrary 
to that of the possible motion. In the general statement of the 
principle of virtual velocities, it is implicitly supposed, that 
each of the motions compatible with the conditions of the sys- 
tem, and the directly contrary motion, are equally possible ; 
and if the preceding equation be successively applied to these 
two motions, all the quantities p, p’, p”, &c., will change their 
signs, and there will only result but one equation of equilibrium. 

If the force p is the resultant of several given forces 
a, 9,9”, &e., and if g,g', g”, &c., denote the projections of 
MN on their directions, we shall have (No. 34), 


pp = ag +0/g' + 0'¢" + &e. ; 


so that we can replace in the preceding equation, the term pp 
relative to the force p, by this sum of terms of the same nature, 
which refer to its components; and we may make the same 
substitution in case of the forces Pp, P’, Pp”, &c., if they are also 
the resultants of several other forces. 

It appears from No. 39, that in the case of an isolated 
point, the principle of virtual velocities is a consequence of 
this last equation, whether the point in question be entirely 
free, or whether it be constrained to remain on a given curve 
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or surface. We proceed now to demonstrate this general prin- 
ciple in the case of any system whatever of material points 
M, M’, Mm”, &e. 

332. Let us suppose that these points are connected to- 
gether, either by inflexible rods, or by flexible threads, of 
which the first must be firmly attached to these points, 
while the second traverse them like moveable rings. In this 
last case, these points or rings are free to slide along the 
threads that traverse them, which, therefore, must be per- 
fectly flexible. It is evident, that, after the given forces 
p, P,P”, &e., are applied to the points M, M’, mM”, &c., and 
the equilibrium is established, the threads which connect 
these points two by two, must each of them experience a 
particular tension, that is to say, each of these threads will 
be drawn at its two extremities by equal and opposite forces, 
acting in the directions of its productions, as has been al- 
ready stated in the case of the funicular polygon (No. 285). 
The intensity of this force will measure the unknown tension 
which this thread experiences. Any thread that is not 
stretched, will contribute nothing to the equilibrium, and, 
therefore, need not be taken into account. 

The tension may vary from one thread to another ; but in 
the case of two threads, that are the production, the one of 
the other, through a ring, the tension is the same, in these 
two parts of the same thread, which must necessarily expe- 
rience the same tension throughout its entire length (No. 289). 
Thus, for example, if m is a ring traversed by the thread 
m/mm”, the tension of sm’ is the same as that of MM”. 

When several threads cross cach other in passing through 
the same ring, the tension is the same in the two parts of 
each thread, but it may vary from one thread to another. If, 
therefore, beside the thread x1’mm”, the thread mam?” like- 
wise passes through the ring M, the tension will be the same 
in the two parts mm’ and mM?" of this last thread, and, in 
general, it will be different from that of the two parts aa’ and 
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mm” of the first thread. And, if another thread, such as mM” 
should terminate at the same ring M, to which it is firmly at- 
tached, its particular tension will, generally speaking, be dif- 
ferent from the tensions of the other threads that terminate at 
the same point m. 

It is likewise to be observed, that if m/ is a ring as well as 
M, and if the thread m’mm’, after having traversed the ring 
M, passes likewise through the ring m’, and terminates at the 
point ™’”, the tension will be the same in the three threads 
m’M, um’, w’m’”’; for then these three threads constitute only 
one m’um'm’”’. In general, when a thread is distributed into 
several parts by moveable rings, the tension is the same in all 
its parts. 

With respect to inflexible rods, when the equilibrium ob- 
tains, they are drawn or pushed in the direction of their length, 
by equal and contrary forces, acting at their extremities. The 
common intensity of these two forces, in the case of each rod, 
is the measure of the tension or contraction that it under- 
goes. If there be any rods in the system which are neither 
stretched or contracted, they do not contribute to the equi- 
librium, and, being useless, they may be suppressed. Hence, 
in what follows it is assumed, that the rods or threads which 
connect the different points of the system, are stretched or 
contracted in the direction of their length by unknown forces. 

The advantage of the principle of virtual velocities, con- 
sists in this, that it furnishes the equation of equilibrium in 
each particular case, without requiring us to compute these 
interior forees; but as the demonstration which we propose to 
give of this principle, is founded on the consideration of these 
forces whose magnitude is unknown, the following notation 
may be advantageously employed to represent them. 

The tension or contraction of the flexible or inflexible 
thread which connects any two points m and m/ of the system, 


will be denoted by [m, m’]. In this manner [m, wm], [2', me"), 
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&c., will represent the tensions or contractions of threads 
which connect Mm and mM”, m/ and Mm”, &e. 

333. We must likewise consider the infinitely small vari- 
ations which the distances of the points M,m’,™”, &., taken 
two by two, undergo, when only one of these points changes 
its position, and also when they are both displaced simul- 
taneously. Denoting the distance between any two points 
mand mM’, Mand mM”, m’and Mm”, &c., by (m, m’), (m, m’), 
(m! m'), &c., if we employ the characteristic 3, to denote” 
the variations of these distances relatively to the displacement 
of the point mM, the characteristic 3,’ to denote those which 
obtain when it is the point m/ that is displaced, the charac- 
teristic 8,’ to indicate the variations arising from the displace- 
ment of m”, and so on, and finally, if the characteristic 8 be 
reserved to denote the variation of the distance of the two 
points, resulting from their mutual displacements, we shall have 

8 (m, m‘) = mM’ — wy’, 

8; (mm, m’) = um’ — no’, 

8Y (m, m') = uM! — MN’; 
for m has been supposed to have been transferred from M tan, 
and m’ from m’ to nN’. 

It is of consequence to observe, that the entire variation 
indicated by 8, is equal to the sum of the partial variations 
indicated by 8, and 6,’; so that for any two points whatever, 
we have 

8 (m, m’) = 8; (m,m’) + 8 (m, m’) ; 
this equation obtains, because the displacements of M and mw’ 
are supposed to be infinitely small, and it is only true on this 
hypothesis. In fact, (mm) is a function of the coordinates of 
these two points ; and when m and wm’ are transferred to w and 
n’, these variables experience infinitely small increments, 
positive or negative ; now, if the powers of these increments 
higher than the first, be neglected, it is evident that the entire 
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increment of any function whatever of these eoordinates, is 
equa] to the sum of the partial increments arising from the 
varidtion of each coordinate separately ; consequently, the 
entire variation of (m,m’), indicated by the characteristic 8, 
must be equal to the sum of its partial variations which refer 
to 8, and 8/(a). 

334. What precedes being admitted, let any point m, to 
which the given force P is applied, be considered. This point 
is connected with the others by the threads mm’, MM”, &c. 3 
it is, therefore, drawn or pushed in the direction of each of 
these threads by a force equal to the contraction or tension 
which this thread experiences ; so that besides the given force 
P, the point m is likewise subject to the action of as many other 
forces as there are threads terminating at this point. “These 
interior forces being thus taken into account, we may abstract 
altogether from the consideration of the threads which connect 
M with the other points of the system, and regard it as an 
isolated point, which is in equilibrio, in consequence of the 
action of the force p, and of the forces [m, m‘], [m, m’), &c. 
If m is a fixed point, no equation of condition will result from 
them, but if it is entirely free, or if it is only constrained to 
remain on a given curve or surface, we shall have between 
these forces, the equation of virtual velocities, which has been 
already demonstrated to obtain in the case of a material point 
in equilibrio. ; 

In order to form this equation, let a point be taken in- 
finitely near tom, and appertaining to the curve or surface on 
which M is constrained to exist, if it is not entirely free. If 
p,t, t’, t”, &e., be the projections of mn on the directions of 
the forces p, [m, m’], [m, m], [m, m’”’], &c.; by No. 39 we 
shall have 


pp + [m, m’].¢ + [m, m].t’ + [m, m].t’ + &e.= 0. 


But, as the line mn is by hypothesis infinitely small, it is 
easy to perceive that its projection on Mm’, is q. p. the dif- 
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ference of the two distances mm’ and nm’; for if from the 
point n (fig. 83) the perpendicular nu be let fall on mm’, the 
line mu will be this projection, and we shall have 

MH = MM’— HM’, 


We have also, by neglecting infinitely small quantities of 
the second and higher orders, 


uM’= (xM’)?— (wH)*?= NM’, 
hence, therefore, 
MH = MM’ — NM’, 


Accotding to the notation explained above, this equation is 

me t= 8 (m,m’); 
+ ’ 

and in the same manner we shall have 


t= 8,(m, m”), t”= d\(m, m’”), &e.; 


consequently, the equation of equilibrium will become 


pp + [am, m’].8, (m, m’) + [m, m’].8, (m, m’) 
+ [m, m""] 8; (m, m'”) + &e. = 0. 

In the case of each of the other points um’, m’, 1”, &e., of 
the system, similar equations may be obtained, these equa- 
tions will be 

v'p! + [im’, m] 8, (mm’, m) + [7m’, ml] 8, (mi, m") 
+ [m', m’”] 3, (n', m”) 4+- &e. = 0, 
P"p” + [m'", mi] 8," (m", m) + [n”, m”] 31" (m", m') 
+ [m", m""] 8" (mn, mm’) + &e. = 0, 
pp” Lm, mi] By" (an, m) + Lm”, m!] 8," (m", m’) 
+ [m”, m') 8" Gn", m”) &e. = 0; 
p's p's p'”; &e., being the respective virtual velocities of 


mw’, uM”, 1”, &e., projected on the directions of the given 
forces rp’, P’, ve”, &e., which act on these material points. 
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We shall obtain, by adding these equations together, and 
by observing, that [, m’] and (2, 2’) are the same thing as 
[m’, m] and (m’,m), and that the same is likewise true for the 
other points m’, m’”, &c., 

Pp + pip! + pp + Pip + &e. z | 
+ [m, m’]. 8 (m, m’) + [m, m'"] -8(m, m’) | 
+ [m, m!’"]. 3m, m'”) + Bee. | 
© [my mi]. 8 (an! me) 4 [vm]. 8 (m', mi”) | (@) 
+ [m’, m8 (m", m’”) + &e., 
+ &e. = 0. : | 
in which the total variation of each distance is substituted if 
place of the sum of its partial variations. 

335. In what precedes the displacements MN, M’/N’, M’'N”, 
&e., (fig. 82), are supposed to be independent of each other ; 
and in equation (a) it is only implied that these points have 
remained on the given surfaces or curves, on which they are 
obliged to exist; but, if we suppose, in addition, that, in 
consequence of these displacements, the points of the system 
which are connected by a rod, or stretched thread, have pre- 
served the same respective distances, we shall have 

d(m, m’) = 0, d(m,m”)=0, 3 (m’,m”) = 0, &e., 
and equation (a) will be reduced to the following: 
pp + Pp! + ep” + Pp” + &e. = 0, (b) 
which is precisely that of the principle of virtual velocities 
(No. 331). 

If in the displacements of the points m, m’, 4”, &c., those 
which are rings slide along the threads which traverse them, 
equation (b) will still obtain, provided that the total length 
of these threads does not vary. Let us, for example, suppose 
that m is a ring which slides along the thread m’mm”, then we 
shall have no. longer separately 8(m, m’) and 8 (m, m”) = 0, 
but we shall always have 
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S(m, m’) + 8(m, m”) = 0, 
since the entire length of the thread continues constant. But, 
in this case, as the tensions [m, m’] and [m, m’’] of the two 
parts of this thread are equal; the terms which contain these 
tensions in equation (a) may be written thus, 
{m, m’] . [8(m, m’) + 8(m, m)], 
and, consequently, they destroy one another. 

In general, when a flexible thread passes through any 
number whatever of rings, the equal tensions of its different ; 
parts will disappear from equation (a), as often as the entire 
length of this thread does not vary. We can, therefore, finally 
infer, 

Ist. That the equation resulting from the principle of vir- 
tual velocities obtains in the case of all infinitely small mo- 
tions which can be impressed on a solid body, whether free or 
constrained by fixed obstacles; for in all these motions, the 
respective distances of the points of this body are invariable. 

2ndly. That this equation obtains also in the case of all 
the infinitely small motions which a system of points or rings 
connected together by flexible threads can acquire, provided 
that these threads remain straight or stretched. When this con- 
dition is not satisfied, all the tensions would not disappear in 
equation (a), and, consequently, equation (b) no longer obtains. 

336. It is necessary likewise to demonstrate that, con- 
versely, when equation (b) obtains for all the infinitely small 
motions which can be impressed on a system of points M,m’, mM”, 
&c., the given forces P, P’, P’, &c., are in equilibrio, as has been 
already stated, (No. 331). 

If for one instant it be supposed that the equilibrium does not 
obtain, the points M, m’, M”, &c., or at least some of them, will 
begin to move, and in the first instant they will describe simul- 
taneously right lines such as MN, Mn’, MN”, &.; therefore, all 
these points may be reduced to a state of rest by impressing on 
them suitable forces, acting along the productions of these lines, 
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in a direction opposite to that of the motions produced ; conse- 
quently, ifwedenote theseunknown forces by k, R’, R”, &c., there 
will be an equilibrium between the forces pr, r’, P”’, &c., and 
R, R’, Rr”, &c.; so that if 7, 7’, r’, &e., denote the virtual velo- 
cities projected on the directions of these new forces r, Rr’, R”, 
&c., we shall have, by the principle of virtual velocities that 
has been demonstrated, 


pp + p’p! + ep” + &e. + Rr + Rr’ + Rr"  &e. = 0, 
or simply 
Rr +R? + Rr” + &e. = 0, (c) 


in virtue of equation (b), which is supposed to have place. 

As equation (c) obtains for all infinitely small motions 
compatible with the conditions of the system of points M, wm", 
&e., we may select for their virtual velocities, MN, M’N’, MN", 
&c., the spaces actually described in the same instant; but as 
these lines are laid off on the productions of the directions of 
rk, R', R", &c., it follows that all the projections 7, r’, 7”, &c. 
will be negative, (No. 331), and, abstracting from the sign, 
equal to these very lines mn, m’n’, M’x”’, &c. In this ease, 
then, all the terms of equation (c) have the same sign, and 
consequently, their sum cannot vanish, unless that each term 
in particular is equal to cypher; hence we shal} have 


R.MN= 0, RuM’/N’= 0, RMN’ = 0, &e. 


Now, if the product r.mn = 0, we must have either r = 0, 
or MN = 0; in both which cases, it follows that the point M 
cannot move; it is the same with respect to all the other 
points; consequently the entire system isin equilibrio; which 
it was proposed to demonstrate. 

337. In the case of fluids, it will be shewn hereafter, by 
means of their fundamental property, that the principle of 
virtual velocities obtains likewise in the equilibrium of a sys- 
tem of forces, the actions of which are transmitted by the in- 
tervention ofa fluid contained in a canal or ef any ‘form 
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whatever. So that this principle of equilibrium, being appli- 
cable in every case, will have all the required generality ; for 
when material points are detached from each other, the only 
way in which the action of these forces can be transmitted 
from one point to another, is either by means of inflexible rods, 
of stretched threads, or of fluids contained in canals; and 
moreover, if some of these points are immoveable, others per- 
fectly free, and others constrained to exist on given curves or 
surfaces, the system of material points thus constituted will be 
the most general which there will be any occasion to consider. 
Nevertheless, it will be perhaps not unnecessary to give 
another demonstration of the same principle, for which we 
are indebted to Lagrange, and which is grounded on notions 
that are more elementary than the preceding; in fact, it is 
founded on the possibility of our being able to replace all the 
forces applied to any system whatever of material points, by 
one weight acting in a manner which we now proceed to 
explain. 

338. Ifa point m (fig. 84) is solicited by a force P acting 
in the direction of the line ma, we may, in the first place, 
suppose that this force is applied to the point a, and that it acts 
by means of a cord ma attached to this point mM. We may 
then substitute for this cord, a thread which is alternately 
rolled round a fixed and moveable system of pulleys, and is at- 
tached by one of its two extremities to one or other of these 
two systems; that which is fixed being supposed to refer to 
the point a, and that which is moveable to the point m. If at 
the free extremity of the thread, a weight x is suspended ver- 
tically, its tension throughout its entire length will be equal 
to x. If the dimensions of the pulleys be supposed to be in- 
finitely small, the tensions of all the parts of this thread, which 
terminate at the moveable system, will have the same direc- 
tion; and, denoting their number by ?, their resultant will be 
equal to 2k, which will act at the point M in the direction of 
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MA$ consequently, if ix = P, the action of the force P may be 
replaced by that of the weight x. 

The same will be the case with respect to the other forces 
pv’, Pe”, &e., applied to the points m’, mM”, &., and acting in 
the directions m’a’, ma", &¢.; each of them can be replaced 
by a weight equal to a submultiple of its intensity, and acting 
in the manner that has been explained with respect to the 
force p. Moreover, it is easy to perceive that, as is Tepre- 
sented in figure 85, we can always make the same thread to 
pass successively over all the fixed systems at a, a’, a”, &e., 
and over all the moveable systems attached to the points 
M, M‘, mM”, &c. Hence if we make 


or, MkKoP, tK=P", Ke. (a) 


i, ’, 2”, &c., being whole numbers, we can, by suspending the 
weight x at the free extremity of this thread, replace the system 
of given forces P,P’, pr’, &c., by this weight, the action of 
which will be transmitted to the points M, m’/, m”, &c., through 
the intervention of this thread, and of the fixed and moveable 
systems. Indeed, it is implied in equations (d), that the forces 
p, v’, p", &e, are commensurable; but this hypothesis is always 
admissible, because their common measure K may be a weight 
as small as we please, and even, if necessary, infinitely small(c). 

_ 339. Let us now conceive that there is impressed en the 
points M, m’, mM”, &c., a motion which, as also the directly 
contrary motion, may be consistent with the conditions of the 
system ; after an infinitely small portion of time, let n,n’, N", 
&c., be their positions, and let, as before, p, p’, p”, &e., denote 
the projections of MN, m’n’, M’N”, &c. on the directions of 
p, P,P’, &e., or on their productions. The point n being 
projected at @ on the right line ma, each of the cords which 
issue from a to m will be shortened by a quantity am — an, 
which, if infinitely small increments of the second order be 
neglected, may be considered as equal to ma; on the other 
hand, this cord will be lengthened by a quantity equal to Ma, 
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if the point a falls on the production of am; hence it follows, 
that in consequence of the displacement of m, the weight K 
will descend in the first case, and ascend in the second, by a 
quantity equal to the product of ma and; which implies, 
agreeably to what was stated relative to the sign of p, (No. 
331), that, in consequence of this sole displacement, the posi- 
tive or negative variation of its vertical height will be ex- 
pressed by ip. The same will be the case with respect to all 
the other points m’, mM”, &c.; consequently, if Z be an infi- 
nitely small quantity that represents, according as it is positive 
or negative, the entire quantity by which the weight K de- 
scends or ascends in consequence of the simultaneous dis- 
placements of all the points of the system, we shall have 

Sippy + ip! + &e. 
Now, when the weight k tends to descend, as it is the only 
force which acts on the system, it is evident that nothing will 
prevent it from producing the motion in question, if this value 
of Z is positive; and that, if it is negative, nothing will pre- 
vent the weight x from producing the direct contrary motion, 
which is supposed to be equally possible, and for which the 
sign of Z must be changed. It is therefore necessary, in or- 
der that the equilibrium may obtain, that Z should be equal to 
zero. Conversely, as the weight kK cannot produce any mo- 
tion whatever, without descending by an infinitely small quan- 
tity in the first instant, it follows that it will not produce any, 
and that if Z = 0, the equilibrium will obtain for all the infi- 
nitely small displacements of the points u, m’, a”, &e., which 
are compatible with the conditions of the system. 

Now, if x be multiplied by the equation 

ip + tp’ +i’p" + &e. = 0, 
which is necessary, and suffices to insure the equilibrium, it 
will be changed, by having regard to equations (d), into 
equation (b), which is that of the principle of virtual velo- 
cities, it was proposed to obtain. 
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340. In this demonstration it is not assumed, as in the 
former, that the principle has been previously demonstrated in 
the case of an isolated material point. If the system be re- 
duced to one sole point M, to which the forces P,P’, P”, &e. 
given in magnitude and position, are supposed to be applied, 
we thould substitute for their simultancous action that of one 
sole weight K, asin No. 338 ; and, in the case of the equilibrium 
of these forces, the principle of virtual velocities may be de- 
duced from this substitution by the same mode of reasoning 
as in the case just considered. Now, this principle will at 
once furnish the equations of equilibrium of the point M, con- 
strained to remain on a curve or a surface, or which may be 
entirely free, (No.39). In this last case, if one of the forces 
be considered as being equal and contrary to the resultant of 
all the others, the rules of their composition and resolution, 
and also the theorem of the parallelogram of forces may be de- 
duced from it. By applying this principle to the equilibrium of 
three parallel forces, one of which is consequently equal and 
contrary to the resultant of the two others, the rules of the 
composition and resolution of parallel forces may, in like man- 
net, be deduced. 

We may also, without difficulty, infer from the general 
principle of virtual velocities, the equations of equilibrium of 
a solid body entirely free, which have been already obtained 
in another manner in No. 260. 

In fact, we can, in the first place, suppose that all the 
points of this body describe’ right lines mutually equal to each 
other, and parallel to one of the axes of the coordinates. De- 
noting the length of these lines by /, and by a, a’, a”, &e., 
the angles which their common direction makes with the di- 
rections of the given forces, we shall have 


paheosa, p'= heosa’, p” = hcosa”, &e., 


for the virtual velocities of M,™’s om’, &c., the points of the 
solid body, projected on the directions of the forces P, pf, BY, 
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&c., which are applied to these points; therefore, if these va- 
lues be substituted in equation (b), we shall obtain, by sup- 
pressing the factor h, which is common to all the terms, the 
equation of equilibrium 


P cosa + P’cosa’ + P’ cosa” + &e. = 0. 


If the motions of the body parallel to the two other axes 
of coordinates be respectively considered, two other equations 
of equilibrium similar to this may be obtained in the same 
manner. 

We may also cause the body to turn about one of the axes 
of the coordinates. In order to obtain the equation which 
corresponds to this motion, let the coordinates of the points 
M,m’,m”, &e., and the angles which the directions of the 
forces Pp, »’, r”, &c., make with those of these coordinates, be 
denoted by the same letters as in No. 260. If the rotation 
takes place about the axis of z, each of these points will de- 
scribe an are of a circle parallel to the plane of the axes of # 
and y, the radius of which will be the perpendicular let fall 
from this point on this axis. Moreover, as the body is sup- 
posed to be solid, and therefore all its points to be firmly con- 
nected together, by the nature of the solid body, the angle 
described by this perpendicular will be the same for all its 
points. If, therefore, it be supposed to be infinitely small, 
and denoted by w, and if 7, 7’, 7”, &e. denote the distances of 
the points M, m’, a”, &c., from the axis of z, their respective 
virtual velocities will be rw, 7/w’,7w"’, &e., and if 8, 8, 8", 
&c., denote the angles, either acute or obtuse, which the di- 
rections of these velocities make with those of the forces 
pr, P,P”, &e., there will result 


p=rweosd, pi =rweoss, p= rwcosd", &e.s 


for the expressions of the projections of these same velocities, 
on the directions of these forces, or on their productions. 
Moreover, if a, b, ¢ be the angles comprised between the 
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direction of the velocity rw and the parallels to the axes of 
25 y, 2, drawn through the point  ; the same angles relative 
to the direction of the force P being a, f, y, we shall have 


cos§ = cosa cosa + cosd cos + cose cosy ; 
but because 7w is in the direction of a tangent at the point m 


to the circle, the centre of which is in the axis of z, it is easy 
to perceive that ’ 


<s 


cosh = + —-, cosa F cose = 0, 


318 


;y’ 
and, consequently, 
p= rweosd = + (xcosB—y cosa) w. 
In like manner we shall have 
p’ = £ (#'cosR’ ~ y’ cosa’) w, 
p" = + (a cosB"”—y" cosa") a, 
+ &e. 


The signs will depend on the direction of the rotation; we 
should take the superior or the inferior signs in all these 
values at the same time; therefore, if they be substituted in 
equation (1), we shall obtain, by suppressing the factor + w, 
which is common to all the terms, 


p(x cosB — y cosa) + p'(x’cos 8’ — y’ cosa’) + &c. = 0. 
This equation of equilibrium is that of the moments with 
respect to the axis of z, about which the motion has place ; the 
equations of the moments, with respect to the axes of the co- 
ordinates of « and y, may be obtained in the same manner, by 
making the solid body to turn successively about these two 
tight lines. 
341. Equation (b) may be made to assume another form, 
which will render it of casier application in particular cases, 
For this purpose, let x, y, z be the coordinates of the point 
mM in its position of equilibrium; 2 + dx, y+ dy, z+ 82, 
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what these become, when this material point is transferred tow 
a point infinitely near; x, y, z, the components of the force P 
in the directions of the productions of a, y, z, estimated posi- 
tively ; these infinitely small quantities 8x, Sy, Sz will be the 
projections of the virtual velocity mn on the directions of 
X, ¥, 2; and if p denote, as before, its projection on the di- 
rection of Pp, we shall have (No. 331) 


Pp = xoa +- yoy + 28z. 

, if the corresponding quantities which refer to the points 
om’, m",&c., be denoted by the same letters with accents, we 
shall also have 

vp! = x'82' + voy + 262’, 
p'p" = x"Bx"” 4 "By" 4 2"82", 
&e. 
' By adding these equations to the preceding, we can write 
pp + P’p’ + pip" + &e, = E (xd 4 vdy + 282): 
the sum % being supposed to extend to m,m‘,m”, &e., all the 
points of the system, and it, consequently, consists of a num- 


ber of similar parts, equal to that of these points. By this 
means, equation (b) will assume the form 


X(xdz 4+ voy + z8z) = 0, (e) 

which it was proposed to give it. 
Now, whatever be the connexion between the points of the 
system, it may be always expressed by one or more equations 
between their coordinates. Therefore ifL, 1’, i", &c., be given 


functions of a, y, z, 2',y’,z', 2", &c., or of a part of these co- 
ordinates; and if we suppose that these equations are 


L=0, W=0, L’=9, &e, (f) 
then as the simultaneous displacements of all the points of the 


system must be compatible with the conditions to which it is 
subjected, it is necessary that the coordinates 2, ¥, 2, xy’, &e., 
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of m, M', Mm”, &., and «+ 82, yt by, z+ 8z, 2’ -+ 82’, &e., the 
coordinates of x, n’, NX”, &e., should successively satisfy these 
equations; consequently, if infinitely small quantities of the 
second order be neglected, we shall have 





du du dy , ay, ae 
dee? + 9 Y + G8 t ay be + &. = 0, ] 


du’ dy’ du’ dy! 
ee + a! +Z& + ae + &c. = 0, () 


> 





du" a’ du” da’ 
a ba + ay! + a éz +55 da’ + &e. = 0, 


&e. 3 


If the direction of the displacements of all the points of 
the system be changed simultaneously, the signs of 82, dy, Sz, 
82’, &e., will be all changed at the same time, and these equa- 
tions will be still satisfied; so that the infinitely small motions. 
to which they refer, and the motions directly contrary, are 
equally compatible with the given conditions, as is implicitly 
supposed in the general statement of the principle of virtual 
velocities, (No. 331). , 

This being established, by means of these equations (g), 
there can, in each case, be eliminated from equation (e) a num- 
ber of the quantities Sz, oy, 82, Sx’, &e., equal to that of equa- 
tions (f) ; those of these quantities which will afterwards remain 
in the first member of equation (e), will be independent of each 
other; consequently their coefficients may be put separately 
equal to cipher; this will furnish all the equations ‘of equili- 
brium of the system, the number of which will be equal to 
three times that of the material points a1, mw’, ”, &c., minus 
the number of equations (f). When the positions‘of these 
points, that is to say, the values of their coordinates By Ys 22’, 
&e., are given, it is necessary that the components of the 
forces P, P’, Pp”, &c., should satisfy these equations of equili- 
brium ; when, on the contrary, these forces being given in 
magnitude and direction, the positions of the points of the 
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system are unknown, these same equations, combined with 
equations (f), will enable us to determine all their coordinates. 

342. As equations (e) and (g) are linear with respect to 
éx, Sy, dz, 82’, &e., the elimination of a part of these quan- 
tities may be effected by the usual method, i. e. by adding 
these equations together, after having multiplied equations (g) 
by indeterminate factors, and then, making in this sum, the 
coefficients of the quantities dx, 8y, dz, Sx’, &e., which it is 
proposed: to eliminate, equal to cipher. As the coefficients of 
the remaining quantities must be likewise equal to cipher, it 
follows that the coefficients of all the quantities bz, dy, dz, Sx’, 
&ey should be indiscriminately put equal to cipher, in the 
sum in question; hence there will result a number of equa- 
tions equal to that of the coordinates, between which there will 
remain, in each case, indeterminate factors to be eliminated, in 
order to obtain the equations of equilibrium of the system. 

If we denote the factors by which equations (g) should be 
multiplied, by A, A.A”, &e., we shall have, by what precedes 


di dy’ du" se 
SEAT +N G+ a t &e. = 0, ] 


du du du” & 
BAe A aA dy + &e. = 0, (p) 


du du. du” ot ! 
t+A tM +X a + ke 0, J 





for the equations arising from the coefficients of dz, dy, Sz; in 
like mamner we shall have 


3 


(h') 


\ du aul. dl” = 
x tae TM GTN GS + &e. = 0, 


ee | 


: du du. da o. 
. ae ag th ay + &#= 0, 


‘ 





‘ du -di' di” 
, du de Oe 4 Be 0, 
Zz ER Pat Ags + &e 


for those which arise from the coefficients of be’, 8y’, 82’; and 


J 


so on. 
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Instead of simply eliminating A, /,A”, &e., their values 
may be obtained by means of these equations; and we now 
proceed to shew how we may deduce from them, in mag- 
nitude and direction, the forces arising from the connexion of 
the points of the system, which act on all these points, and 
constitute an equilibrium with the given forces P, v’, Pp”, &e. 
The determination of these unknown forces is an important 
part of the problem of equilibrium, the general and complete 
solution of which will be found thus comprised in equations (f), 
(h), (h’), &e., taken together. : 

343. Ifall the points of the system, minus the point M, 
be rendered fixed, the equilibrium will not be disturbed. In 
virtue of equation 1 = 0, the point m will be then con- 
strained to move on the surface of which 1 = 0 is the equa- 
tion, and in which the coordinates 2, Yy, 2, are the sole vari- 
ables. Now, if the resistance of this surface be denoted by py 
it will act in the direction of one of the two parts of the nor- 
mal at M, and we can substitute for this surface, or the equa- 
tion of condition 1 = 0, this unknown force. In like man- 
ner, we can replace 1’ = 0, by a force p, acting perpendicu- 
larly to the surface which belongs to this equation; 1” = 0 
by a force y, normal to the corresponding surface, and so ons 
therefore, if these normal forces py y,, 4,» &e., be joined 
with the given force p, or its components x, ¥, z, the point 
may be regardéd as altogether free and isolated. Conse- 
quently, if a, 6, ¢, denote the angles which the direction of 
the force » makes with lines parallel to the axes .of 2, y, z, 
drawn through the point M; and if a,, d,, ¢,, be the same angles 
,telative to the force 4, and so on; we shail have 


X 4p cosa + p,cos a, + p,, cos a,, -+- &e. = 0, 

t 
Y + pcos 6 + p, cos b, + p,, 008 b,, + &e. = 0, 
Z+poose + 4, cose, + p,, cose, + &e. = 0, * 


for the three equations of equilibrium of the point x. More- 


over, if, in order to abridge, we make 
q 


= VE)+@) +E) 
= V@)+ G+ Ca)» 
a VEY Ye EY 


+ &e. 


we shall have also, by known formule (No. 21), 


eget ee cope tae ee 
v dx’ vdy’ py ds” 
song ees cos b, aim cos ¢, de i 
v, dx; Op, dy 1 yp, dz re (i) 
cos a, = ori cos b aha COS ©, aiau : 
Vy, dx’ if Vy di “ Vy dz 


&e. ; 4 


by means of which, the three equations of equilibrium will 
be changed into the following : 


BK du By dy! Hay EL” 


AN de! vide) uy de + &e. = 0, 


vee pee ta Be = 
v, dy © v, d z 
side we ee? pan =0. 


vdy * v,dz ° v, d: 


Now from a comparison of these equations with equations 
(h), with which they are identical, it appears that 
w=vry p=vr'y p= vr", &e. + 


Thus, relatively to the point m, the forces which arise from 
its connexion with the other points of the system, are expressed 
by the products vA, vA’, v,A”, &e.; as these forces must be 
positive quantities, the radicals 1, v,, v,,, &c., must have the 
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same signs as the quantities X, ,, ,,. &c., and their directions 
will be completely determined by equations (i). 

If, in the same manner, p’, 1./, 4,5 &c., denote the forces 
arising from the connexion of the system, which act on the 
point m’, and are normal to the different surfaces on which it 
is constrained to exist, when all the other points m, Mm”, m’”, 
&c., are fixed, we shall find 


war, pin, py = v,/rX", &e 5 


in which, in order to abridge, we suppose 


= VG GE. 
we VEE. 
Ce 


Similar expressions may be obtained for the forces relative 
to the points mw”, m’”, &c. 

344. It appears from-a comparison of the values of » an 
on that 

BV wv 5 

so that they are as the quantities » and». When, therefore, 
two material points mand m’ are connected together, and also, 
if we please, with any, numbér whatever of other points, by 
an equation L = 0, there results in the state of equilibrium, 
the forces » and yw applied to m and m’, the magnitudes of 
which are as y and y’, and these forces make with the axes of 
the coordinates, angles whose cosines are 


ldu ldt ld 

© v dx’ vdy’ pdz’ 

for the force p, and Bee Py 
ld old ld 
vide” ydy? y dz” 
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for the force 4’. The direction and magnitude of these forces, 
depend on the sign and magnitude of \, which in each case may 
be deduced from the equations of equilibrium. 

The consideration of the surfaces on which each of the 
points of a system are at libetty to move, when all the 
others are supposed fixed, determines the normal directions of 
the forces arising from the connexion of these moveables, for 
each of the equations by which this connexion is expressed 
(No. 290); but we cannot deduce from them any relation 
between the forces relative to two material points connected 
together by the sam@ equation ; and it is the principle of vir- 
tual velocities, or equations (h), (h), &c., that have been de- 
duced from it, which enables us to determine thjs ratio a priori, 
in the case of equilibrium. : 

345. Tor an application of these formule, let us consider 
the case of the funicular polygon, which has been already dis- 
cussed in the first section of the preceding chapter; and let us 
suppose that the material points , m’,m”, &c., are the suc- 
cessive summits of this polygon. : 

If 2, /’, 2", &e., be the given lengths of the sides mm’, m’m", 


w 


m’m'”, &c., equations (f) will in this case be 


L = Vana Hy PE 2 — = 0, 
= V @—alP + yy") +2 - v= 0, 






































W- V (ea + Gy E+ (ee 2m Vso, 
&e.; . 

hence there will result(s) 
du du ema’ dh dt! ot! ar? 
dz dx’ 0 da’ al ke 
dt du _y-y du a yy" ao 
dy dy iL *? dy dy’ " 
du dt at! dul x3" 
de de fe po AE 
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2 
and all the other -partial differences of 1, 1’, iu”, &e., which 
oceur in the precedinx formule, will be equal to cipher. 

In the case of the two points M and m’, we shall have 


pov +tl, powort,, 





in which the superior or inferior signs should be taken, accord- 
ing as the value of ) is positive or negative. From this and 
the preceding equations, we may infer that the points m and 
m’, will be solicited by equal and opposite forces, acting either 
in the direction of the line mm’ or of its productions, and the 
quantity A will, abstracting from the sign, express the com- 
mon intensity of these forces. The same will be the case 
relatively te the points m’ and w”, m” and m’”, &c.; so that 
in the state of equilibrium, the quantities X,’,X”, &e., will 
express) the contractiong or tensions" of the successive sides 
mM’, MM”, MM’, &c. Since, by equations (i), we have 


/ 


tT 





—y’ z—2' 
cosh = + 2OY, cose = 7 





cosa = 





. in which the superior or inferior signs should be taken, accord- 


ing’as the value of A is ‘positive or negative, it follows, for 
example, that the force applied to th® point m will be directed 
from m towards m’, and will express a gowtréction of the side 
mm’ when this value is negative, and, when this value i¥ posi- 


tive, this force wijl act in the opposite direction, and express @ . 


tension, and will indicate thgt the string is stretched. One 
or'other of these cases is pessible, if the sides of the polygon 

“are inflexible rods, joined by hinges; and the second case can 
alone obtain, if the sides are flexible threads. 


Equations (h), (h’), (h”), &e. may be written as follows : 





\ 
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wanEze) ax (EGE). 
v4 Nea Nar(tpe voy 
w4a (274) = vee), 
wen (*F*)=a(*), 
welt) =e (Ene) 


+ An et —2\x aw(Es2) 























It appears from a consideration of the three first, that the. 
tension ) is the resultant of the forces x, y,z(c). By adding . 
them to the three following, we shall obtain ; 


xprer(ESe -*), 
vever(G®), | 


Z4u= vw) ; 

whith shews that the tension \’ is the resultant of x’, ¥/, 2’, 
and of the forces x, y, Zz, transferred to the point M, parallel 
to themselves. By proceeding in. this manner, we shall ob- 
tain, for the tension of any side whatever, the samte value as 
in No. 287. , 

The number of summits m, w’, mw”, &c., being denoted by 
n, that of the preceding equations will be 32, and that of the 
tensions A, X’,”, &e., will be equal to n—1(d). Therefore if 
these quantities be eliminated, there will result 2n + 1 equa- 
tions of equilibrium, which combined with 1, /',1”, &c., the 
n -— 1 given lengths of the sides of the polygon, will be suffi- 
cient to determine the 3” coordinates of its summits, and, 
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consequently, its figure ef equilibrium. ° But this mode of de- 
termining the figure, &c., is attended with no practical advan- 
tage; it is therefore preferable, as has been done in No. 286, 
to trace the sides of the funicular polygon successively, by 
means of the given magnitudes and directions of the forces that 
act at its different summits. 

346. In the case of m, m’, Mm”, &c., any system whatever of 
material points, if the given forces which are applied to these 
points, arise from their mutual attractions or repulsions, or 
from similar forces which emanate from one or more centres, 
we shall have 

= (xdu + vdy + 2dz) = d.g (2,9, 2, 2’, y',2', &e.) 5 
in which ¢ denotes a given function of the coordinates of 
M, M’, mM”, &c., dependent on the law of these forces in a 
function of the distances. 

In fact, with respeet to forces emanating from fixed cen- 
tres, this follows from what has been established in No. 158. 
Moreover, let v express the mutual action of m and m’, which 
we will suppose to be attractive; let also w be their mutual 
distance, so that v may be a given function of x; it will be 


expressed by the equation 
1? = (a'—2)* + (yy)? + (22). 

The cosines of the angles which mm’ makes with lines drawn 

through the point m, in the directions of the positive axes of 

X,Y, 2, will be 

awv—a yy 2 

= So gee 


> 
ue a u 





if these be respectively multiplied by ct, we shall obtain the 
components of this force applied to the point m, and acting in 
the direction mm’. Those of the same force vu, applied to the 
point m’ in the direction M’x, will be equal and contrary ; 
hence it follows that the part of the sum & which arises from 
the action and reaction of m and M’, will be equal to 
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. (0! 2) (de—de') + (y'—y) (dy—dy) + (2/2) (dz—dz’)]. 
But, by differentiating the value of u?, there results 


udu = (a! —x) (dx’ — dx) + (y’—y) (dy'—dy) + (2/—z) (dz' —dz); 


from which it is evident that the preceding quantity is equal 
to — udu, that is to say, to the differential of a function of u. 
Similar expressions may be obtained for the parts of the sum 
=, which arise from the mutual actions of the other points of 
the system; consequently, its entire value will consist of terms, 
all of which will be exact differentials, and this value will be 
also the differential of a given function of the coordinates of 
all these points. 

In virtue of equation (e), this function, which we will de- 
note by ¢, will be a maximum or a minimum, relatively to the 
values of the coordinates that belong to a position of equilibrium 
of the system; and, conversely, if the maximum or minimum of 
the function ¢ be determined, regard being had to the equations 
(f) which may exist between the coordinates, the values that 
will be obtained for these variables, will refer to positions of 
equilibrium. Hence it follows, that when the system of points 
M, MW’, mM”, &c. is in motion, in which case their coordinates, 
and consequently, the quantity @ are functions of the time, 
this function ¢ will attain its maximum or minimum, whenever 
the system passes through a position in which it would remain 
in equilibrio, if the points of which it is composed had not 
any acquired velocity. 

347, There is an essential difference between the maxi- 
mum and minimum of the function ¢, which, as it is of conse- 
quence to take into account, we now proceed to explain. 

The state of equilibrium of a body or a system is said to 
be stable, when, if the moveables be made to deviate, ever so 
little, from their positions, they tend to revert to them, by 
making small oscillations which eventually, the frictions, and 
the resistances of the media in which they move, render 


. 


“ 
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insensible, or finally extinguish. The equilibrium is instable 
or instantaneous, when the body, or system of bodies, being 
made to deviate a little from it, recedes more and more from 
this position, until it finally terminates by being turned upside 
down. If we assume that there is no friction, which does to 
a certain extent retain the bodies in their positions, this second 
state of equilibrium is a case purely mathematical, that can 
never be observed, since the least disturbing force is sufficient 
to destroy it. 

This being established, the equations furnished by the 
principle of virtual velocities, or, what is the same thing, by 
the condition of the maximum or minimum of the function ¢, 
are common to these two states; but the maximum refers to 
the case of stable, and the minimum to the case of instan- 
taneous equilibrium; and thisis, in fact, what will be shewn in 
a subsequent chapter, when the nature of the motion that has 
place when a system of material points is made to deviate from 
any state of equilibrium will be considered, At present, we shall 
content ourselves with furnishing examples of these two states 
of equilibrium in the’ case of a system of heavy bodies, and 
with pointing out a remarkable Property of its centre of 
gravity. 

348. Let gravity be supposed to be the sole force applied 
to the points M, m’, m”, &c., which are the centres of gravity 
of bodies, whose weights are denoted by w, w’, w”, &e., then 
as this force is vertical, and acts’in the direction of the weight, 
we shall have 


40, Uw, 2" =u", &e; 
the other components will all vanish, and there will result 
dg = wdz + w'dz! + w "dz + &e, 
But if m denotes the sum of the weights w, w’, w”, &e., 


and z, the vertical ordinate of their centre of gravity, drawn in 
the direction of the gravity, we have likewise (No. 64), 
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NZ, = wz + '2’ + wz" + &e. 3 
consequently, there results 
dg=MNdz,, g=e+T%, 
e being an arbitrary constant. 

From this it follows—Ist, that the ordinate z, is a 
quantity which should be either’ a maximum or minimum, 
when the system is in equilibrio, and conversely ; 2udly, that 
the maximum of x, corresponds to the case of stable equi- 
librium, and its minimum to the case of instantaneous equj- 
librium, £ : 

Thus, the condition of equilibrium of any system ‘what- 
ever of heavy bodies, consists in this, that the centre of gravity 
of the entire system is the lowest or highest possible; the 
lowest, when the equilibrium is stable, and the highest when 
it is only instantaneous. 

349. It follows from this theorem, that if a heavy chain 
attached by its extremities to fixed points, is in equilibrio, its 
centre of gravity will be the lowest possible; this agrees with 
the result of No. 296. 

Ifa heavy material point is placed on a curve, and if in 
several points of this curve, the tangent is horizontal, the ver- 
tical ordinate of the material point, estimated in the direction 
of gravity, will be a maximum for those of its points, in which 
the concavity is turned upwards, and a minimum in the case 
of those points for which the concavity is directly opposite ; 
consequently, the first will be positions of’stable, and the last 
positions of instantaneous equilibrium. 

If a homogeneous heavy ellipsoid rests on a fixed hori- 
zontal plane, its centre of gravity or of figure will be the 
lowest possible, when the ellipsoid touches the fixed plane in 
one of the two extremities of the least of its three axes; and 
in this case the equilibrium will be stable. When it touches 
it in one of the two extremities of the greatest of its three 
axes, its centre of gravity will be the highest possible, and the 
equilibrium will be only instantaneous. 


PRINCIPLE OF VIRTUAL VELQUITAES. 565 


Finally, if the point of contact is an extremity of itsmean 
axis, the elevation of the centre of gravity will be a minimum 
for one part of the sections of the body, and a maximum for 
the other sections; consequently, the equilibrium will be 
stable or instable according as the displacements have place in 
the direction of the first or last sections. As what has been 
now stated is evident @ priori, it will enable us to verify the 
theorem of the preceding number. : 

Let us now suppose that two homogeneous heavy liquids 
are poured into a vessel ; if the surface of separation and that 
which terminates the upper liquid are respectively hori- 
zontal, and if this liquid be the one which has the east den- 
sity, the centre of gravity of these two liquids will be the 
lowest possible; for it is easy to perceive, that if one or other 
of these two surfaces be inclined or curved, the centre of 
gravity of the system will be always elevated. These two 
surfaces being always horizontal, if the less dense liquid be 
below the other, in the ‘same manner, it will appear that the 
centre of gravity of the system will be the highest possible. 
Consequently, in order that these fluids may be in equilibrio, 
it is necessary and sufficient that each of them be terminated 
by a horizontal plane ; but in order that the equilibrium may 
be stable, it is moreover necessary that the densest liquid 
should occupy the inferior part of the vessel. When the dif- 
ference of the two densities is inconsiderable, it is possible, 
by taking proper precaution, to make the denser liquid float 
on the other, but this instable equilibrium can only maintain 
itself sufficiently long to be observed, in consequence of the 
friction of the two liquids against the sides of the vessel. 


NOTES. 


INTRODUCTION. 


(a) As there are ninety degrees in the quadrant of the circum- 
ference, there must be 90, 60, or 5400 minutes, and 5100.60, or 
32400 seconds in it. 7 

(6) By stating this proporition we have 

182400" tin: Sew alata 
2 w 
and by substituting the value of w given in the text, we shall obtain 
the expression for w. 





(c) In fact, if A,a’, a”, be the projections of a given area / on 
these planes, and if i, 7’, 7”, be the respective inclinations of / on these 
planes, by what as been just established, we shall have 

A=tcosi, N=lcost’, A’ =lcost’; A EAT LAMS 
& (cos? i -£ cos* t/ 4 cos*é”) = B, since cos*i + costa’ + cost” = 1. 
See No. 281. 

(4) See on this point Le Journal de PEcole Polytechnique, 
18th number, page 320. 

(e) By substituting in the expression for rb — Fa, the values 
which have been deduced for its second and third terms, we obtain as 
&, &, &e. are neglected. 


rb—Fa= 35 f(a+ i) 444 fb—fa) 40 fb—fa) +43. (Pb—pa), 


which is evidently equal to the value of ro—Fa given in text; and if 
J (4+ 48) be expressed in a series, there results by obliterating the 


term 5 fits the expression for (ipo given in the text. 
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(f) When one of these equations is taken from the other, their 
difference, which is equal to cipher, becomes 


Q(a! — a) da 4-2(y’—y) dy 4.2 (2!— 2) dz + dat+ dy aise 0, 
but dz’, dy’, dz*, being infinitely small quantities of the second order, 
may be neglected. 

(g) By Taylor’s theorem, if u = Px, when # receives an incre- 
ment dz, and « becomes w/, the value of u/ expressed in a series is 

du 
— 
wou TH ret ypes ts 
- if @= cosa, when @ receives an increment and becomes a’, then 
d.cosa , d'cosa , @ cosa 
cos a! = c08 & + —~— 4+- ——— Le SSE + be, 

Now fi in the value of iene: in the text, we substitute for 
cos a’, cos B', cos y’, their values, and omit all terms in the resulting 
expressions after the third, as involving infinitely small quantities of a 
higher order than the second, we obtain 
dcosa _ d*cos *) 


sin’ § = 1 — [cose (cosa + t of —— 
corpo + eee & = é) —eosy( cosy +=5 ere $2] 


Now since cos*a + cos* 8 + cos*y = 1, and therefore cos ad cos 
a + cos6d cos 8 + cos yd cos y = 0, the expression between brackets _ 
becomes equal to 
—[1+4cos ad cosa 4 $cos Bd? cos 8 + $ cos yd? cos y)}*, 
that is to 
— 1 — cos ad* cos 4 — cos Sd? cos 8 — cos yd* cos y, 











as infinitely small quantities of a higher order than the second are 
neglected ; hence it is evident, that the values of sin*d is that given 
in the text. 

(A) By substituting in the expression for d.cos a, the values. of 
dg and dsd*s we obtain 
(dx? dy +- dz*) dix — (dxdt + dyd’y +- dzd'z) dz, 

ds 

which is equal to the value of dcosa, as will be evident by oblite- 
rating dz?d?x, and conciunating the other terms. 





d.cosa = 
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() If the squares of d cosa, d cos 8, d cosy, be taken, and then 
added together, we obtain 





(4. cos a)°++(d. cos 8)'-++ (d.cos y)'== cae (dy hx — ded yy + 
CEO dete dete 4 LAE (eay—dyday + YS, 


de dz 


(dydx—de dy). (deda— pigiae 2 3° 7a 


« (ded'y —dydx). 
(dzd*y—dyd*z) 4+- ated oF 2 (dard —dzd*x)(dyd'z—dzdty). 


Now if the factors in the three last terms be respectively multi- 
plied together, they will be equal (by concinnating and obliterating 
the quantities which mutually destroy each other) to 


dz 
ae (dy dia —dx ayy (dz da—ded'ay 4 Se . (ded? — dy diz, 


hence then we obtain 


(cos a)'+ (dcos 8) + (dcos y= * 
(Sens \Ldy die dedty 4 (dedie—ded'ey4 (ded'y—dy da) 
so 


which is evidently the same as the expression for 3° given in text, 
() By substituting these expressions of A,B,C, it is easy to per- 
ceive that the resulting expressions will be identical. 
(2) When the equation 


(2! — x) dx 4 (y’— y) dy + (2’— 2) dz = 0, 
is differenced with respect to z, y, 2, there results 


(2! — wv) Ba + (y’— y) d’y + (2 — 2) dz — dat dy — dz 
(0! — 2) Bx + (yy) By 4 (2! — 2) dz — ds = 02 


Now if the equation 
(2! —a) de + (y/—y) dy + (2’~ 2) dz =0 
be multiplied by dy, and if from the product, the value of 
(2-2) da + (y' —y) dy + (2-2) dz = ds, 


multiplied by dy, be subtracted, there will result by concinnating 
4p 7 
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(2!—2) (dadty  dyd*x) = (2'—z) (dyd*z —dzd*y) 4 dstdy, (1) 
and if the same equations be multiplied by dz and dx respectively, 
and then the second be taken from the first, we obtain in like man- 
ner, : 

(yy) (dyd*a—dadty) = (2! —z) (dadtz —dzd'x) + dsdx. (2) 
Now if equation (1) be multiplied by dyd*z—dzd'y, and equation (2) 
by dxd*z—dzd*x, there results 
(2 —2) (dyd'z —dzd'y) (dud'y —dyd'x) = (2! —z) (dyd'z —dadty)'+- 

dstdy(dyd*z — dzdty) ; 
(y' —y) (dad?z ~—dzd*x) (dyd'a —dad'y)=(z' —2z) (dadtz—dzda)'+ 
dsdx (dad'z — dad*x) 3 


and if the second be taken from the first, we obtain 

[(a!—@) (dyd'z —dzed'y)4-(y’ —y)(dad*z —dzd*x) \(dadty —dydx)= 

(2 —2){ (dyd'z —dzd'yy + (de@x—dadiz)) + ds{(dyhz—dadty)dy 
— (dzd'a — dxdtz) dx]; 


but from the equation of the osculating plane given above, it is 

evident that 

[(2' —2)(dyd'e —dzdty) +-(y’—y) (dzd’'x —daxd'z)|(dxd’y —dyd'x)= 

— (2-2) (dady—dy@ x) ; 

therefore by substituting this last quantity for that to which it is 

equal, we obtain 

(2 — 2) [(dy@z —dzd'yy + (ded*x—dadiz) + (dad'y— dydix)'} = 
ds*(dy.(dyd’« —dzd’y)—dx (ded'x —dxd*z)]; 

and, consequently, 

__ ds* [dy(dyd'z —dzd*y) — dx (dzd*x—drd*z)| 

= Gady—dyFay (dzd*z—dzd*z) 4 ee OS 


ghee 





and if for the denominator of this expression its value £ & be substi- 


tuted, the value of z’—z given in the text will be obtained ; the ex- 
pressions for 2’ —2z, y/—y, may be obtained in the same manner. 
(m) When the values of (2’—2), (y’—y)*, (e/—2)*, are added 
together there results, after all reductions, a factor of & equal to 
Iss 


d's eles par ‘ 
_ as is evident from the value of 3 determined in note (#). 
6 
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BOOK IL 
CHAPTER I. 


(a) This is, in fact, a particular case of that axiom which was used 
by Archimedes in demonstrating some of the fundamental propo- 
sitions of mechanics; it was Leibnitz however who first announced 
it as a general principle of philosophy in the following manner: 
“ Nothing exists in any state that is not determined by some reason 
to be in that state rather than in another.” Hence if, as in the pre- 
sent case, there are two conditions, and no reason to determine a 
subject to be in one of them rather in the other, we are to conclude 
that it isin neither. It has been denominated the principle of sufi- 
cient reason.._See King de Origine Mali Bishop Law’s Notes, and 
also Theorie Analytique des Probabilities, Introduction, page2. This 
principle is frequently assumed in the following treatise. 

(b) As cos8 = cos*48 — sin? $8 = 2cos*t 8 — 1, 
($4 8) = 2cos8 + 2 = Acos*$ B. 
(c) For by performing the multiplication we have 
R.cosRMO = R cos acosg + Rcosbcosh + Rcos¢ cos k = 
X cosg + ¥ cosh 4-z cos k; 
and if equations (c) be multiplied by cosg, cosh, cosh, and then 
added together, there results 
Xcosg + ¥cosh-+ zcosk = 
P(cosg cos a 4 coshcos 8 + coskcosy + &e.) + 
P/ (cos g cos a! -+ cos h cos 8’ 4- cos k cosy’ + &e.) + 
‘a2 P’ (cos g cos a” + cos h cos 8” + cos k cosy” 4 &e.) ; 
that is. 
: R.cosRMO = P cos PMO + P’ cos P’Mo + &c. 
(d) By means of these formule (b) we have 
du du du dt 


piaoP ria aay 7 ele ay 


CHAPTER II. 


(2) Since @, a’ the components of s' are less than s or s’, and as 
the effect of q' is destroyed, because it is supposed to pass through 
the prop, the only forces that remain will be s and q, and since they 
act in opposite directions, their resultant will be s — q. 
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CHAPTER III. 
(a) By similar triangles we have 

NG: M/H2:MN:MM/::P/: PP! (PP!) NG = MAP, 
and by adding the identical equation to both members of this, we 
obtain 

(P +P’) (NG + GK) = P.mQ + P’(M/a + HQ’) = 

(as NG + GK) = NK, and M@ = 2, M’H + HQ’ = w/Q’ = 2/,) 
the expression in the text. 

(0) It is not implied in the proof that these planes are at right 
angles to each other, and it is easy to demonstrate that if this condi- 
tion is satisfied with respect to any two planes parallel to the com- 
mon directions of these forces, it will be so with respect to all 
others. 

(c) This follows from equations (1) of No. 55. 


CHAPTER IV. 


(a) By adding these equations together, we obtain 
mm (m om + ml! + &e.) 2% Em! (m + m! + mi!’ + &e.) 2”? + 
mi (m $m! +m! 4 Keo.) 2 &e. = mn! (0% $ a — Daw’) 
mom! (02 al? — 2 ara!) 4 mim’? (08 4 x! — Qatntt) + kes 
that is, 
(m $m! +m! + &e.) (mat + mix” + mx!) = 
Mi. (ma? + mix? m2 a!? + &e.) = 
mam! (a— a)? mm! (2 — 2!) 4 m!m!! (x! — al? Be, 


CHAPTER V. 


(a) By making this substitution, in the first of equations (1), we 


obtain 
la, = Sads + §sds cosa; 


and by integrating between the limits s, = 0, s, = #, there results 
e t 
lg, ab+ Z Cosas “+ a mat 300s 
s s . 
()) esa cos = 5 * ads ma cos- ds, and fads = asin = 3 when 


Z 
gq We shall evidently 


ah F tet 
this integral is taken between the limits or 
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obtain the value of Zc, given in the text; and as the chord of an are 


is equal to twice the sine of half the arc, ¢= 2asin = lz,=ac. When § 


Ly 
is a quadrant, and *,* equal oF 7 then e= af, ala w= 2; when lis 


2a We. 
equal to az, then 2, = A anda= > i.e. in this case a = quadrant 
eT 


of the circle whose radius is #,; and when (= a, a, =. 


(c) In all conic sections, the two last equations (2) may be inte- 
grated in a finite form, as is immediately evident by substituting for 


fie ee +22 its value in function of 2, for example, the two last 


equations become, in the case of the parabola, in which y* = pa. 


le = (? «(a + £NVax, 
ys (fee ( + Pass 


whieh equations can be integrated in a finite form; consequently, if 
the value of 2 was also given in a finite form, x, and y, will be ob- 
tained in functions of @ and 8; in the case of an ellipse, of which 


4 i & ye 
the equation is y* = *,(@—2"), d= eV ese cl Aa Cd ike » which 











2 
and in the hyperbola of which the equation is y? = Se a’), 


(a + B)a — as 
Es which by making 2 = 1, @& += 
a.V x 


1-45? =e, can be reduced to ) 


ds = 








-@é 
daV ea —1 
Ver 


ds, in the case of the ellipse, cannot be qtg%ned in a finite form, 


3 now these values of 











though when they are respectively multiplied by x and y, the inte- 
grals of the resulting expressions can be obtained in a finite form, and 
therefore the values of y, and 2,. 

(4) See the Journal of the Polytechnic School, 18th Number, 
page 431. 
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(e) By differentiating this equation we obtain 
4 200 ay pe at 


V2eq—F i Vo 2cq—¢G V 2ceq—G =F 
(/) By substituting the value of dy? in the equation ds? = dy’ + 
dx’, there results 








2" 
ds? = dz? CUE’ + dz’, 
that is, 
@ — Qaxr + 2° 4 ax — 2? 
as (Se, 
OE Gt per ee Vor 
« O—% a“ 


(g) 1n the equation 22,/2=§ Yzdz, there results by inte- 
grating, 22, Vr= 3 ai wa = 7 and in the equation 2y, Va ee 
ea by partially integrating we obtain 

Ve 


2y,V a = 2yV% — WY edys 
and by substituting for dy, we obtain 
V2. Via(a—2).dx_ 
VuVa—e 
the integral of this last quantity, taken between the limits a and 0, 
is$((a— x)! — a¥,) consequently the rae, of y, will be that given in 
the text. 
(h) When a semi-circle revolves about its diameter asin this case, 


25 V xdy =2 2Ya—a.dxs 


2 
A= <2 (see note (6) *.* 2%ly, = 47a’, i. e. the surfar: of the sphere 
r 


is four times a great circle of a sphere. 
(a) In the equation 4 a’c= 4 ch? + 4(al—ch).x,, if for c and h, 


their respective values 2a sin —— and a cos 3 be substituted, it be- 





2a 
comes 1 
U t U U 
3sin— in 2 a a 2 sin — FON, : 
$@ sin 3a = $@ sin = cos 3at +(at 2a! sim 57 008 5) w3 
id ot my inet Qsing” eat sult 
and as cos'5> = 1 — sin’, Ta © a8 = sin 7, there results 





ae L _ oe 
Zavsin 5> = §a'sing= — Ze sin’s c+ ala Ising) a3 
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+: by obliterating the quantities which are common to both sides of 
the equation, and dividing by a, there results 


: at sot 
aa sin’ 5- =} ( — asin <)n. 
when J = am, the first member of this equation becomes $a’, and 


the second 4 xaz,. 


(&) By equation (a) of No. 73, we have dy = te, and 
ax — 
(ax — 2x") 


wdy = Vaan = Vara de; and ++ Getdy =a Yaa — a8 de 


ferns a — 
= taf Var=w.de V5 ~2) Vav—vda; 
and because § \/aa—a? dx = vy, we obtain 
Aa, = haty — bf atdy = boty — bay +} (ae—at}h 


() Since Saydy = Sy Vax —atdx, by substituting for y its va- 
lue, there results 


Saydy = S(axr—a)dz + 5s Vax—@dx = 





a ea ae} 
ge 5 tgiev or wdz, 


@ 2 
2 d: —-_— 
(n) dy =Vaa—a@.de = Ss = G “) 


———— dz, + 


V aa — a Var—@ 


hoes - §-«) Viens -§Var a dey 














_——. dz 
hence as y =§ Var—ade,z= Ss there results by 


substituting y and z for these values, and concinnating 


2 
2y = Ge (G-«)Vare; 





sas dz = Vie if the first member of this equation be mul- 
tiplied by dz, and the first term of second member by dz, and the 


second term by its equivalent there results by dividing 





ae 
V aaa 


: ; 
by two, and integrating sy Ge — (ax — 2°). 
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(») Now if these values of ydz and y be substituted in equation 
(6), there results 


§eV ax — 2 dr = tate! 5 (sa—a) Vax—@— a2 }ax 2"); 


from which it is easy to obtain equation (7). 


. —ade at 
(0) In this case as dy = Vaz a dy + dat = gop and 











saan" adx, sx,= on (ade,  S=2n0(8—a), sx, =7a(6?—a*). 
(p) By performing the integration, we obtain as dy= ney dx, 
au— at 


s= Any V a2 —40\V az.dy= (—40Va.§Va—2.da, 
=Ary Var eae Va(a—a}it co. 





Now ass = 0 when « = 0, ¢ must be equal to — 42 pat hence 
the value of s is that given in the text. In like manner we shall 
have 

sz, = $aY ayat— pa V aha dy (= —4aV aS eV a—a.dz) 

so (ashaVa=a.de = — 4x (a—2}i+$3(a—a)h), 
sx tnV aye $3 2tVa(a—x}it siaVa(a—avitey, 
+ when «= 0, c’/= — 4:4 xa’, and the value of sz, is that given 
in the text. 

(q) In this case, the are of the generating curve whose value is 
given in the first of equations (8), becomes (as y is changed into 2) 
equal to the expression for s given in the text. 


(r) The third equation of No. 75 is ay, = (8 (y — "de, + 
we have 2xay' = «(? (y—y") de =v. This is called the Centro- 
a 


baric method of determining centres of gravity, it was discovered by 
Pappus, but from the frequent applications made of it by Guldin, it 
is more commonly denominated Guldin’s method. It follows from 
it, that if several solids are generated by a revolution of surfaces 
about a common axis, the sum of them all is equal to the cireum- 
ference deseribed by their common centre of gravity, multiplied into 


the sum of the geuerating surfaces. 


a 
a 
+r 
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(8) In this case we have the following proportion : 
LiQway, il: 2ay, Ld. 
(r) If the area of the base of the cone v/ be denoted by & and 


the height by 4, we shall have vad, in this case b ==, and 


=a-—fiew= a(a-f)- 

(8) Assis equal to 2wa(8—a), (see No. 81), in the case of 
a sphere, 8 — a = the difference between the radius and cosine 
of the spherical segment, and therefore equal to f, the sagitta of this 
segment. It appears from this expression 2-af, that the entire sur- 
face of the sphere is equal to four times the area of a great circle of 
the sphere, as we know from other considerations should be the 
case. 

(é) It appears from No. 81, that the distance of the centre of 
gravity of the surface, generated by the revolution of the arc 4’D//, 
from the centre, is equal to $(cb’-+-cr’) = $cp —40/n/= aa-4f), 
for p’e/ = 3. 

(v) Ifin the equation 4xa°f= 7); xe (a —f) + v,, heir values 
be substituted for ¢ and f, there will result 


U eee t 
gre (1 — e855) = vem da'sin’® 5. a cos +y¥,, 
I egal t 
oo tro(1 = 603 5 = bsint 35-0055, ) =v, 
* 
and if these values be substituted in the equation 


baatfa—tf) =r (afl +y, 2, 


we shall have i 
fi% aa 
(= a—5= 3 (t+ £0s3,))) 


aig it cat 8 
3 rat.sin? = }.xa'. (surg - sin'g,) +23 
* 
and, if the terms which are common to the two sides of this equation 
be obliterated, there will result by substituting for v, its value, the 
expression for 2, which is given in the text. 


At 
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(#) Each section of an ellipsoid, made by a plane parallel to one 
passing through two of the principal axes, isan ellipse, the major and 
minor axis of which are the ordinates of the ellipsoid corresponding @ 
to zthe distance of the plane from the centre of the solid, when the 
cutting plané is parallel to the plane of the axes 6 and c, the axes of 


. ‘ b y= ——— 
the ellipse made by the section are Vane and Yaa, for 
they are evidently the ordinates of the ellipsoid corresponding to the 


abscissa x, and in this case xdz = xbe. (ae), the integral of 


which taken between the limits a and §, is wbc. (6 -—a— eS") 
=abe.(8—a) ( ete TP), because 6° — a? = (a—B) (a + 
a + 8). In like manner va, = bol (2de — a = (when the 


gee a) 





Aq? 
evidently equal to the value of va, given in the text, from which, by 
substituting for v its value obtained above, there results the value 
of 2,. 

(y) In this value of v, if for Syda its value §(¥ aa — 2° + haz) da 
be substituted, we have 


integral is taken between the limits a and £) wbc ( 


vs may?— 2x § (aa —2*) dx — ax\2Var— ade, 


i.e., by integrating and substituting for this last quantity, its value 
given in No. 80, 





veseatyt—2e (F 3) __anaiz? istlad 


oF ha a)Y ae eH ar—2) 


xa 
equal when ==a@ and y= a 
2g? 3 3, 
na —2n ee ae, the value of v when the are is 
4 16 
a semicycloid. With respect to the value of vw,, then as y = 
Vax — 2 +4az, we obtain va, = brary? — xh x(ar — a) — $4 


‘dt, in this case we must make y = Sa. V ax — ede 






zide, and the value of y may be written as follows 
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3 the second term can be 








_# wdx is — 2dr 
= VA ax — a Vv ax — x 
treated as the corresponding term in Number 80, and the first 





== —— and if we make gr tee we obtain az — 2° = 
ag — 


:- 2 and ede= 5% — edz, by means of which the value of vz, 


may be obtained. 

(2) M=\Spr*sin§ drdodp = Asad sin §=a(a!—a)d§sinddd= 
A (a! — a) (cos w—cos w’), in like manner as §sin 9. cos 640 == cos" 6, 
= (between the limits §= w, and § = w’)} (cos? w — cos? w’), it fol- 
lows that the value of mz, is that given in the text; likewise, as 
§sin? ¢d6 = — dsin§.cos§ +39 = — sin 26 4+ 49, = (between the 
limits w, w’.) — fsin2w’/+ dsin2w +4w’—}w, it is evident that 
the value of my, is also that given in the text. : 

(@’) When m is a complete ring, that is, when «’= a + 2m, itis 
evident that the factor sin a’— sin a in the value of my,, and cosa— 
cosa’ in the value of Mz, are respectively cipher, consequently, in 


this case, y, and 2, are cipher, and. 2, = x (a/— a) (cos* w — cos? w’) 


is A B 
becomes by substituting for m its value = ta (cos w + cos w’). 
A 


(6) When w = 0 and a= 0, then 8 = }ea", a= 40, conse- 
8a’ 
quently, v, = ate + cos w’). 


(c’) The base of the parallellopided =rdyp x rsindd§=r'sin§d§ dp, 
and when r = 1, the integral of this expression is — cos §.W, which 
taken between the prescribed limits, gives the integral = 22.2, in 


aa%e 
the same way the volume of the sphere is 5 der. 


CHAPTER VI. 


(a) The body whose mass is m and volume v being suppgsed to 
be condensed into its centre of gravity, p the density which is equal 
to ™ must be that of the centre of gravity; now if the shape of 

v 


the molecules be the same we shall have when their number is x, 


v 
gerne, woe. 
” 
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(6) & = (@-ay + (6-9F+ (y —2)* becomes, by expanding, 
Set By — Waa Cyt yz) pet y +2; 


aud if we make 


a+ By? =P and 2 (an + By + yz) —-(#+y¥+2)=p, 
we shall have 
1 1 I I p 
tes ~-=~4+424 
> Rap MI Sti gt a a 
Now if there be substituted for $ and p their respective values, there 
results when no powers of «, y, 2, higher than the square, are taken 
into account 


lL 1, %antBy- be al ety) 3 (ete By+yz) 
=3 +5 “Spey, 


” + Ke. 


i 
which is evidently equal to the value of given in the text; and if 


this value be substituted in the expression T = Nes it is evi- 
u 


dent, that when the origin of the coordinates is at the centre of gra- 
vity, the second term of its value given in the text will vanish. It 
likewise appears, that when op or @ is so great that the value of 7 is 


reduced to its first term, then or = _ x and a ath, 


(c) A threefold integration is to be performed Sahat to 
r, 9 Ws with respect to ¥, as neither this quantity nor any function 
of it occurs under the sign of integration, the integration relative to 
dy may be effected by writing 2x without the sign §, for it should be 
integrated between the limits 0,2x, and then there only remains the 
double integration to be performed relative to 9 and x. With re- 


spect to 6, the radical v @ —2arcoss +7, becomes, when §=-, 
ve + ar +2, and when ae Va —2ar +-r*; now as the in- 
* definifte integral relative to 4 is — -Vva —2arcosh + + const. when 


taken Setween the limits § = + and &= 0, it becomes, when the at- 
tracted poins is within the stratum, 


1+) — (ra) =2, 


5 


consequently in this case the value of T will not depend on a, and 
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A= fe = 0, When the point is without thé stratum -the 


value ot lVa — 2arecos) +7, taken between the same limits + 
a 
and 0, is 3 
1 r 
slat) —(@— r)] = 
if this value be substituted in the expression for T, there results 


tT=a—\srdr, 
a 


which, integrated between the limits @ and 8, gives 
T= 35 ne (a &), 


and as the masses of the spheres, ee radii are a and 6, are respec- 

dxpa? 4c? dp (ee B) 
3° 3 

masses of these spheres. 


@A= PAN ret (a dm = gududw, cosg = (*5*)) 
FSS p cosg dudw, and when pis constant, by integrating with respect 
to du, from u= 0 to u= 71, we obtain a = wf pS} r cosgdw. 

(e) By making this substitution we obtain 


(+ r a é + y+ @ erent =1, 


a ¢ 


tively 





= M is equal to the difference of the 





this becomes by developing and concinnating 


eo, ey acosg , Beosh , ycosk\ 
Bee te +2 (SE 4 








(ad 
52, 2, 2 
(3 g ed ‘h | cos’ “) 1, 


which, by substituting J, p, g for their respective values, ber es 
the expression in the text. 

(f) Since the parts of the value of r under the radial sign my, 
tually destroy each other, there remains only the quantity =! tobe 


taken into account, and if for ¢ its value be substitused, there results 
the expression in the text. 
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(g) If p and its value given above, be multiplied by a”é*c’, there 
will result by substituting for cosg, cos &, cos k, their values, in terms 
of the polar coordinates, the expression in text; and ifin value of a 
the expressions for dw and cosg be substituted, we obtain this value 
of A. 


(h) When y= ? (= tangy) is oc, hence when “ is integrated 


between 0 and 5 the equivalent expression 
dg 
(B cos*d + a sin®@).c? + (c? cos*® + a? sin’®) bp? 
must be integrated between the limits 0 and 2. It is easy to show 
that the two expressions are equivalent, for if there be substituted for 
dy and p their respective values, namely, 
db nd bc cos’h +(e cos*y + B sineh) ea Pe 





abe. 


I+ ¢ . abe 
CAP 7 int, 
and also for cos’) its value 7333 ea and ———. ee for sin’), there re- 


sults the second expression given above. 
Now if (8 cos’@ ++ a? sin9)o? = m, and (c? cos*d + a? sin’)? = n, 
0 a pa 
then aves Pest Fa AE (cose asin EP — 
n ab 
0 m+ngr 
the integral of this last expression is equal to 
a bec a 
Vinn tang. 


ee 


which, when taken between the ees limits, becomes, by sub- 
stiluting for m and x their values, the integral given in the text. 

(#) That is, if there be taken any two points in the ellipsoid, the 
foree acting on these points, resolved parallel to an axis, is Proportional 
to the ordinates of the respective points. 

(k) Since b=, the part under the radical in the value of a is 
equal to 

@ cos’) + ate? cos?) 4 a’sin®@ = a*(1 + 6? cos’) 


and by substituting this value in a, we obtain 


NOTES. 583 


7 4x B cost) sinddd | 
as mui 0 a(1-+ cass) 
and as 
3m 
B= a?(1 +e) and 4ap= @Ba+ey 
itis evident, when these values are put for and 4p in the value of 
A, that the expression given in the text will be obtained. 
Now in order to integrate this expression, let e cos? § = y’, then 
cos? 6 sin $9 _ vay 
THe cost) ~ ~ 8 (i+y) 


a — are tang = =i ‘ecos§ — are tang =e cos 6), 
av By. oa 


, of which the integral is 


and this expression, when taken between the limits 0 and becomes 


1 * 
ae — arc tang = e), hence we obtain at once the value of a. 


(2) If we suppose as in the last note, that ecos§ = y, then we 
have 




















Syfma! CF costesingd) _ Sufma’ CD dy 
PU) Jo Y1+ sind “w+, Rego cee : 
Now the integral of Se is evidently equal to x 
ae Le y Ife 
2 Vite —#t+ are sin = Via (= + are tang = 
— 
Vir e=9) 


and if for y its value ecos@ be substituted, and if the integral be 
then taken between the limits § = 0, 6= e it becomes 


e I+é 


Byufma! CZ ___ dy 
at 


* eIFe), oeVifeay 


3ufma’ e, 14+é 
ates (- gt a7 are tang = ‘), 


which when concinnated is the expression in the text. 





are tang = ¢, and - 





(m) By substituting for are tang = e we obtain 


= LE (6 e+ SS 4 Be \= Ws (1-F + be), 





we 
ard 
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Spfinal (ee 
w= OEE (0 G4 § he ete ot be.) 


equal, by dividing as before the terms of the series by e 
pfmal (,_ Ge 
we (1 + &e.), 
(n) If in the value of a there be substituted for 2,,y', 2', dy’, dz’, 
their values in terms of @ and y, it is evident that when in this ex- 
pression, x — @ is put for 4, it will coincide with the first term, so that if 


the second be integrated between 0 and the result is the same 


as if the first was integrated between 5 and T. 


(0) a =a} cos'p, B= bJsintp cos*y = a@sintpcos*y + hsin?p cos*g, 
7 = ¢} sin’p sin'g = a? sin’p sin’g +- ksin*p sin’g, 
a cos" ++ b? sin? § cost + c?sin®d sin? ; 
= (by substituting for 6? and c* their respective values, namely, 
a + h, a + k,) a*.cos?d + a? sin’ + h.sin®? cosy 4 k.sin?d.sinty; 
hence by concinnating these expressions, and substituting for ~, 8, "s 
their respective values a,cosp, bsinpcosg, ¢sinp sing, we obtain 
the value of R? given in the text. 
(p) If u be zero, the first member of equation (4) is reduced ‘to 
a, and the second to zero, and if u be 2 the first member becomes 
a? + 8+ 7%, while the second member is 2; consequently in the 
passage froin zero to infinity there must be a value of u, which ren- 
ders the first member equal to the second. 
(q) This follows at once from the equation a,be = b,c, 
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BOOK ITI. 


CHAPTER I, 
(2) We have 
Akihi:vruccasusiu, k= ih 


CHAPTER II. 
gus vw) dv kf dv dy\ | 
@ b= Fae. a lel (eps ren 
k k 
= 5 [log (& + ») — log (% — 0)] = § log G +*). 
(6) If both sides of the equation 








—et 
k—v ar, 
k+v 
et 
be multiplied hy e*, there results 
so mat st xat 


Gee, oe sand 


k+u 
a (ce r ee ; 


hence we obtain the value of » given in ie text. 





st. =at 
ef — & a 
(c) If both members of the equation v = aa be: malti- 
ebe® 
plied by dé, and then integrated, we shall obtain 
Re ae 7) 
v= §udt = — . log eFpek + const., 
& 
and as by hypothesis # = 0, when ¢ = 0, 
ie 2 
const. = — — log (e? + e°) = — : log 2 = on ed; 
g g& 
hence it is evident, that the value of wx is a given in the text. 
kodu ke kaw ke be 
(4) gde=vgdt= Bog (t= 7, '8 ih Sy, hs ae 


4r 


NOTES. 


(2). From note (d) it appears that 
; at 
% 


Ke (F ) ie 
@=—log\e*+e — — log 2, 
g & : 


~at 


which when ¢ * is neglected, becomes, as log ek = £, the value of 
x given in the text. 

(f) It appears from No. 124, that the accelerating force varies 
(every thing else being the same) as zs but as in this case it varies 
a, it follows that 4/ mass varies as &, hence as & is the uniform 


velocity to which the body continually approximates, the greater the 
mass or the density, the greater will be this final velocity. 


(g) Generally log (1 + «) = u — ot £ — &e. hence as 


3 (4. ef) =1 +Si+ att log 4 (F404) =- 





12.35.46" 
a <n ce eT, 
6+ 73.3.4 ae t & =F — He t ke 


(a) By integrating os = er we obtain, as » = a@ when 


t= 0, i.e., at the commencement of the motion, 


v @ gt 
are (tang — i) — are (tang = i) =- | 


hence from the known expression for the tangent of the difference 
of two ares we have 


+ gt 
ak—ek gt_ sine 
Fyn ei ae 
t . gt - 
s i. (a.cos s asin) =v. (asin + bacon), 


from which it is easy to obtain the value of » given in the text. 
(a) The integral of the differential equation 


k (acos& 





ksin®) a 


ef 
= + kcos® 


du =vdt= 
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_@ - gt gt 
= - (log-(asin %e + k.cos t)) + const., 
when ¢ = 0, and 2 = 0 this expression then becomes 


& -log.& +- const. = 0, 
sequently, 
consequently, us 
const, = — a log . k, 
hence as — tog k = log Fp it is easy to infer the value of « 
given in the text. 
(%) By integrating we obtain 
a . 
= Same (Be 2 - 
om 2g '8 (+ v*) + const., 


when # = 0, then v = a, hence 


const. = = log (4? + a), 


and, consequently, by substituting this expression for const. we ob- 
tain the value of 2 given in the text. 
( By expanding into a series the value of v given above, we 


obtain 
pat la(i- —*(E— crt &)] 
eee e+ ke)” 





this expression becomes, when ts 0, 


a-gt\_ 
x( E) ae 
And by a like expansion of the expression for #, we obtain 
ie gt gt gt git! : 
a as oe [F: (E- T2358 +6.) 41— ise ti234me — ke} 
and as generally 
u Bw 
log (l+u)=z gt gy — kes 





1 
‘this value of 2 becomes, when R= 0, 
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i fa gt ge \ a ge 

Zz GS - 5n)= ~ 9? 

all the higher powers being neglected as being equal to cipher. 
(m) In this case as v = 0, we have evidently 


are (tang = a) =%, and +. 6, =i. are. (tang _ iy 


(x) When the numerator and denominator are multiplied by this 
quantity, we obtain 





9 i 
’ = — log. ——----——., 
By °F (Va+ ha) 
& k 
hich is evidently equal ar —- log. — 
which i: ly eq 1g haters 
(0) In fact, as k? = re and k? == 2 ra we have 
x 
tke sss, 
1 ai 2 1 ak 3 
(Pp) ndt = de =7( — gt) dt ves ( a ~at) + 
const., and sincé # = 0, when t= 0, 
1 x3) 
Sigh (vat) = const. ; 
consequently, 
aV ak —=\* 
w= ay tage Bgk zu (et vat) ; 
—_ 2 
and as v= i (var - ) the sign of the second member is always, 


the same, «.* direction of motion is the same as before. 


@ saaaa/ Poe + when z= 0, Sa" Sandia 4/2, 





- g 
(v) The integral of the value a is in this case 
1 
Beer ( =) te. 
iz 2, 
Now as ii = 0 when = 0, we must have c = — ae and 


when 2 = h, the expression for a=" becomes 
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227°, ¢ - =) = 2g = 2h ER 
(s) By reducing to a common denominator we obtain 
dat x r+h—x)_ 22r.dt 
ap = "8" GER Gb h ae) ae EN = =o hb? 
and if numerator and denominator of the first member of this equa- 
tion be multiplied by r-+ 2 — 2, and then the square root be taken, 
we shall obtain the expression in the text. 

















(t) Since 
eee a rth dex Serle dae 
QV (r+h)c—xe 2Y (rh) e— x V (t+h)e— xt 
= Bat dt, 
r+h 


we shall have by integrating 


V ERI $424" are (cos Sener = se, ; 
and because 


Vey Pe) P Geers 


it is evident that 





a = wesin 2 VERE ®, 


are (cos = 


therefore we shall have 


t V = VORB F+ drt Darel sin =r hee), 


now as the sine is very small, it may be assumed equal to the arc, 
consequently 


2 <4 2V Oh) eat 
Ve = Vethe—e+h(rpn). we - 
2V FHA) a—2 = OV fh) —az)e = (when r-+-h — 2 is reduced 
to r) to 2 re. 














u) Since ha = 0 and z =A, we have by formula (c 
dt y 


‘ frP=——-—,4—->. 
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Now as 
c—h 


3 


_ eb 26 2b (a +d) Qa, (a +) 
Take eh et a ee 
and, consequently, 
2h | Qa? Qa(a+b) + 2b(a+h) 2(a+by 
+—= = -3 
c-h' oh ¢€ ¢ 
hence we obtain 


f= 





2, Sat CE oy 


cC—a a ¢ 





. 
ac ac e 


vyh= = —- = —. 

) a+b al+V77) 14775 

(w) This is the case, because the mean motion of the moon in its 
orbit is equal to its motion about its axis. See Vol. II. No. 433, note. 

(x) The projectile describes a curve, because it is acted on by 





dissimilar forces. See No. 144, note. 7 
(y) From the equation 
(2a? — 2b? + cy) = 8a’vy, 


we obtain by solving it for y, 


—a® = ‘3 
y—2a rao and V7 -W ta et V 2s 


ce 





consequently, < 
Y=; (at by; 


and if we substitute 8atcy for (2a*— b*-+ cy)* in the expression 
under the radical, it becomes 


VY Qate—2aV By.2+y2= V (a 2e—2V yaa 2e—2V- 75 


now, if for Vy its value V2. + b), be put, the expression be- 





comes a 3c — (a ne, from which it is easy to perseive 
how the denominator in the expression for dt, may be rendered 
rational. 

(2) See equation (c) of No. 189. 

(a’) If 2a°= ita, the value of 2, when velocity is cipher, is 
a; and, consequently, in this case, a body projected at the dis- 

2 

tance a from the centre with a velocity at = will ascend to oc, 


. 4 
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where its velocity becomes cipher ; if 2a*Z A*a then the body, when 

it has attained an infinite distance, has still a finite velocity equal to 

Ka, — 2a%, it is evident also, that when 2a*> k*a, that z cam never 
become infinite. 

If a body falls freely without any initial velocity from a distance 

_ a, towards a centre of force varying inversely as the square of the 


di a2 th f the velocity, is =20.(4—2), tai 
stance, <5 the square of the velocity, = . 273) ais 


2 
0) then — wel now it is evident from what will be est! ilished in 


No. 289, that a? = the square of the velocity in circle at unit of 
2 


distance from the centre of force, and -.- = = the square of the ve- 
locity of a circle whose radius =z, consequently, we have, when a 
body falls from an infinite distance to the centre of force, the velo- 
city at any point of the descent, to the velocity in ‘a circle at the 
same distance :: 2:1. Hence, if a body be projected from the 
centre of force with a velocity which is to that in a circle at the 
same distance :: 2:1, the body will ascend to an infinite distance. 
: : Qat 
This indeed is evident from the expression 2a*= kta, or k* = =, 
2 : 
for ~ is the square of the velocity of a circle at distance a, and 
a 
the converse of this is true, namely, if a body falls freely from an 
infinite distance, when it arrives at the distance « from centre, it 
will have acquired the velocity K*. If 2a* is > than A*«, then z the 


. : + _ 2a 
distance at which the body is arrested = Sa a 


CHAPTER III. 


(2) If the forms of the functions ft, f%, f’'t are all the same, so 
that 
rraoft, y=bft, z=oft, 
it is evident that the point will move in a right line, and 
oe 8 a b ¢ 
Va+repe Vat epee VOLPE e 


+ express the cosines of the angles which the direction of this line 








r 
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makes with 2, y, z. The constant quantities a, b, ¢ depend on the 
nature of the function ft, if, for example, ft = t, then a, 4, c repre- 
sent the uniform velocities parallel to x, y, z, and the uniform velo- 
city of the point = VO +c; if fe=e, then a, 6, ¢ are pro- 
portional to the accelerating forces parallel to x, y, 2, and the point 
will be moved with a motion uniformly accelerated, and represented 
by Va +P +e. 

Ifx=afit bf, y=oft+adf't, <= eft + gf", the point will 
move in @ curved line, which however is of single curvature, for by 
eliminating f, we obtain an equation of the form a/x + by + cz, 
which is the equation of a plane. The simplest case of this form is 
amat+ be, y=ct+ de. z= et + g?, and climinating ¢ between 
the two first eqnations, we obtain an equation of the second order 
between x and y, which from the relation that exists between the 
three first terms, is evidently that of a parabola, 

If, asin text, w= ft, y= f't, z= =f", the curve described will 
be of double curvature, 
ds dw dx _ 
dtd — ae” 

(lax vdt = oe dt cosa = a  weosas oe de at = 


oat = dx = pdt, by equations (1); in like manner 


(v= “veosa=s 


ic 
cosa = 
, a’ 





a 
=tlucosadt = = Pn dt, 
ecosa = $ucos (as. =a \te - 


consequently 
weosa + ecosa = pdt +4)/dt= 2’ — x. 
(d) If each of the three preceding equations be squared, and then 
added together, there results 


(a — 2¥ + (y! — 9) + (% — 2F = wo (costa + cos*B + cos*y) + 
#*(costa + cos*b + cos*c) + 2we( cosa cosa -+ cosf cosh + cosy + cosc), 
and it is evident that the factor of we is equal to the cosine of the 
angle contained between MH and MK. 
(c) Let3 denote the infinitely smallangle Tm’, then the component 
2 
of ¢ in tke direction Mm’ = vcosd, = v. Q _ = + &e.), and as by 
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hypothesis 2 is infinitely small, its square aud higher powers may 
be neglected, and this renders the component of » in the directio 
MM/ = 2, :* ee 
(f) See Harte’s Translation of the System of the World, Book 2, 
chapter iii., and Mechanigque Celeste, Book 10, No. 15. When the 
body is let fall freely at the equator, the deviation is ++ to 13, h being 
the height of the tower, for if r be the radius of equator, and a, a’, 
the ares described by the bottom and top of the tower during the 


fall, we have * 


ah 
@i@iirier the @w—as ra 
now ais + / to the time of the fall,and -.+ it varies as Vh, conse- 
quently a! —a, or the deviation is alto hi, for > is constant. 


ds? 


(g) In equation (d) by substituting WE for v*, and multiplying 
both sides by dt?, we obtain 


oae(= ds?) = kt 2F (a, y, z) — 2r(a, b,c) dé: 
ds 


di= ——————— 
Vie + 2F(2,y, #)—2F(a, bic) " 





in which by substituting for x,y, 2, their values in functions of s, we 
obtain the expression given in the text. 7 

(4) When the elevation of the point a above the horizontal plane 
passing through p,and c is equal to A, the general expression for the 


velocity at this point, namely, VV 2g(h= 2) becomes then 2g-(h—h), 
ie. et = V 2gh—h, and dt = Te which is infinite; 
but if the elevation of this point above the plane is less than h, then 
the velocity after passing this point becomes negative, which indi- 
cates that the moveable must descend towards the point of departure, 
where it is in precisely the same circumstances as at the commence- 


ment of the motion.—See No. 181. 


F di dt ie 
() As cosA=Vv qe OSH = v7 cosy = v—, there results 
ay 


dz’ 
by multiplying equations (3) by 32, dy, dz respectively, and then add= 
ing them together, the expression in the text; for 
46 
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me + iy 4% +a es = xdr + vdy 4 2dz 4 N(cosada + cosy dy 


+ cosv3z) i. e. (by substituting for cos A, cos 4, C08 ¥;) 


= 
sz Ot a Sty ace acn 


"lees +e ie). 


(4) ods = ede eB 2 Sy 4 5 Pade. Multiplying both sides by 


o= and observing that ddx = déx, &c., we obtain 


_ dex ds dy ds da ds 
Me ye et aes 
dxds_ dx 


ds dt dt 





which (ss . &e.), becomes the expression in the text. 


(n) If r be infinitely small, then e *=1, consequently the ex- 
pression of the force is then equal to 4; on the other hand, when r 
4 
is a considerable multiple of a, ¢ ° is cipher. 
a (k) When z is considerable, the expression for, ad the velocity of 


rdt 
a body that has been projected from the surface of a sphere is, by 


No. 148, 
G = / Rage, 
. in this case 
30950" = VY k*—2ga, 
and as g = 274 the terrestrial gravity G, and a = 1107, » denoting 
the radius of the earth, we obtain 


32 = (30950" )? + 55G.110.7, 


by means of which it is easy to compute the diminution in the text. 


CHAPTER IV. 


(a) The velocity along the side mm’ = v cosd, therefore the ve- 


5 ~ pagt be), which 


is evidently an infinitely small quantity of the second order, 


locity lost is equal to v.(1—cos 3) = (5 - 
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: ay 
2 dg? d= 
(6) By substituting for at its value es aa ana for od its value 


at ds ds y 
i dy 
“We we obtain (ss =F and a = 





dy du — dx*dy 
da* ) 








Pyde—Budy _ we a. s* Pyda— Eady a ea F 
dé TN de ds ds. ds 


(c) The value of # — 2/ given in No. 20, is 
2 
a= a (dy(ded*y —dy@?x) —dz(de@x—dxd2)), 


now if for ded?y—dyd’z, dzd°*z—dxd*z, we substitute their values, 
which may be deduced from equations (2), there results 


é e ds dx di dz 
aa! = pcosy = - =([e { ay (qpeosg’— FH cos) — dz (Fe 


dx ) 
cos g— Pas ’) } 


-P 5 w(F cosa’ — 4H cosa) ~ de(Feos wo oF cos w") a ; 


hence, eliminating quantities which occur both in numerator and de- 


A ‘ v si len 
nominator, we obtain the value of — cosy given in the text; and cor- 
e 


2 ry 
responding expressions may be obtained for = cos y cos y" 
? P 


2 
(d@) The coefficient of Q in the value of cosy is equal to 


dy da dy? de dx dz We 
asa cosq’— ae 8d ae ae O87 + a de oY? 
and as 
2 cos q/ -- © cosg" = = = cos g, 
we have 
dz di dz dz dat 
Te SLeos 9! + = 5 08g” = — Teoh 





consequently the coefficient of @ 


= ~ (Get B+ GF) oo8g = — 893 


in the same manner it may be shown that the coefficient of — P is 
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— cos o &e. Now it is easy to verify that P is the resultant of the 
forces — * and a, for by squaring these equations, and then adding them 


together, we obtain 


2) 2 - 
¢) (cos*y 4- cos*y’-++ cosy”) + = Q.(cos y cos g + cosy’ cos gy! + 


cosy"cosg”’) 4+.0.2(cos’g-+cos'g/4.cos’g”)= P°(cos*w-f cos*w’ + cost”) § 
now as the factor of ¢): and also the factor of @? and P*, are re- 
spectively equal to unity, and as the factor of = ais cipher, it is evi- 
dent thatthe force F is the resultant of : and a, 


ff) As the areas.are proportional to the times, the velocity » 
varies as —, p being the perpendicular let fall from the centre of force 
on the itvent it is easy to show that this expression coincides with 
the general expression for central force given in terms of the perpen- 


diculay and chord of curvature, for if this chord be equal to ¢, and if 
the radius vector be denoted by 7, we have by hypothesis, 


ie he Qpdr\ 2p? dp 
= oF cms peosd R= Sy = (went ae) eae 
See Newton’s Principia, Book I., Sections 2, 3. 

(g) As the cosine. of the angle which the radius makes with the 


vertical is equal to *, the part of the ue mg which acts in the 


direction of the string is equal to mg. ? 2\ and this must be added to 


the centrifugal force in order to oblate the entire tension; as long 
as the moveable is below the horizontal plane passing through c, 


z,. sys q 1 
mg ~ is positive, and directed from the centre, but in the upper part, 


mg ~ is negative, which shows that it is there directed to the centre ; 


on the other hand, 2m ht 2) which expresses the centrifugal force, 


is always directed from the centre; hence in the lower half of the 


ave + 2) ana 


circle, the tension is the sum of ie and in the 


upper half it is the difference of these two expressions. If the pen- 
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dulum falls freely from the horizontal plane, A vanishes, and the en. 
tire tension is — + the entire tension is thrice that produced by 





the weight, when sustained by a force equal and contrary to the tan- 

gential force, and the tension arising from the centrifugal force is to 

that produced by the weight :: 2:1. If A=, which is the same 

as if the moveable descended freely from the highest point of the 

Qn + Bz 
r 





circle, 6= mg-( ), is at the lowest point where 2 = 7, equal 


5mg, i.e. the entire tension is five times the weight ; when 0 = mg, 


2h +) = 





i. e. when the entire tension is equal to the weight, mg( 


mg, 2 el hence if there is no initial velocity, i.e. when the 
body falls freely, the strain is equal to the weight when the move. 


able has fallen freely through one-third of the height, 9 will evidently 





vanish in the upper half of the circle when 2 = = but as z can ne- 
ver exceed 7, it is evident that the value of h may be such that 6 will 
never vanish, e. g. if r Z = the tension will never vanish, the ~ 


moveable will revolve about a centre, and the tension wilfbe the 
sum of 2mg.(“£*) and me in the lower half, and the difference 
of these quantities in the upper half of the circle. 

(4) Ife= = is less than 7, the weight at this point resolved in 


the direction of the radius is equal and opposite to the centrifugal 
force, beyond this point the tension due to the weight is greater than 
the centrifugal force, and therefore if the rod was not inflexible, the 


moveable would part from the circle when z = > and describe a 


parabola (No. 209) having a common tangent with the circle at the 
point of departure. If the moveable was made to describe an entire 
cycloid in its oscillations instead of a circular are, it would be easy to 
show that if it moved from its horizontal base without any initial ve- 
locity, the tension at any point arising from its centrifugal force is 
equal to the compon ‘t of its weight acting in the direction of the 
string, and at the lowest point the entire tension 4s equal to twice 
the weight of the moveable. * 
* 


598 NOTES. 


() In proceeding from the poles to the equator, as the attraction 
varies in the inverse ratio of the square of the distance, it must dimi- 
nish, and this diminution is nearly proportional to the increment of 
distance. For if the attraction at the pole be denoted by a, and the 
radius by m, the attraction at any other point by a’, and its distance 
from the centre of the earth by m+ dm, we have 


’sasim®:(m + dm) 
= m? _ (i 2Qdm 
= apap arr. 
+a — a! or the decrement of gravity is proportional to dm, but dm . 
varies as the square of the cosine of ». q. p- See Nos. 254 and 193, 


note. 


and 


CHAPTER V. 


(a) If both sides of the equation 7 a V 2g (z- 2y (z—c) be mul- 


tiplied by dt, we obtain 
4 y= ds = V B+ 2g (e—c).dt. 
na dt 
(b) For ep is equal a(1+4-cos a), -.* if #= Qga(1-+ cosa); 
the initial velocity is equal to that acquired in falling through the 
height BD, and if we substitute for A* this value, the expression for 
— ad 
V 2ga(1 $cosd) 
(¢) By hypothesis, 14+ cosé—= 14 -cos2y = 2cos*p,and di=2dyp, 


Qga(t-4+-cosh)=4ga cost,” dt= pect eee - ve 4 es 








dt given in the text, will be dt =~ 





2Y ga. cosy cosy? 
2 dy _ dx : , 
now let sin) = 2, then cosh Toa the integral of this last 


- 1- 
quantity es etessl log Tents when t=9, we 





inet 


inte + c=0; °° substituting the value that may 


have fig TFs 
be obtained in this way for c, we obtain the expression in text. 

(@) It is evidgntly the same thing whether the moveable sets out 
from the point mM, which is very near to B, with a small initial velo- 
city denoted by &, or whether it falls without any initial vejpcity 
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from a point so much higher than M, as that when it has reached 
™ it would have acquired the velocity k. 


(e) When ¢ Vi isa multiple of 27, 6 = 2, and when ¢ Vi is 


an odd multiple of 7; § = — a, and in each case . = 0. 


(f) By making this substitution, we have $= ecos (t + Ve 


= w.cost/£ cost 2 © asint\/Esins vé which expres- 
sion, when rash, becomes — a cost fé., 
g a 


(g) As ad@ is the differential of the are of the circle, . ex- 


presses the velocity, and therefore as = =the Ve at the lowest 
point, the velocity at this point = +a B4, and as b= }aa', we 
havea = > and + ue 2yb. 
(A) Retaining the fourth powers of a and @, the expression for 
dt=— Fe eae as 
ia tp 
which is evidently reducible to the expression in the text; and as 
(1+ OTH 1+ et &), 


the expression for df is evidently that given in text. 





. d§ , 4 a 

(#) The integral of — Vast is arc cos ~, that of — oa: 
ad _ § 6d 6 —z 
— - Ss __ SE — 

aoe = ye cos =, that of RVSTR SB VF 


2 
~ are cos—; *.° the integral of 
a 


48 
‘a 6 Ba @. 6 yp 
— a ue Rates ly ee 7 ff 
aa oe [accor + are cos + 93 Wa * |. 


the last term vanishes at the limits a, —a, and the other terms become 


at these limits 
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V "(2000 cos = 1 4 = 2arecos= j= VW 
9 ié 
f2 a 
=V Qa + is) ; 
(k) Let 7 be the given time, 1’ the duration of each oscillation 


when the amplitude is infinitely small, and 7 the duration of the os- 
cillations where the amplitudes are only very small, we have 


ne ea V bana MEN eta S a 
nV n't = 7 i.e, ne : ida _ 4G cniniilp ol 


+4) 


Spal 








dx 
L) cos?6= 1 ~224 2°. sin? § = 2a — 2, and ag = —— 
0) ar paar) 
-dt=— = which is evidently equal to 





V2p—2e. ES 


the expression in the text; now when w= , I — cos§ = } — cosa, 
+ 6 =a, and when x= 0,1 —cos6=0°°§6=0. 
(™), If in the expression 2”? / Bx— ada, we multiply and di- 
gt 
da 4 
vide by V Bx —2", we obtain§2”—?, de=p (7 (=... 
bills V Be-w JY Br—at 
(») For the manner in which this integral is obtained, see La- 
croix’s Traite du Calcul Differential et Integral, tom. 2, page 814, 
(0) By differentiating with respect to ¢, we obtain 


dy zg. fé ag fé ag VA 
G=[-a V4 sin ty at aR costy z 3p COs ty a 
—st 
ag V ga g 
aor yh sin yV£ cer. 


Now in this expression the factors of the cos mutually destroy each 








other, and those of the sine are 


—ay &_8Y ge = (04K = 2 ) 


a 4ykt ” 1~y+* 


1-y) g 
= a7 2 ORDA 9 2H 4, 
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(p) When the first oscillation is completed, 
WW fan, Be raft, 


. . a seed 
’ Now in a vacuum the value of r is V3, consequently, it is increased 


in a resisting medium in the ratio of 1: y 
(g) In the expressions for the amplitude, the quantity by which 


BIR, 


e is multiplied becomes the same at the end of each oscillation, 
gt 


bute evidently diminishes as ¢ increases, therefore the amplitudes 
continually diminish ; now as 


rift, my V 2 ws 


therefore, the value of 9 after the nt oscillation is equal to 
naV ga nV ga 
Gye 


@.COS Nm .e =(ascosar =(—1)"),a.(—De Fs 
but the value of 9 in this case is by hypothesis (—1)"a,, hence then we 
obtain the value a, given in the text; from which it evidently appears 
that these values of «, constitute a geometrical progression of which the 


Vga 
ratio ise  %* 


(7) In this case when the cos and sin are expressed in exponen- 
tials, the value 4 is equal to 


fe rs — ( -2fE wife 
t= [¢ are Ge V4 (< VE 5% 6) -e 
macs war 28k SP ee, g 
from which it is evident, that if 2k — V8 $ will be cipher when ¢ 
is infinite. 
(s) The integral of the equation 





ah 29. _ 

2a Ot sin bdb = wm, 
is 

dP , 2g _. Cd 

qe ese qe 


-and as by hypothesis, SE dj =y, and - = Ss, this equation be- 


comes, by substituting these values, 
4u 
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dy _ 29 
do a 
Let y = @2, @ being a function of ¢, then substituting for y and 
2d@ 
he’ 


cos @ — y=. 


uy their respective values @z and hi + the preceding equation 


becomes, by multiplying by dé, 
@dz+ zd@— = cos dé — pOzds=—0. ¥ 
Now if we assume (Lacroix’s Traite Elementaire, No. 257), 


2. 
dz — pezdi= 0, 2d@ — a cos 6d6 = 0, 


from the first equation we obtain 2 = e™, and substituting this value 
of z in the second equation, there results 


do= is cos bdo", O= 28 sine ee 278 (sin 6dbe"? a= 


a 
2 
(- See cos 667" — 7a cos dee"? + ¢; 


and, by continuing the partial integration in this manner, the value of 
© will be found equal to 


9° 
2 oe? sin 6[(1— Pe — p84 &e.) —.c08 01 — wp pt — $+ &e.)]5 
but we know from the expansion of a binomial, that 


1 
ive 1 pi pt — ph + &e.5 
es _49 (sind — pcos é . 
esagen (ke +e; 
consequently, y= ©z= ©. ex? 
: _ 2g (sind — pcos? ne 
4 Z..( Tee ) + oe . 
(2) If in equation (5), — a, be substituted for 6, then as the ve- 
locity is by supposition cipher, the second member of this equation 


therefore, 


becomes cipher, by means of which, the expression in the text can 
be deduced; now, when in this equation, the square and higher 
powers of jw are neglected, e”* = 1+ pa, consequently, the members 
at each side of this equation become 

cosa, (i+ p04) — psina, = cosa (1— pa) + wsina, 
which is evidently the expression of the text. 
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(w) As 3 is very small, cosd = 1, and cos a, = cosa 6 sina, 
and sina, =sina-+ cosa.d,". #, C08 a, (=(a—6) cos (a— 8) actos a — 
3cosa ++ asin a, *. cos a,—ju (sin a, — #, cos a,) = cosa +3 sin « — 
esin a + pe cosa = cosa+ysina — pacosa, *." Osin a= 2p (sin om 


COS a). 
3 








‘ a a a @& 7 
(v) sing =[7 Typ mdecosa=y -ia (neglecting the fourth 
uae _@ 1 1 a, ata 
powers), °° sina — acosa= 33 = 3 RT Tas’ 
Tz3 
gina — @ Cosa Quai fam? , ata 
=2 = ol = 
; #( sin a ) 3 ( 1 +55) = 
Qua? 





(as the fourth power is neglected) 37? consequently, 


4 Qua? 
ama-bésae 5 . 





(t) For the integral of this equation, see examples on the dif- 
ferential and integral calculus, page 387. 


(«) By substituting for sin 2¢ Ys, and dividing all the terms 
by a and /g4, which occur as factors in all the terms, we obtain 


the expression in text when v= 0, and as the factor sin ¢ VAs = 
a 


sin x, when ¢ = # VA it is evident that for this value of 4, v= 0. 
(v) If tVIar+ 3, then cos VA = cos G +3) —- 5 
a 2 a 2 J 
cos ws = cos(x + 28) = —1, the given equation becom 
at me Mag; 
-( S) e+ a 1a 


which, as the product ad is neglected by hypothesis, gives 
Ie 


(«) By substituting for ¢” V4 its valyey + *, and neglecting 


the cube and higher powers of a,, we obtain 
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ae 7. G ape ae. [Za " ape cre 

sint \Vi= sin ate $ =l~— Lag 8 2 Sasin at 3)= 3° 
and if these values be substituted in the general expression for v, we 
obtain, inasmuch as the cube of a is neglected, 


wR 2, — 
ade ws («- 2) v2. 


(y) In this ease the general value of @ becomes, by substituting 





= fort g, equal to 


2pa® 





a a, a 
(« - fr) COs © + T+ Fe 002m, azar 


() See Mechanique Celeste, Book UI. Nos. 24, 25, 38, 














(a) When y = 1 this equation gives tang dt’ VE= Ae. 
V2ga 
2k 7 VW oga' 
but — = (=f 7" 
ut Vig tang G ok ), for 
7 V 29a tang 5 © + tang Ve 
tang (5 +“ 3e") = Tae 
1 — tang tang 
™ F ! 
s tang 5 is infinite) — — ==} but when k ii 
(3 a BS infinite a Ze ut when & Is very great, 
Vig VI 


tang De = 





2k — tang 2g Vv 29a ; 
(8) If any of the exponents of this series were negative, then 
when «= 0, 8 would be infinite; and if any of them were cipher when 





suas ds 
«= 90, s would be infinite; also as de 


a tangent to the curve makes with the axis of x, at the lowest point 


when ay a this tangent is perpendicular to the axis of #, and 


ds, de A 
therefore = is 0, hence it is at once evident, that the least of the 


exponents a, §, y, &c., must be less than unity. 
we de he ele—thdg! 


Vh—z Vike 


= the secant of the angle which 


(c/) As x=ha’, da = hda’, we have 
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ala dat 
v l—2’ 


and unity. 


hot 








; and the limits of the new integral are evidently zero 


(a) It hasbeen proved in a former note, that one of the expo- 
nents, a, 8, y, &¢., is less than unity, it appears from what is es- 
tablished here, that the value of the least exponent is 4; hence 

ta) 1 
then it follows, that jp cdad fas. oa = ; = saa ’ 
oVi-w JoriVinaw Jo Vwoa 
x 


= — 2are (tang = SE) = Coen 
—2' 


taken between the limits of 1 and 0) «, as stated in the text. 


a dy? dz. — rdy ddy , dz 3deq1 
(¢) Asu= Af 1455 4+ du = de"de tae dela 


now the entire integral o' se. vy ae exe xd ay —Sd. G. #) by, 





and the integral of vee 


and as at the limits 8, a, dy is cipher, ~ rf dy vanishes, *,- we have 


Vers OY ae = ~ (Pa. 2). « 


. 5 d ay 
(f’) The a equation (c) gives x = u.a, and asu= / 1+ & 
by multiplying both sides by dz, we obtain 


dy _ faoT 
oe ad = f dy + dz*.a. 


(g’) It is evident that this equation may be made to coincide 
with that given in No, 72, by changing the origin of the cordinates 
on the axis of a. 

(h') Leta —a= a2’, thende = 2adez,and————2 = oe, 


Va (@—2)—(@=a)) 




















2 a 
= 2asiae , the integral of this last is — az/1— 2? + a.are sin =a 
Yi-# 
Ee 3 Va-@ oe 
#+o,= (by substituting for z its value — | —a. . 
Va a 





eat are sin= Vi peed cea V a(e—a) —(@—ayt (t— a) — (#—a)* 


606. NOTES. 


Va-x-a_ arc 

va 2 

cos = (Gentetis -1) = are cos = petal i ike 
& 2 a 


a—z a 
++ a.are cos = Af +, but are cos = 





; conse- 








quently, the integral is evidently that given in the text. 





. és (a—a)dv dy? 
”) As dy = SFG =v 
Can VY a(x—a) —(w—ay ast re 
a(x—a) —(e—afP + (e—ay _ a 
a(%—a) — (a—a)? ~ a—(@—a) 
V ada 


(i!) Leta—a=y? Vaand da=2 VY aydy hence—————————— 
V a.(a—a)—(a—a)? 


Qayd ‘adi 2 ernie ov 
—_ 2Va J = 2 aare cos= Vi-g = 2V a. are 


= Vap—ya Vi-# 

‘cos Af se, oV/aarccosss / St 4 = VY aarceos = 
2a—2x + 2 = - 

(et) = Yaare cos = pte tal equal, when v=, 


the expression given in text. 


= =arcsin= Wie eed cana mate sk 2a) 




















(UV) Now are cos = 


= Je—@ + 4a(B—2)—4(B—o)P =2 4 f SOE @=2) 


when the radius is infinite the sine equal the are, and «.° if in 
the expression for A’ — a’ given above, there be substituted for 


a —2 aib—a)—(p—a)? 
gare cos = eC et ca ava @ 2) 6 ay, the terms which 





express the value of 8/—a! will be equal, and have contrary signs, 
therefore, 6’—a! in this case is cipher, and the value of y becomes 
evidently equal to g’, for the second member of the equation 
vanishes ; likewise in this same case when a is 2, the part of 
the expression for ¢’, in which a@ does not occur as a factor, vanishes, 


relatively to the other part, so that it becomes equal to TE 


av a(B—a) _ V2 B—2), 


PP a 
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adic 4 ydy + 202 
a? 


(m') By substituting for its value 


= (= + dy + saa a ers 
dé > : 
we obtain the value of N given in the text. 
(n) rdy is the are ofa circle described with a radius = r in at, 





and aha uw, and «dy — yda = dy = edt, *, rity sus < = 
c 
(asr= Va “\V@ae a 
fz 
(o’) z= acos$, cos8= bt — _ ea so A= b + 2gy, 


. by substituting for A* and y, their values, we obtain B%.ga = b + 
Qga— gad, > b= —2ga + yale + B), C=l?(a—y*) = Bga(e— 
(a — $aa?)!) = Btga(at — a? + ata*) = f*ga'a?, for by supposi- 
tion the fourth power of a is neglected. Now dz = — ad, and 
@—2=a—(a— fal = al, Qgz = 29a — gab, + (a? — 2). 
(292 +b) — & = aG*(Qga — gal?— 2ga + gaa? + B))— gears? s= 
get (a? @ (a2 + B— 6) — ata? BY), V (@ = #) (Qg2 + ba 
aVg@—HO—P)a * as dz= —a'id6, by substituting for 
V (@—*) (2j240)—G and also for dz their values, we obtain the 
expression for dt given in the text; and as 
edt _ Vqa.aBdt 


fie 
oe ann ae 





by substituting for dé its value, we obtain for dy the expression in 
text. 

(p') It appears from equation (b) that the increment of the angle 
w} will be always positive, it will consequently increase indefinitely, 
with respect to 8, as 52 oa nd ate 
a. and , therefore when these two quantities are equal, a must also 
be equal to each of them. 


or ie 8) » 4 always lies between 


(q’) The base of the cone will be circular because @ is constant, 
and the motion will be uniform, because is proportional to the 
time £; when a revolution is completed we have 


Qe =T fF and Hs ra on 4/4 
a 


g¢ 
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(”) When § = a, cos 24 /F =1, «.£=0, and when 0 = 8, 
a 


cos 2¢ f/L=- | 21 4/2 = (when d=8)a, vik 4/2 
@ a g 


By substituting for cos 2¢ V4, and observing that cos* f/4 a 
a a 


sin?? Ve =], we obtain # = $(a?+ 6°) (sine V8 eos /£) 
+4(a—6') (coste vz — sin?é V6) =a cont 4/4 sine 
ve. | 


a 


(#) Dividing this value of dp by at ot VE, there will result. 


dy= eB pea + (146 E tang 2); 


aa cot t VE 


ave g 
now == == d.tang. VE, ~ if we call tang. ¢ = 2,we 
cos? ¢ ve 


shall have 





£ dx B 
dp = eee’ and Y = are tang = 233 
consequently, 


tan y= Oa and cing = Aten iy é; 
8 a é, a 


=%,1VEnt, nd tat 4/4 
v5 ang endizs Pe 


(u’) From the equation 


. ating y= 6 tang /E, 


we obtain 


when 


l—cost) _ 4, sin® ¢ ve 
ry = Pye ma 
cont cos? t ve 


2 





consequently, 
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“at cost t Jt =(# cos? t Jz +? sin /£) cos? bs 


but the quantity within the brackets = 8, consequently, 


9 
a costt V/s = #cos*y, and a= a? @’ cos? y = aa’ cos*t res 
a 





in like manner it may be shown, that 


pia 2 2 
eF sink y = aeprsint /E, ay S + ZF a, 





¥ 


CHAPTER VI. 


(a) As the medium is uniform, and every thing consequently the 
same on both sides of the vertical plane, there is no reason why the 
projectile should deviate to one side rather than to the other of this 
plane. 





()t=- , and if this value of be substituted in the ex- 
@ cosa 
ression for y, we obtain y = 2 tan; + aH as © i 
a SA — SY ses as 
p » Y 6 “ @. costa Sgt Bh 


there results for y the expression given in the text, and as w 
d. + 
hsin’a; it appears from these expressions for the coordinates of the 
vertex of the parabola described hy the projectile, that when the ve- 
‘locity of projection or A is given, the locus of the vertices of all paras “ 
bolas which can be described, is an ellipse whose minor axis is vertical 


v dy ‘ 
tanga — >-——,, at the vertex where = 0, @ = 2h sing, cosa, y = 
2h cos* a la - 


and equal to h, and whose major axis is horizontal, and equal to 2h, 
* for we have 2” = 4h? sin’a (1 ~ sin’a) = Shy — 4y? ++ 4p et — 
dhy = 0, which evidently is the equation of such an ellipse as bas 
been described, in which the origin of the coordinates is at the lower 
extremity of the minor axis. From the equation # = tacos a, 
¥y = tasina — }gt',it appears that when ¢ the time is given, the locus 
of the points arrived at in a given time is a right line parallel tothe 





direction of projectivn, and intersecting tho axis of y ata distance 


ve a . Sager F 
from the origin equal to e. As the direction of projection bisects 





the angle betw en vertical and line drawn from point of projection 


4 
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to the focus, and as / is always equal to the distance of the origit 
from focus, if #” and y” denote the coordinates of the focus, and a," 
as before, the angle between the horizontal axis and direction of pro- 
jection, 2” = h.cos (2a — 90°), y” = sin (2a—90°), ie, 2” = — he 


7 
sin 2a, y’=h cos 2a, *.° a" + y/? = h, a = — cot 2a, the first 


equation shows, that when the velocity of projection is given, the locus 
of the foci is a circle radius equal to h, the second proves that when 
the angle of the projection is given, this locus is a right line ; likewise 
in the same circumstances, that is, when direction of projection is 
given, it appears from the equations x = 2h sina cosa, y = fsin® a, 
that the locus of the vertices of the described parabolas is a right 


line of which the equation is y = 3 tang teas 


dz dy 5 da? + dy" : 
(¢) 7 = acosa, dem tina gh. oe) menial = a® (sin? a 


+ cos?a) — 2a(gtsina) + gt? = at — Qagt sina + g*, and as 
@ = Qgh, Qagtsina — gel = 2gy, & = Ig .(h — y), as we know 
from other considerations. If the equation y = # tanga — aon 

ge 
4.costa (w tang a— y) 
determine the velocity, with which a body should be projected in a 
given direction, in order to reach a given point. 


be solved for h, we obtain h = » hence we can 


(@) It appears from inspection of the value of z, that the part. - 
under the radical is the equation of a parabola, and it follows from 
what is established in the text, that all parabolas described, with a 
velocity of projection equal to /2gh, will touch the concavity of this 
patabola. 

It is evident, that the maximum range on a given plane, passing 
through the point of projection, is when the direction of projection 
bisects the angle between this plane and the vertical, consequently, 
the given plane passes threugh the focus of the parabola, which is 
described; and if $ be the inclination of the given plane to the ho- 
rizon, we have ¢ = 2a — 90°, and tang.a = tang.$(> + 90°), 

_ oh 2h 
8= tanga tang (¢ (o+ > + 90°) 
B nh 2h 2h 
Cosh. coed tanec Vb 9D) La sae 


——,--— and the greatest range which is equal 





for tang .$(6 + 90) = 
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L+tang£ sin? 4 cos% 
j= “as cos $ = cost — sine $, cos }. 


1—tang® cos — sin ra 
tang $ (> + 90)=1 +2sin$ cos$=1 + sing. 


4 
(m= sk and the surface of the sphere is equal to 47%, +. 





if these yalues be substituted in the value of =, the result will be of 


the form in the text. 





(f) By substituting for = in the equation oe = 2 == weob. 
tain 
de oe dz ds _ _-% dau 
de ae as di at de 


multiplying both sides by dé, and integrating, we obtain 


—¢8 


jog =—cs + log. a‘. de =a. 


dt ‘dt 

dx 
Now when s = 0, YT 18M" ATA. cosa, consequently, the 
value of = is that given in the text. 


dt 
eas R, ay 
(g) In fact, by substituting for= in the value of ao there results 
dy oa dy ds = o@ dy a 
ae — “aids dt 8 at a 
and it is evident, from inspection of these equations, that we may 
@ =p. s Pp being a new unknown. 
(h) Differentiating the equation = =p =f and dividing by dt, 
od 





assume 


there results 





dy dp dz Pa & dy = dsdx Pax 
de ad ta ad 8 P aa oe © 
dt BP 
“aa 
(i) Multiplying both sides of equation (2) by dx, we obtain 
dx 4 


di 

CBee = 2 wy p28 : oo _— 

Thatae dz = — 2h eos ae~* dp; also was 
dx 


de a: ewe ® a= = 
PA dts hey dy = pax; and 5 di. dt (= dzdp) =— gd?. 


dp = — 
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a. ay dx? 2 
) 2 t# cay pHa == (eae 5a) +p 
at 
a 


® (VI+ p" _ p). (WT p? +p’) = 1, therefore, the sum 
of the logarithms of the two factors is cipher, consequently, one of 
them is equal to the other affected with a contrary sign. 

edx’= by sustituting for p and dp 


~ Lp VIF pF + log (VT p* — pl) — 
So pnwet _ ap! 
—p Vip? —log(pt + Vi¢pt—y 

(m) For very great values of p’, p’ may be assumed equal to 
V 1+) for in this case when Vp” 1 is expanded, the first term 
is p’/, and the powers of p’ which oceur in the second and following 
terms are very small with respect to it; therefore, 

y +p” + log 2p’, or y + p? + Flog p” 4+ log2 = p’s 

and from the equation eX = 1 + w 4+ 2° + &c., it appears, as is stated 
in the text, that the logarithm of a very great number is always very 
small relatively to this number. 

(n) In this case the expression becomes, by substituting — p’ 
for p, 





gl +p”) 
os ———, 
yte VIF p+ log (py + VIF BP) 
which becomes, by neglecting y + log 2 and sleep’, 


cvtog, and *" vw, 
¢ 


v= 





(0) By taking the differential of du, we have evidently 
du = dy cos 8 — dex sin 8 = (dy — dar tang 8) . cos 8, 
and if the values of dy and dz be substituted in this equation, and 
the sign of the common denominator be changed, we have the ex- 
pression for du given in the text. 


dy -1 
(p) By integrating this equation, we obtain a= = Tihcos'a. err 


-—1 


Ber ause when z, y= 0, tang «= —>——- 
+c, and becaus a] , fang Thcota 


+ c,c = tang a 
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i 
8cehcota 


=~ +c’, and when wand y=0 in this equa- 


Tokoo® a’ » by integrating a second time, we obtain y= — 
0S) 


ere. 
sb tang ant ee cos? a 


tion, we have ¢/= — ee » hence by concinnating, we obtain for y the 
the expression given in the text. As er] + 2x + 4c%x? + 8° 


D& e2cz — Qex — 1 a 
U o Bch cos? a \= Dh costa 


=F Ste When c=; hence y= tang aa 
a 

~ Bheosta 

vacuum. See on this subject the twenty-first NumberDu Journal 

de Ecole Polytechnique, page 191, and Vol. LI. Nos. 358, 359. 

gdt_dp_ oe gus 

dxt~ dv 2h.costa © 


+4, when §=0 ¢=0 +s amm— 


which is, as we know, the equation of a projectile in a 


(q) From this equation we obtain— 


ex dar et 

——a andt=——— 

Vv 2gh. cosa Vgh.ccos a 
1 

VY 2ghecos a 

(2) The planet was in this case supposed to move in the cireum- 
ference of a circle of which the sun occupied a position at some dis- 
tance from the centre, it was on this account that the motion was 
said to be performed in an eccentric circle. 

(4) Itis easy to determine when ¢— nt, i. e. the equation of the 
centre is a maximum, for if about the focus of the ellipse, which the 
sunis supposed to occupy, as centre, a circle be described whose ra- 
dius is a mean proportional between the semiaxes of the ellipse, the 
area of this circle is equal to that of the ellipse, and if we conceive a ~ 











>‘. the value of ¢ is that given in the text. 





body to move in this circle with the mean angular velocity ~ from 
the radius which coincides with the peribelion distance, at the instant 
the earth passes through the perihelion, and in the same direction, 
it is evident that as the earth’s velocity in this point is greater than 
the mean angular velocity, the earth will precede the body which 
moves in the circle, and it will continue to precede it, until the an- 
gular motion of the body becomes equal to that of the earth, i. e. 
until the earth’s angular motion becomes equal to the mean angular 
motion; after this, the angular motion of the earth being less than the 
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mean angular motion, the body will begin to gain on the earth, and 
will evidently overtake it when the earth arrives at its aphelion; hence 
it is evident that the earth precedes the body by the greatest quan- 
tity, and the equation of the centre is a maximum when the angular 
motion of the earth is equal to that of the body ; this is evidently, 
when 7 the radius of the circle, is a mean proportion between the 
semiaxes, or 7 = a (1 —e)i. For ifn be, as in the text, the mean 
angular velocity, we have > = the area described in an indefinitely 


sanatiyortion of time in the circle, and ifr” and n‘ be the corresponding 
Aer 7 etn! 
quantities in the ellipse, we have 3 





= the indefinitely small area de. 


scribed in the ellipse in the same time, consequently we have 2: 7!:: 
as the synchronous areas in circle and ellipse divided by the squares 
of their corresponding radii x and 2”, but in the circle and ellipse the 
synchronous areas are equal, being as the whole areas divided by thepe- 
riodic times, i.e.in aratio of equality, hence the angular motionsa, n/are 
equal, and @—n£ the equation of the centre a maximum, when r= 7, 
i. e. at the points where the circle, which has been described with a 
radius equal to a(1— @)!, intersects the ellipse. It appears from this 
value of 7, that the greatest value of the equation of the centre de- 
pends on the eccentricity, as is stated in the text. 

4 = a(l-e) 1 


(c) From equation (2) there results, cos = , 


’ 
d.cos) = — sind? = — oe, therefore as sin’? = 1 — cos*# = 
er —at(l—eyt—9* + 2ra(1—e') sing i — (re a))(V 12) 
er , er 
d.cos§ a(1—#)dr 
and, consequently, dj = — ind nV ae aay = VIS 
which is evidently equal to the expression in the text; and as 
ado rdr 


aVvl-e@ V de—(r—ay? 
a.(1 — e. cos 4). ae sin udu 


Vi 


+ ndt==(1—e) cosudu; likewise, by sub- 











nadt = by substituting for r and dr 





their values, there results nadt = 





cosa 

ate.(1—e). coms. sinudu 

palate oid tesserae 
ae. SID UL 
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slituting for » and dr their values in the expression for @9, it becomes 


2./1—2.esinudu _VI-edu_ Vi-édu , 
a.(l—ecosu).aesinu ~ 1—e.cosu I—e.coshu-fesin'yu’ 


d= 





now if both the numerator and denominator of this expression b& 
divided by cos’4u, and if we observe that cos? 4 bu + sin tui, 


a 21 ay 21 
Vice du sin’b a cos*h a 


we shall obtain d§ = 





cos*hu * y cos*hu cos*hu 
ecoshu _ esinthy 





sa + i = (by substituting for tandu and for ~ 
cosbu cos'du (ey 8 


a their 
ost 

respective values), the expression in the text. Now in tit value of 

2Y ede 8 mn.dz 


l-e+(1f ee m+ ne = 





id, let L-e =m, 1 +e = 72, then 





. vn Qdy 6 
(by making Va z =) Ty" consequently we have g = are tang 


=y =arctang = 2 














aah and tang$@= INE ie 
—e vil-—e 


cos(é + é/)nt a cos(i— tnt 
a: 


(d) Cosént.cosi’nt = » Sinint. sind/nt 


cos(t + a )at — cos(t—i')nt Sos oa ; 
= eee es and it is evident that if these values 
be substituted for cosi/nt.cosint, and sini/nt.sininé, and if the inte- 
grals be taken between the limits 0 and =, the results will be those 
i ‘ ‘ Qint +1. 
indicated in the text, and as cos*int = ae sin ®nt = 


1- int 3 ‘ 
eee it is evident when these values are substituted in the 
. 


expressions (oeorPnecdnt, (o> sin’int.d.nt, that the results will be in 


0 


each case When? = 0, { j cosint.nt = Jans and therefore 


Jf i dnt = Ayr = (onan 
nt). cosint 


(e) The integral of (9—né) sin iné.d.nt is = Ga) 
é 





if cosintd (§— ni), and when taken between the limits né = 0, 
Z 


nt =, it is evident, from the value of ¢—nté given above, that it is 
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‘rédaced to 7 Seos int.d(@—nt), hence it ‘appears that the value of 


B, is that given in the text. 
(Cf) As int tu — fe sinu, we have cosint = cos (iu—iesinu), 





vi-e 


1—ecose 





and if we remark that a6 —nt)ds—d.nt= 





(1 —ecosu) du, it is easy t6 deduce the value of B; given in the text. 
(g) As cos (iu—te. sin) =-cost.u. cos (te sinu) + siniw. sin (desinu) 
by expanding cos.(ée sin), sin.(ée sin) into grseries according to the 
formula expressing the sine and cosine of an arc in terms of the are, 
we will obtain the expression for cos(tu—ie sin) given in the text. 
(h) By substituting for r and d.n¢ in the ad of A, we obtain 


ay = 215 (le conus 2 0G 0 —2ecosut S +5 Foose) du, 
a J90 a )0 
equal at the limits «= 0, «= 7, Ce + er), i.e. a(l + $e). 

v 


. 2 
(@) By substituting these values, we obtain, v= ¢? ) + 





_ ina (1 + 2¢cos6 + ecos?) yas 
== aay aa v.a? (1 — e)? = 


—— —e) 





Ya(l— @ 
(1 + 2ecosé-fe*)c’, but = 24 2 cos$, and a ) 


—-1l+e=l+2ecositey es _ 1).-e) = 1+ 2ecosi+e%, 





2a ¢€ 
am e@ae(l—e) = ( > 1).a &), and o= aioe 


f 2% losing = 2 ev, it appears from this ex- 


r uw 2a 


py 





pression, that at the mean distance the velocity is equal to velocity 
in circle at same distance, and also that at this same distance the 
angle 3 is a minimum.—See page 374. 

(#) Since sin $ = siny sin (6+ w), as sin vis always + when sin $ 
is +, then 6+ wis Z 180. 

(2) From the equation tang = cosy.tang Awe obtain tan?y costa 
= cosy. siv?a, i.e. tany.(1 —sin?a) = costy sin’, ~ J sia = 

tant , and sing = siny sina = eSALL tangs 


costy - tan’y ¥ cosy + tangy” 
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{m) The comets do not appear to have exerted any sensible at- 
traction on the planetary masses, or in any way to have deranged 
their motions; when they are observed through very powerful teles- 
copes, and under circumstances in which we ought only to perceive 
a part of the illuminated atmosphere, we are not able to discover any 
phases; stars are said to have been seen through the densest part of 
the nucleus. os 

(2) See Dorpat Catalogue of Double Stare, by Struve; Philoso- 
phical Transactions, 1862, and 1803, Connaissance des temps, 1830. 


(0) The force o ae acts in the direction of the tangent, and this 


7 

force resolved in the directions of the axes of 2 and y is equal to 
ds de ds dy mrs dxds dy ds 

8 Tai ae? Pays" a which since ds d? ds ae *° respectively equal 


to = and ay become the second members of equations (2) given 
in the text. 

(p) If equations (2) be respectively multiplied by de and dy, 
and then added together, there results, as 











dz= oe at ds= a dt, &c. 
se ety +e (= ydy =- (EA) ds, : 
which, since <1 = — and r= Vet ys is equal to 
hid. (FEee) pat = e aay iis 


« and in like manner, if the first equation (2) be multiplied by y, and 
then taken from the second multiplied by x, we obtain 


eby yd d ady—yda\ ds (4 yrd\ 
dd? de — -( de y= Pde de ~ at)? 





ady yde da 


and as We ap = r, ae we obtain 
dh ds 
2 = 2, 
dur uae nm? dd. 


(q) See No. 232. 
4k 


618 NOTES. 


(vr) ¢= nt +e+ 6,5 now 8, isa periodic function arranged ac- 
cording to the sines of the increasing multiples of né + ¢—w, when 
0 ig increased by 360, it is evident that we arrive at the same point 
as before. If there was no perturbation the value of the time lapsed 
between two consecutive returns to the perihelion would be equal to 
that of a return to the same fixed point. 

(s) [Ef the first of these equations be multiplied by 1—e¢ cos #, 
and the second by aesinw, we obtain by adding them together, 


(1—ecosu)'da — a.cosu(] —eeosu)de + ae.sinu(1 —ecosu)du + 
aesinu(de— dw) + aesin*ude—aesin u(1 — ecos u)du, 
which as ae(sin’s-+cos*) = ae, is evidently the expression in the text. 
: y P 
(t) As by the third cquation (a) 
l-e 
Te tins’ (§-w), 
if this value be substituted in the expression for cosw, there results 
1 Osos =o) 
7 OF 
a—e) @) 
+ Oe) cos* Ow) 


_(d+ e) cos? $(9—w) — (Ie) sin?(—w) 
= ( e).coss @—w) + (1 —e) sin"(G—w)’ 
which as cos?}(9—w) + sin’4(¢—w) = 1, cos*h(6—w) — sint$(§—w) 


= cos (#—w) is evidently equal to the expression given in the text; 


tang*}u = 














cos u= 


hence we have ey 
_ (l—e 
(l—ecosu)? = UF eco? Goat) 
e&—1).acos(9—w) 
1+ e.cos—w) ” 





@.(e—cosu) = 


a 7 _ ae VI=@ sin(g—w) | 
Fee SEG cos(G—w) *, 
now if these values of (1—e.cos uy, a(e—cosu), ae sinw be substi- 
tuted in the equation 
(1—e cosu)*da + a(e—cosu)de + ae sinu(de—du) = 0, 
we will obtain, by multiplying by 1+ ecos$—«, and dividing by 
1—e?, the equation (f). 
(x) It appears from the equation 
dg = V pal — eat 
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that the synchronous areas described about different centres of forces, 

vary as the square roots of the parameters of the conic sections de- 

scribed, multiplied into the square roots of the sum of the masses of 

the attracting and attracted body; see Princip., Book I. sec. 3, 
prop. 16, 
dy? 4 r°de 2 1 dy? 497d? 1 

{u) ?= —j = G-3) a a) 2d 


ole v. a 
bd \ 1 1 2 
(-2 (=a )ar) =a pdtvdd= 2p - a) 


diy*dd = ~ pr*deds = VW wd. V a — @dt, °° — p Vea —e). dt ds 
= Vind Va(l—e)jdt. 


@) diay € = «As Baw, ()a; and if in 


this equation there be substituted the value of 7, we shall obtain the 
expression given in the text. 





ec aes da (1 — ¢*) — 2aede 
-ée= —e | Oe: Ye 
d.Val—e) eVa(l é)ds, ive aad) 
ee —e —e 
eV a(l—e)ds 7 2ede= ee a 
(by substituting for da its value) 
2o(1 -- e®)ds—2o(1 +- 2c. cos(d — w) + e*)ds, 
which, by obliterating the quantities that destroy each other, bacomes, 
by dividing by e, equal to the value of de given in the fext. 
Equation (e) becomes, by performing the differensidtions, 
7086 cos wde — re cosésinwdw +- rsin 6. sia wde + re sing eos wdw = 
da(1 — ¢*) —2 aede, 
that is, by toncinnating and substituting for da and de ia the sécond 
member, 
vcos(t—w)de + re. sin (8 — w)dw = —2pa(1 + 2¢ cos(é—w)+-e*)de 
+ Apae(e 4 cos(é — w)ds (= — 2¢a(1—e*)ds) ; 
now if in the first member of this equation we substitute for + and de 
their values, the preceding equation becomes by dividing both sides 
by the common factor, a.(1—e*) 
Qo(e.cos(?—w) + cos(¢—w)*)ds + sin(é—wledw 
— 1] + ecos(é—w) ae 





= — 2ecds, 
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and consequently : 
edwsin(¢—w)= —2(1ecos(6— w)ds42p(e.cos(—w)-+cos(d—w)*)ds 
= — 2.(1—cos(0—w))ds = — Qpsin(@—w)*ds + 
edu = — Qpsin (6@—w)ds. 


If in equation (f) there be substituted for da, de, and edw their 
values already obtained, there results 





1 4 2¢ cos(d—w ‘ 
L 2a 5 + a ae ; ) pte eiet WE Ree at 


oe Ves 4 wesin(g=») eee 


reducing the two first terms to the same denominator they become 

















~=2p0t.(1-}-2¢,c0s( 9 — w) -Ee%)-]-20a(e.cos( 6—w) ]-cos(0—w)*)--2pa(«*cns(A—w)*-4-e.c0s(O—w) 
1-Fe.cos(0— a) y 


= (as e.cos(d~w)’ = e.cos(8—w) (] —sin(6— w)*) 


_ Ppa. (1 + ¢). sin®(¢—w) + e,cos(6— w) sin( (jw) 
1 + e.cos(¢—w) 





and thus equation (f) becomes 


—Spa flare) ) 4-ecos(d—w)] sin(é—w)? + a) ds 











1 4 ecos(§—w) Vi-eé 
ere sin(@—w).de __ 0. 
it ae. ya ar 


dividing by sin(@—w), and then reducing to a common denominator, 

we obtain 

—2pafsin(¢—w) (1 + e. uaa +) VY Te — (1+ ecgs(d—w)sin 
(9—-w)]ds + ae.(1 + &. cos(¢—w) de = 0, 

multiplying both sides by 1+ 7 1—4, there results 

—2pasin(d—w) [eV 12 — €.cos(6—w) —e*]ds + ae (I e(d—w), 

Q4+Vine)de=0, - 
hence we obtain the value of de given in the text; and in order to 
obtain the expression for ds we have 
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dy _ a(l—e)esing—w) , , dr 
@ ~Upeacott—ay 2 tae 
yk + 2¢.cos(@—w) + e*.(sin*(o—w) + cos(¢—w) 
»(l—e))* 5 
(a. (=e) (1 + e cos 0~w)* an 
ds= Ve ode = a(l—et) VIFBecos (Oa) FA d}. 
de? (1 + e cos(#¢—w))? 
It appears from the value of da that the radius vector diminishes 
while 5x the angular velocity increases; and the variations of the 





quantities e, w, ¢ are only periodic; the variation of the absolute ve- 
locity becomes by substituting 3pané for 3n, and —-2pa%# for da, the 
expression in the text. Likewise, as dr = —2za°d, the sum of these 
continual diminutions from 4 = 0 to § = 2m, is wpa’. 

(y) From the equation 7*d¢— cdf, it appears that when the areas 
are proportional to the tithes of their description, the angular velocity 


uae varies inversely as the square of the distance, and con- 


versely, when the angular yelocity varies inversely as the square of 
the distance, the areas are proportional to the times, for then cdt 
=7*d) = a constant quantity, and generally, in different orbits the 


angular velocity dé =%, varies as the synchronous area divided by 
the square of the distance. 


2*d§ = edt. rad =(vsind)= 5 and at the initial distance where 





dt 
VEY P= a, 0= V2gh we have ¥/2gh tin a oe at 
(#) Multiplying both sides by dz and integrating, we obtain for 
. dat kat dy? ky? et 
the first equation dE — 7 +c, ae = 7 + c’, hence it is. 


easy to obtain by the known rules the values of « and y given in the | 
text. 


(a’) When ¢ is increased by nV 7, the values of wand y remain 


the same as before, for in this case, the value of # is y.cos 


(« + an) B47 cs Hae (« +2) vi 
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F k 4 J 2gh . k ; 
=yv.| cos VA - —— .cos asin é *) the same is true for 
te ( Y ky V5 ; 


the value of y. 
It appears from this, that when the force is proportional to the 


distance the periodic time varies as V%. 


(#) By squaring both sides of these equations, and then adding 
them together, this result is obtained ; if a = 90 and hy << 2gh, the 
trajectory will be an ellipse, of which y will be the major semiaxis, 
but if ky > 2gh, y will be the minor semiaxis. 

When the force becomes repulsive, i. e.. when R is changed into 
—R, the values of « and y will not be expressed in periodic functions 
of f, but will increase indefinitely. 

d.3\? 


ees toe Qsrdr = b, becomes, by 





(«') Equation (3) ¢? Ge 


substituting for ¢, (rdz, and J, their respective values, 7? 2gh. sin’ a, 
1 1 


7V4ql ( a de dz 
(a. G,) +1) +ky l=3 = 2h, = (as YR = =) Qghsin*a. 
(= 4 ) + ky (l— 2") = 2gh, hence dividing by 2gh sin’ a, and 
hy \ 
2h sit aj~ 


» which, by substituting = n? for 1 — moe 


. . . dz 
concinnating, we obtain the expression @ + ( - 


1 ky 
sintga 2gh.sin? a 





and observing that = cot*a + 1, becomes the expression given 


1 
sin*a 
in the text. 

(d) In order to integrate this differential in the case where the 








t2 2 
superior signs are employed, let wets = @, and then adj = 
ite —, of which the integral is are sin = Sauce +c, and 
VE Voota +n at n? 
when @=0,2=1°>c=—aresin= a hence the va- 
V cot? apn 


lue of 24 is that given in the text. 

In the second casc, the integral is + nf = log (+ ne 4 
V cota —n? + nz) +c, and when §=0, and z=1, we have 
c= — log(+ n+ cota), and therefore, 
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S500 ='lo eee! ne 
sp ene (n+ cotz) 


From the first value of 29 we obtain 





nz.cota—nV cova + (1 27) nt? 


sin. n@ = 
cotta + n® J 





nie + coteV cota + (1— =) nt 2) 


cot? ~ + 2 





cos.nj = 





hence, multiplying the first of these equations by cota, and the 
second by x, we shall have 


nzcot? a — n.cotaY cota +(l— 
cot? a -- n* 





cota.sin, 2g = 





wz + n.cotaY cola + Seca ae 


n.cos.n§ = 
? j= cota fn 





and by adding them we obtain 


: cotta + n* 
cot a sin nb cos nd = ns ( + ) = ne, 


cotta + n? 


ndz F * 5 
(e’) a cot a.cosn? — n*sinn§, °° when z is a maximum 


we have Me 0, and +. cot z.cosnd — n sin nO= 0, consequently, 


cota = ntangné. It is easy to perceive, that this value of tang v6 
gives za maximum, and, consequently, 7 a minimum, substituting 
this value of cot zin the expression for nz, we obtain 

sin? n8 


nzimn. 
cos ng 





sin? 26 4- cos? n@ 
-cos 26 = nm . | ———-—_____] = 
spe seos ( cos. 28 ) 


——— L 
nV tang? ab + ljandz= Vt coPafl. 
, nae dz dy 1 
At the point where 7 is a minimum, we have = - p= 0, 


i . ar 
therefore, at this point — 


a= 0, consequently, the curve has an apse 


at this point. 
(f’) When z= 0, ris », the value of tang né for z= 0, is 





> == — ntanga, consequently, if from the centre we draw a line 
cote 


making with the initial distance y an angle @, such that tang. né = 
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—n tang a, the line drawn making this angle will meet the curve at 
an infinite distance ; and the curve has an asymptote parallel to this 
line, for if p be a perpendicular let fall from centre on tangent, we 


: 1 lz 2 
have in general == oe 2, in the case of an asymptote  va- 


nishes, and the value of = ui = —Vecota +n, consequently, if 
P 
a line be drawn from the centre at right angles to the direction of 
the radius which makes with y an angle é such, that tang n¢@ = —n 
tang @, and equal to p, and if through the extremity of pa line be 
drawn parallel to the infinite radius, this line will be an asymptote. 
(g’) In the case of the logarithmic value of +6, if we suppose » 
to be affected with a negative sign, we will have 
te S10 (= nz V cota wp wet 
a aes J —n+cota 
and therefore 
(—2 + cot ae = — nz+ Y cotta np nie’, 
but we have also 
nb fol? nt de ee’, 
{m+ cot a)e = ne + cote — ni nz’, 
hence we obtain, by taking the first equation from the second, 


=? 
not we + (n—cot a) eM —On id Ee 
( 


—nd 


consequently, by substituting for e” 6 o—” their tespective values, we 


shall have 


292 
(mente) (14-7 +istias eatt) 


Qnz = 


no, ng ) 
(n cota) (1 Te I eg thes 
and from the inspection of these it is evident that 2 continually 


increases. 


= —n 
The value ofS = +S *) eh CS“) , ifin order 


to determine the greatest value of z, we put this expression equal to 
v n— cota 
ne n- cota 


2 >> cot «this value is real, and z is a minimum for this value of e”? 
, 











" Lj 
cipher, we will obtain e’ thoes and z= ave cot! a, if 
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and beyond this value of ®, 2 increases, and the curve which is 
traced has two values that are symmetrical on each side of this 
rdb — dé 
dr de 





value of ¢”?. The curve has an apse at this point, for — 


z , redo. 
==» in this case, but a 8 the tangeut of the angle under the 
i. 


tangent and radius vector, and therefore at this point this, angle 1 Is 

right. If the motion commenced from this point, we would have. 
2y 

et enw? 


from inspection of this equation it is evident, that the branches at 





@== 90, and the equation of the spiral would be + 





cach side of the apse are symmetrical, for the curve remains the 
same when né is changed into — xé, the branches intersect in an 
indefinite number of points, all of which exist on the line drawn from 
the centre to the apse, the distance of any one of these intersections 


such as the m from the centre is determined by the equation 






= wep 

From the general expression for the time it follows, that the 
linte to the centre, when the number, of revolutions is infinite, 

_—_L__= i 

Tn f2eh Vf 2gh — 











Y 


2 oe Up 
If in the pregeding value of z = : Vn? — cotta, we suppose 
col? a >n%, then the vglue of z is impossible, and the curve does 
not admit of either a maximum or minimum for <, however, the 
curve has an asymptote, for we shall find that the value of 


1 
2 when z= 0 or 7 = o, is equal to (cot? @ — n*). 
Pp a(=- + 7) , q ( a } 
From the preceding discussion it appears, that in the equation 
1 1 
= aa i + cot a) er on (n — cot a) e~**, the curve which it 


denotes is different according as xis > or Z than cot a, when 2 > 
cot the curve has 4m apse, in the second case it has an infinite 
radius and asymptote. In both cases we have 2gh.sinra L ky, but 
as 2gh — ky = ky cot? a— 2n°gh; in the first case also we have 
2gh ZL ky, and in the second 2gh > Iry. 
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If in the equation 





[ n+ cota (1 eee + tae), 
| 1 
ane { i nb nil 230° | 
| n— cota (-F4+i5 - fas 8") 


we suppose 20, i.e., 2gh sin?a = ky, we shall have ani 


cot a.9, and y= cot.a.7.0, which is the equation of the reciprocal or 
hyperbolic spiral. In order to determine the time, if in the equation 


a2 
9°d5 = cdt, we substitute v 
cotta. 


2 
“pior 2, we obtain = pa oe = edt." ct 





=ys at c, and between the limits 4, 6’, we have 


= cota 
y (i 1 
et colts G _ 7) . 


If r denote the entire time to the centre, we shall have, com- 
mencing with cee 


a= a ‘slistustag Pee e|=* 


The pigs to this curve is determined by the equation 


{ 
— = 2 
pS +2 a= 


we have p the perpendicular from the centre on the asymptote 


7. sans 








in this case 2* + cot? a, *.° when 20, or r= 
> , 


= tang. a 

Tf in the expression for z, we suppose n=* cota, i.e. 2Whrmky, 
the value of z becomes =e", from which it is evident, that the 
curve described is the logarithmic spiral, and if the base a= eT, 


the equation of the curve will be #= a’, in order to determine the 
time, if in the equation edt —=7*d), we substitute for 7*, and inte- 
ae a 1 
grate between the limits 6=0, = — 2m, we obtain ct = (t~az)s 
ar 
and in like manner between the limits § = — 24% = ~ 4a, we find 


1 1 ‘ . 
cev=>—- | 1 - =), and so on for successive revolutions, therefore, 
2a ae 3 


if T denote the time to the centre, it will be expressed by the series 


i 1 -1 1 
Qe C rai tisk + atx + &e. |, 
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= Ly substituging for c, and taking the sum of this series 
cos ec’.a 
pV 2h 
(4’) This value is evidently equal to 
cdg 
Vk — pe — key Bhp — er 


which by assuming y = c?p — ky*, and by concinnating becomes 





a 











dy 
Vly — Bey" 
and the integral of this is equal to 
+ are cos eg. 9, 
w a ————— 
Vo kein — Bet 
equal by substituting for y, 
Key? —c%, x 
w + are cos = —-L—“8_"= 9, 
V key — pc 
The value of » deduced from this equation is 
ec 


om key — V ky — eB .cos (0—w)” 
consequently, when @ = w, ris a maximum ; when § = w - a, 7 is a 
minimum. w + 7 is substituted for w to embrace the case of the 
comets. 

(i) By substituting for » and 7.cos (¢—w), their respective 
values in equation (a);-and squaring both sides of the resulting ex- 
pression, we obtain . 

ey’, (a py?) = ct + se! (key! — &B) — 2erw". V hyp — eB. 

(#’) If in general 4p denotes the principal parameter of an 


ellipse, we will have ae = V @— ap =a—p+( Be. ne 


a(1 — é) the shortest distance = p + ( )a—Be, consequently, 
when a is oc, we shall have a(1 — e) =p. 

(V) Substituting for p and dividing by y, we obtain 
1+ cos w = 2sin’z, i-e., 2cos*s $w = 2sin’a, for 14 cos w = 2cos?hw, 


ay _ sind 


cost = cose? ; by partially integrating, we obtain 


(m’) Since 
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§ dy _ sind sin) 2sin.cosydy _ 2 sin’ dddb\ __ 
costy ie cosy" cost ia ( ) cost) ) = 
QWdy 


2 dy _ dy 
= + Sz ap and as Nas = tang), we have ) ae 


= tang }. (1+ tang?) 4 2tangy — fe ay! by integrating this 





last quantity in the same way, we shall obtain a similar result multi- 
plied by 2, and by continuing this partial integration, we will arrive 
at the following series, 


tang-y(1-Ftang*) (1 ~24-4—8+ &c.)4-2tangy(1—2+4—8+4ke.) 
+e, but (L-24+4—84&c.) = (14+2)"'= 3, 
hence then we shall have this integral, 


— tang (1b tangy) + Qtangy » nt 
SSS =e 


(v’) It appears from equation (c), compared with ama, 

pvp 

that the times, in which comets moving in different parabolic orbits, 

describe equal anomalies, vary in the sesquiplicate ratio of the peri- 
helion distance. 


Vin le 
~ pvp 


nous areas described by the earth and comet may be compared; for 


Also by means of equation n = i= “, the synchro- 


the sector described by the comet at the perihelion distance p, 
is to the syitchronous sector, described by a body moving in a circle 
of which the radius = p with an angular velocity equal to m, as 


Y2:1. See Mechanique Celeste, Book II. Chap. IVy 


CHAPTER VIL 
(a) Wher 2° is neglected in consequence of its minuteness, we 
have p= (0? — Qar cos A)-?= a7? + 8a-*¥ cos a, consequently, 


Sfilrsind _ fin'r sind fin'ar_ fm! | Bfim'r cosa 
t= 3 = : 


3 





o ae 2 a me 


therefore, 





Sov'a—fin'v cosr _ fin! + 2fimn'r cos » 
e Te geo 
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(4) See Mechanique Celeste, Tom. IV., and also the translation 
of the System of the World, Vol. I. Book {. Chap. XV., and Vol. LI. 
Chap. XI. 

(ce) The force $’ resolved in the direction cm is equal to ¢’cos A, 
for A is the angle between cm and ac, and as the direction of the 
force $ is perpendicular to ac, the angle which it makes with cm 
must be the complement of a, consequently this force resolved in 
the direction of cm = ¢ sin A, and if we substitute for p/aud > their 


2finrcosr far sin A 
as 


respective values ~ —, and if we observe, that these 


P=) 
components of $/ and ¢ act in opposite directions along the radius 
cM, and consequently must be affected with opposite signs, the re- 


»): fin'r 


sult of the two must be equal to (2 cos? A — sin? , which, by 


sige a P wal § 
substituting 75 for m/ is the expression in the text. These results 


may be applied to the disturbance produced in the lunar motions by 
the sun ; and if we suppose that 7 is equal to the radius of the moon’s 
orbit, and a the mean distance of the sun from earth, it appears 
from this expression, that when a = 0, i.e. in the syzygies, the force > 


2 
vanishes, and the force $’ is a maximum and equal to fait 3 onthe 


7523 
contrary, when A= 90, i.e. in the quadratures, the force $/ vanishes, 





and ¢ = chai » hence the greatest value of $’ is to the greatest 


value Pt as 9 : 13 but we should always keep in mind, that the 
force > increases the gravity, while it is diminished by the action of 
the force $’; as they act in opposite directions, and as they respec- 
tively vanish, $’in the quadratures and ¢ in the syzygies, there must 
be some intermediate position where they are equal; this is easily 
determined ; for since 2 cos?. A — sin? A = as — I, the value of 


the force 4’ cos A— $ sind is (3 cos? A — eas -» Consequently, when 
oa 
? I 
3cos? A~-1L = 0, 1.c., when cos A == per d’ cosa = sin a, and from 
3 


syzygics to an elongation = ——, sin a, or the additious force pre- 





dominates over $’ cos A, or the ablatious force, and from this point 
to the quadratures, the latter exceeds the former; and therefore, 





aide dite BOL ane Hola dla’ abeekecd Peden 
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would be easy io compute the actual diminution, for by multiplying 





(3 cost A — 1) sad by da, and then integrating, the result is 

(GA—aA+ gsin 2a). fair = Jt which is the effect of the disturbing 

forces, while the angle a is described, and for an entire circumfe- 

rence this becomes (because the periodical part vanishes), Le 

and therefore, the mean disturbing force acting on the moon in the 
f 


direction of the radius vector is ~ — ; it is easy to show that this 
a 


quantity is equal to 51, part of the moon’s gravity to the carth, 
for if T’,T, denote the hitedie times of the moon and earth, we 
have 





m 
—:F the central force of the moon:: 
a 


<r F . % 
Now 5 = = . was i and consequently,the mean disturbing 


force = a The effect of this diminution of the moon’s gravity 


by a 51% part is to increase her distance from the earth, and as the 
force by hypothesis acts in the dircetion of the radius vector, the 
mean area is not altered, but the angular velocity which varies in- 
versely as the square of the distance is diminished by a ;}5% part, 
and the periodic time is increased by the same quantity. 

(d) Let c= Qe = circumference of the moon’s orbit, 4 the 
are described by the moon in a minute in her orbit, v its versed sine, 
” the radius of her orbit, then as she is supposed to revolve uni- 


formly, we have 


c 
aAte::Win, Am, VE 
i n 2 n 





and by substituting for 7”, we obtain the expression in text; now if 
the same space v be described at the surface, and at the distance of 
the moon, and if f and ¢ denote the force and time of descent at the 
surface of the earth, and f’,t/, the corresponding | ‘quantities at the 
moon, we have 

v= fe SPs Refs 


je. when f 1 (G0Ps1, tt 





fi 
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LQ, a bedy at the earth’s surface would in a second fall through a 
Space equal to what a body at the distance of the moon would fall 
through in a minute. ‘The corrections or various circumstances, the 
consideration of which are omitted in order to simplify the demon- 
stration, arc—Ist. The disturbing action of the sun, which was ad- 
verted to in the preceding note. 2ndly. The circumstance of the re- 
volution of the moon not being performed about the centre of the 
earth, but about the common centre of gravity of the earth and 
moon. See No. 243, and Harte’s Translation Du Systeme du Monde, 
Vol. I. page 381, 

(e) If the figure of the earth be supposed to be that of an el- 
lipsoid ¢ generated by a revolution about its lesser axis, and if the 
equicapacious sphere be supposed to have the same centre, the 
greatest elevation of the sphere above the spheroid is half the de- 
pression beneath it, when the spheroid differs little from a sphere, 
for if » be the radius of the sphere, «@ and b the major and minor 
semiaxes of the spheroid, then if a — r=, r—b=s, we have 
s=29.9.p, for 

3 

- = = ah = zo + py. (7 — 8), =F (mp 20%) ~ rts), 
when the squares and products of ¢ and s are neglected, conse- 
quently, we must have 2¢=5; we can by means of this relation 
obtain the value of + in terms of a and 6, for we have evidently 





24—-Qrar-b rs ee A the elevation of this equicapa- 
cious sphere above the sphere inscribed in the ellipsoid, and whose 





SY ga Fee 


radius is therefore equal to 8, is = 2) $ now in 


figure 60 let as be the minor axis, and cp the major axis of the 
spheroid, aBBasection of the inscribed sphere, let d be any point of 
the spheroid, do, dz lines drawn to the centre and parallel to oc, 
meeting the inscribed sphere'‘in the points m and n, we have by the 
nature of the ellipsoid, . : 
cr:dn::0c: dx: rad: cos doc,g p: 

and by similar triangles ndm, dco, nd: dm::0d:dzx :radius to cos doc ; 

“Re: dm:: cot: de’, i. e. as square of radius as to the square of the 
cosine of doc, or of the latitude a GPs AS RO aA bo we hava 
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dm = (a — 6) cos'A; now the depression of a point of the equi- 
capacious sphere below the spheroid, and existing in the radius od, 
is evidently equal to the difference between dn and r ~ 6, or to the 
difference between dm and § (a — 6) which by substituting for dm its 
value (a — 6). cos®a, is equal to (a — 6) .(3— cos’ A), consequently, 
when $ = cos", this depression vanishes, or the equicapacious sphere 
intersects the spheroid; from the value of dm it is evident the in- 
crease of the force of gravity in going from the equator to the poles, 
varies as the square of the cosine of latitude, as was stated in No. 198. 
The value‘of the latitude resulting from the above equation, namely, 


1 , . 
Wit is remarkable also as being the distance from the quadratures 
3 


at which the additious is equal to the ablatious force. 

(J) As lines drawn from places on the opposite sides of the 
mountain to the same fixed star, are supposed to be parallel, and as 
the deviation on cach side is supposed to be equal, the angular dis- 
tance of the two stars must be double the deviation. 

(g) By substituting for p and q their respective values, we ob- 


fim, ; ful, 
ora = “a? 





aacsin (4 


‘ : wv) 
tain P.@ sine = ——, and then as P= 


we have 

fulm, ac sin (y — *) 
¥ 

which by substituting for m’ its value, and dividing by m, is the ex- 


Sta.sine= ‘ 





sin w pn 


-——_— = 5, it is 
sin(y— %) pre? 


pression in the text; now in the equation 


evident that 








. : Pia 
sin 2 = (sin y cos. t — cos ysin z) ns re 
and 
: wpe pre? 
1 = (sin y.cot # — cosy) pro: ‘cote = any + cot y, 


- when c is least and y = 90, cot « is least, and». # the greatest. 
(h) It is necessary that the lever should be accurately horizontal, 
otherwise the effect of gravity would bt complicated with that of the 
force of torsion. 
(2) By substituting for cos (vy — 8) its value, we obtain 





= e+? — 2accos y cos ¢ — Qac.sin y sin 4, 


= (if the square of @ be neglected in the series expressing sin 8, cos $,) 
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a +c — Qaceusy ~ 2acsiny.§, = — 2acsiny.6, 
and therefore, 





23 = (BS 2acsiny.0)-?= b+ 8acsinyJb-§, +. pl cae) = 


(sin -y— cos y.6) (0-3 + Sac sin eile = aie a + a Z i 








now if the numerator of © vid be multiplied by the value of 6, 


and if the denominetor be ee by 8%, we obtain 








cosy. _ (a+ c*) cosy. @ — 2accos’y.6 
Spo eto ee hee ee 

hence then we have 
sin (y — 4) = my 


ze 


— [(@ + &) cosy — 2ac — acsinty}. Le 


for — pe aeniee cos? vy) = ~ 2ac. 

(k) See note (e) of this Chapter, and No. 193, ~ 

(1) See the Mechanigue Celeste, Livre 7; also Harte’s translation 
of the System of the World, Vol. If. Chap. V., and notes. 
yz dy dz 


) is integrated with respect to z, it 


(m) When 2 fire’. (a 


becomes — 2af;' a 





‘), the value of y is determined by 





yay, 
SS integrated 
Ve +¥ 


with respect to y, gives y = — Very +y + 2, in which z is evi- 


making 2 = 0, which gives ¥ = ¢; and—2-fp’ 


dently equal to h, hence then the value of — 2xf;' (ene be- 
© + ey 


tween the limits o and h for =, o and ¢ for y, is the value of A” given 
inthe text. 


=p? 
(7) g — g/ (= by neglecting 7/—v and h?) k — ease -Ww= 


2Q2kh 


——k. 
r 


Now as & differs from g/ by a small fraction, if in the fruction 


ch RA 
2 paulo, g’ was substituted for £, the result would differ from = by 
r : 





Ah. ; me 
the product of- into the difference between g’ and k, which as it is 


4u 
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a very small quantity, the product is a very small quantity, and con- 
sequently, may be neglected. 


(0) As k’= 2xfy/h, if in this expression we substitute for f its 


Axofr 


: fs 39’ 
value derived from assuming 3 = g namely, ws the result, 
mE y 





3p'hg! . 
namely, A’ = ae will differ from the actual value by a very smalt 
quantity of the second order, hence then in the expression 


2hh 








g-2= ret k’ we substitute g’ for k, and “ve for k’, we shall 
2h _ Beh 
obtain g — g’ = g’ = £). 


(p) If f= £ g then the value g — g/is 9’. (2 - i) = =y’ ok 
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BOOK IIL 
CHAPTER L 


(@) It appears from what has been just established, that p is the 
resultant of the given forces P,P’, P’, &c., and of a, consequently 
these forces may be replaced by R, and a force equal and directly 
contrary to a. 

(6) As each body furnishes six equations, namely, x, Y, 2, L, M,N, 
respectively equal to cipher, the entire number of equations which 
thus result, will be six times the number of bodies; but for every 
point of contact, the elimination of r and of the corresponding quan- 
tities of the other bodies reduces this number by one, therefore, the 
entire number of distinct resulting equations will be six times the 
number of bodies minus the number of points of contact, 

(c) When t= 0 the resultant of the forces parallel to oy must 
coincide with it, and therefore be destroyed by the fixed point. 

(d) a= rsiny, y= (y cos A—x 00s p), therefore, art 
P (ysin y cosA — wsin y. cos 2) equal * p(y cosa — x cos 8.) 

(€) P cosa = — P/ cos a’; therefore substituting ; for cos a, and 


— cos 2 for cos a’, we obtain the expression in the text, 

(f) Since the friction is by experiment ++/ to the pressure, it 
follows from what has been just established, that the coefficient f 
and consequently A, ave independent of the pressure, and therefore 
of the weight. 


CIIAPTER II. 


(a) The expression for Lin No, 261 is 
P («cos 8 — ycosa) +P (2" cosa’ — y/ cos 8’) + &e. = 3 
now by substituting for @, @’, &c. in the value of 8, Psiny, P/sin y's 
&c., we obtain the value for L, for cos 6 = sin 7 608m, COS ad = sin -y 
cosa, &e. 
(4) Ifthe squares of the three quantities H cos 3, H cos 4’, H cos 3” 
be taken, and if they be then added, there results 


H?, (cos? 3 -f cos 3, + cos? 3.) = Pp, 
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p? being substituted for its value given in the text ; therefore we have 


pp.cos § = P(e cos 8 — y cosa), 
consequently, 


1 





cos $= 


PAGkaad ae ¥ C08 a). 


(c) If in the equation ern aa we substitute for ¢ vw, 
= ucosy 


. ‘, and then multiply by cos a, we obtain 
OS a cosa 


their values 





the equation A cosa +- Bcos 8 + cosy = 0; now from the equation 


ee a (Zé cos aC cos r) 


Ag- By -+-c2z=0, we obtain s=~( cos B 





consequently, 
ax cos B + cz cos B = Ay cos a + Cy. cos 7; 


and therefore, 
a 
ca (pom ems 8 
ycosy 


in asimiar manner we may obtain the value of 8. 





(d) By expanding the binomials in the value of p* we obtain 
at cos? B -F 2* cos* y + y* cos? a + x? cos’ y + z® costa + z*cos*B — 
Qay cos a cos B — 2rz cos a cosy — 2yz# cos B cosy, now 2?(cos? 8 -- 
cos? y) = 2? — a cos? 2, 3 ” (cos? + cos* yay — yc? B, #(cos?a 
+ cos? 8) = 2° — 2 cos’, consequently as a? + y+ a = r®, the 
value of p? will become 
1 —r2 ens? x costA—?c08°3 €03"2— 7? cosy cos*y — 27” cos & COSA COS p. 

cos p —2r? cos & cos A cos 7 cos y— 27 cos 8 cos 4 Cos COS ¥ 
Now it is evident, that the parts of this expression which contain the 
cosines multiplied by 7°, are the square of cosa cos A + cos § cos wp + 
cos y COs ¥, and consequently it vanishes, therefore the value of 
p= 1", as was proposed to be verified. 

(e) By making this substitution, the fourth equation of No. 261 
becomes 
P(acosB —ycosa)-+P/ (2’cos Bi—y'cosa’) +&e.—(PcosB-+P’cos 8’ 

P” cos 8” + &e.) #, + (P cos a + P/ cos a! + P’ cosa!’ + &e.) y5 
now the two first terms of this expression are equal evidently to t, 
and the two last terms are equal to xy,—Y2,, hence the value of 1, is 
that given in the text. 

(f) By taking the partial difference of the value of c* with res- 
pect to x, we obtain, when, is a maximum, 
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— 2Y(L+ xy, — ¥a,) + 22(M +4 22, —xz,)=0, 
consequently, 
a, (+ 2) = x (vy, + 2z,) + ¥L — 2M, 
and by adding ,x? to each side of this equation, there results 
a, (3° ¥? + 2") (= a,R°)= x (xx, + vy, + 2z,) + yL— am. 

The expressions for R’y,, R°z,, may be obfained in a similar manner. 

(g) From two of the preceding equations we obtain 

Riv, + 2M — YL Rey, + XL — ZN 


x Y is 





see R? (XY, — ¥2\) + (x? ++ VY) L =z (ex + My), 
and by adding z°z to each member of this equation, there results 

RY (xy, — Ya,) + (x? + ¥? + 2?)L =z (Nx + My + 12), 
which, by dividing by r*, and observing that x? -+ y? 4+ 2? = Rr’, be- 
comes the expression in text. 


CHAPTER III. 


(a) It is evident from the construction, that if m and n be the 
angles, which any of the forces such as P, makes with the adjacent 
sides Ma, Mw’, of the polygon, the tension along the side ma is equal 


Psin 7 P sin m7 


———"., and that along the side mn/= — ates 
sin @n-F ny’ an at along the side MM Rigas? now if 
m! and n’ be the corresponding quantities at the summit M/ of the 
.. . Psin n! 
polygon, we have the tension along m/m evidently equal to Fata eay 


Psinm P’ sin n’ A 
consequently, — hence when the direc- 


sin. (mm + n) = sin (an! + 2’) ; 


tions of the forces P, Pp’, P”, &e., applied to the summits of the poly- 





goti bisect the angles contained between the sides of the polygon, 
the tension in each side is the same throughout the entire polygon, 
and equal to any of the forces P,P’, P”, &c., divided by twice the 
cosine of the angle which it makes with the side of the cord to 
which it is applied; when P, Pp’, P’, &c., are all equal, the polygon is 
a regular figure; and conversely, when the polygon is a regular 
figure, the forces P, P’, P’”, &c., must be equal, and each of them is 
to the tension as a side of the polygon to the radius of the cireum- 
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(6) As a, a’, a”, &e., and also e, By! y’, &e-, are in this case 
90°, and 8, 8’, 6”, &e., are cipher, it follows that the first equation 


(a) will be equal to 
H cos a + Kcose==0, 


and the second will be 

neos b + and Heos f+ P+ P/-+ P”, &e. = 0, 
and all the terms of the third equation will vanish ; now if both equa- 
tions (b) be squared and added together, we have 

Hu? + &? + 2HK (cos acos ¢ - cosbeosf) = IT’, 
and the factor of 2 ux is evidently equal to the cosine of the angle con- 
tained by the sides u and k, therefore, II is equal and contrary to the 
resultant of these forces; it follows from the equation H cosb -+ K cos f’ 
+ 11=6, that the directions of the extreme forces H and K meet in 
the vertical drawn through the centre of gravity of p, P,P”, &e. In 
this case it is evident that sin 2 = sin za’, consequently if the equa- 

P sin m 


sin.(m + 2) = 


tion which we obtained above in note (a), namely, 











P/sin nf vas : ; A ‘ 
=> Ke, be multiplied by sin » and sinm’ respectively, it 
sin. (a! - n/) . 
becomes 

P.sin m.sin 2 sin m’.sinn! 
sin.(a- x) sin. (a $n’) 
P pr py 
= = = + &c., 
cotm-—+- cotn cot m! + cot n’ cot ne!” + cot n” 


and it is remarkable, that in this case, namely, when all the forces are 
vertical, the horizontal tensions on each side of the polygon will be 
Tespectively equal to these fractions, consequently, the horizontal 
tension is constant throughout the entire polygon. If this equal 
horizontal tension be denoted by a, and if the tensions along the 
sides of the polygon be denoted by 7, 1’, 7”, &e., we find T. sin m,== 
Az T’sin a’ = T”sin m’”, &e., so that the tension on each side varies 
inversely as the sine of the inclination of the side to the vertical. 

(@) Since the sum of the tensions of all the strings resolved in 
the direction of the vertical is 


3 e ov 
[; cosy + oh cosy’ + cos yl + &e.| P3 


and since this is by hypothesis equal to P, the quantity by which P is 
multiplied must be equal to 1. 


NOTES. 639 


(e) By substituting their values for cosa, cosa’, ', 1, y’, x’, the 
first equation - becomes 


a a oe, ar=a(rZ), 


The second equation (b) may, by similar substitutions, be derived 
from the equation (a), and with respect to the third there results by 
these substitutions, 


(9 G-=Z)+o+an[eepae) (MH Oy dB) _ y4ay) 


¢ +a =)] =peds, 


which by obliterating equal quantities affected with opposite signs, is 
evidently equal to : 


d dx 
dir(etay zi) = pads. 


= 


Y) By adding = the values of e” and e ~i, and observing 


that ds = Yi4 eH 2 ie Dede we obtain the value of ds, and if the value 


1 


of oF be taken from e”, and if we then multiply by dz, we obtain 
the yalue of dy. 
(g) By adding and subtracting the values of / and 5 we obtain 


ey ee ere) ; ive), 
(32 h4-k?) ) 
—bohtle * te * 9 


== by substituting @ for k +k’, the expression in the text; and since 





(e2 — ea) 2a 4 eta _ 9, and © i= 
there results 


a & I 
be Baya (er — es, “a er 
a, at a « a 
(4) e=ltitpstpogt & ¢ Ra ear or 
a 


1 = eer ee = 
Tas — & Ns PAG ~emV(Snel+ a, a= 6(n—1). 
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Oe “k= G+ Bh k= 5 — Bh 
k 
R= + 65 =5, 7 6, and if these values be substituted for 
k - : z 
PE ® the value of &, the result will be equation (e). 


(k) The integral of the value of dy’ is clog(a’+-¢)-+ V@+ej—e4 
+, when 2/= 0, y= 0, c= — clog (e+ Vee), ys 
the expression in the text. . 

Oyset YEA yae —- VEX c8, yy! = = MF, for 


€ € 


e°xX e °=1. Fs 
(m) By substituting for r its value pa there results phd. eyes 

. dy 4 ds 

=z pdx, i.e, hid.G = de, dy, 6 = x, 2hy = 2°, hence asT =ph qe 


ye dy 
= 14% ++ a we obtain by substituting —~ Be fot aa the value of T 


given in the text. 








Wedx ada : ; da 
(2) VR ede = a a wr 


taken between the limits k, — k’, is 


Poe kt 2 2 1) = Re VIET at. 
I (log V op kth ke) — log (+ ke — ht) = log V Te ki? — 


jn like manner as 


(he gittge (HE) yee 


dx 
RV REA 
we obtain the expression for 2A/ in the text; now if both numerator 
and denominator of the logarithmic function be multiplied by 


VR k + 7? +k, there will result, when % = kt, 


ae Hf ok BEE, 





its value, and multiplying by 2, 





by substituting tor { 





2hl = hr’. log. ( 
from whence we can easily deduce the value of Al given in the text. 


. 
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(0) If for VPLE its value in a series be substituted, we shall 
obtain 


WiLp kpnpege i 
tog LAV EEE gett tia te logl V+ tHe] 


2 
now as in general log (1 u) = u — 5 + ~ — &e., we have 


k ie ke ke ke 2h 
I > zz ke |=] 5 +4 —k&e. — 
elt pth se J=[;+4 bd ke. 3a 2a +356] 
k 
aha a + Se 
hence, by substituting this value in the expression for hd, there results 





Ed ee plth+e 
and if we multiply by A, 
Wis Wk, hts 


kB a 


(2h) ~ 5.3.0—ay’ 


2 


by substituting for i its value = 


(p) By substituting this value of T we obtain 
a 
desde! turds’ ap(F™ 7 =\ det + gem + we! gai ee 


(9) By performing this multiplication, there results a adding 
dx, dy dz’ dx , dx dy dy . dz aw 
ar (Tet at Ge es (G that at a)+ 
dee & = 
£(xGut yt 2 Tas) = 0, 
, which-from what is stated in text is evidently equal to equation (3). 


(r) If the first of re (1) multiplied by & be taken from 


the second multiplied by > 7; we shall have, as 





a dx ae 
d. S aan + td. Bom 
dydx dxdy dz nig dy , dx dz dy 
(tea tae ds ds zt (« Gee) = % 


consequently, as ds is the independent variable, we can obtain from 
this expression the first equation (4). 


642 NOTES. 


(s) As ex == N cos A= (by substituting its value for cos A) NV &, 
by performing the same operation for ey, 22, then multiplying by 
dx, dy, dz respectively, and finally adding them together, we obtain 

du du du 
e(xdx + ydy + z2dz) = Xv (Ger eat =) =nvdu= 0. 


(t) By substituting their values for x,y,z, in the second mem- 
bers of equations (4), they will become 


ds* ds 
N (cos Ady — cos udx) zs (cos vdx — cos Adz) aan 
ds? 
N(cos ude — cos vdy) 7 
and if these be multiplied by cos y, cos 2, cos A respectively, and then 
added together, the result is evidently cipher, hence the expression 
p (COs ¥ cos ¥/ + cos x COs e’ + COs A COS A’), 
to which the preceding is equal must be cipher. 


(w) The coefficient of in the expression for ke becomes by ex- 
e 


is 


(cost A+ cos? BY aaa ds (cos? + cos?) += = (cos A + cos?) — 








ve dx dx dz oly de. 
a Ws COS A COS as. ds +008 A-COSy — 27.7. CO8 wr COS ¥, 
which, as cos? A + cos? w ++ costy = 1, becomes 
dy , dat d# dy dy dx 
as aet ae -(% cos’ ut +cos?, a+ = cos? y4+2 as’ ds’ 
du dz di - 
Cos A. cos» + 2 es wos cosy + 25H. or ee 


Now the’expression between the brackets is equal to cipher, and the 


other expression is equal to unity, hence N = ~. 
p 
(v) If these equations be multiplied by # and y respectively, 


there results by oe them together, \ 





vdrt zt yd.t #4» FtY a0, 


and as a? + y= ct, this equation coincides with the first equation 
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(6), and if these equations be respectively multiplied bys, 7 there 


results from their addition the second equation (6), for adx + ydy 
=0, 
(2) The first equation (6) is evidently equal to 


Categ)a+ (wa. SF yas DY 9 + node = 05 
dy 
ds 


is reduced tor = cn; in like manner the second equation (6) is 








henceas x f+ ¥% =0, x a a +y: d.— = — ds, this equation 


Squal to, by substituting eds for aoe yde, 


dx dy d. 
(+h) ar nt (Soa Otay wd. ih) t — ude = 0, 


consequently we have dr = yds. 


Notes to Paragraph III, 

(4) f= o+ 7 by substituting for o’, c, their respective values, 
we obtain y (145) =y (I+ 8) 4 “i+, dividing by y, and 
neglecting 2 we obtain, by omitting a common quantity on both 
sides of She cauation, v= 34 3 and, when the length of the mean 


filament is not changed, $ = 0 and §’== =e i.e, the lengthening and 
P 


contracting of the filaments, is Proportional to u their distance from 


the mean filament. 
(4) Substituting for 8’ in the value of 1, it becomes 


é udu 
taal bdu + ar 4 —, 
—e —e p 
and performing the integration between the limits ¢, — g, the first 
nN : 
term becomes 2aAd<, and the second becomes aes _ oe =O; and 
2 P 


in the same manner, substituting for 5’ in the value of , it becomes 


Pi 
Pere % be Sedutor’ er eee 
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integrating these quantities between ¢, —<«, the first term vanishes, 
. ars? . 
as in the preceding case, and the second becomes 3 ——. 


From the value of T it appears, that in the ne of the same 
plate, it is proportional to ¢ the extension of the mean filament, and 
when ¢= 0, i.e. when the length of the filament is not changed, 
tT = 0, andthe forces which in this case act on K must be parallel 
forces reducible to two, but not directly opposed. 

(c) The angle of contact is always equal to the element of the 
curve divided by the radius of curvature, and when the element is 
given, this angle or the curvature varies inversely as the radius of 
curvature, consequently » varies in this case as the angle of contact. 


(@) Making ys, equation (2) will become 
edz 

a+) 

and integrating so that we may have z== 0 when a = 0, we obtain 
ctw 

Vi +2 

4ca*= (Zax — 2) (14 2*)5 





=adxe — xdx, 


= 2ax — 2”, 





consequently, 


and, 
(Act — (2axv — 2*)*) 2? = (Qax — at); 


hence by substituting for z its value, we obtain 


w __Qax — 2°) — vy ; 
~ V4e— Qax— arty 
ax — 2 da? ro, 4etda* cr : 
de = a= Gas — at tO = Ga Bae — wy @ (oben @ is 


very great, in which case 2ax — x* may be neglectét relatively to c',) 
dz, hence in this case we must have 2c%dy = (Qax —~ x*) dz, and 
 6ey = Baz*— 2. 

(e) 6ey = 3ae?— 2°, which, when «=a and y= 8, becomes 


3c} — a’, and from the equation 3@c? = awe’, we obtain 8c = eer 


and awe’ = aq; by substituting for aw its value . we will have 
5a =e'e and b =e, 
therefore, as ad = A, we shall obtain 
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aha 

Pw 
w being by hypothesis a weight equivalent to the force which draws 
the plate in the direction of its length, if we suppose it equal to a, 


ah 
we will have 6 = - consequently bhi: at: 2% 
(f) When &=0, y is always equal to cipher, therefore the 
spring cannot be bent; when & does not vanish, y aud s will have 
finite’ values, therefore the spring will bend; at the point B, 2 = a, 


. 1G deo 
y=O=ksin > therefore a = ic, i being a whole number. 


(g) If the fourth power of 8 be neglected, we shall have 


V1 $e cot a 1 +475". cost 


we Que 
= as cos? Sit cos —— 


wk? Qax 
co 


a “a rid 


142 


if this value be substituted in the east 


i=f" 1 Econ +3 = cost dx, 


and then integrated, there will result 
wk 
t=a+ ie” 


which, by substituting for a its value ic, becomes the expression in 
the text. 


(A) In the equation y= fa sin Sy =0,when 2= 0, and «=a, 
therefore, the curve will not cut the vertical between the two points 


. . 2 
aand B. In the equation y = f’asin =, y = 0, when « =0,27= 
3 and a= a, therefore the curve will cut the vertical in the middle 
point between a and B, In the equation y = $a sin =, 9=0 when 


e 
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reese | 





2 : 
w2r0, wma, em ( \a hence it appears, that the curve 


will cut the vertical an, in the number ¢-+ 1 points, 

When & = 0, y=, therefore the figure is rectilineal, but the 
least increase of & above this gives a finite value for y, in which case 
the figure is not rectilineal, but when / is Z c, & is impossible, 
therefore y cannot have a possible value, consequently, the figure must 
be rectilineal. 


2 
(4) In general we have p = 2* on now it appears from No. 312, 


that as long as Jis Z c, the spring cannot be bent, but when the 
quantity ¢ is so diminished that 2 may surpass ¢, then the spring may 
be bent by the weight, consequently, 7=c is the limit after which 
the ai is bent, hence, the value of Pp determined by the equation 


P= - gives the greatest weight which the spring can support 
without ganas 

(A) of=o +“ —, = (by substituting for ¢ its value y (1+ 4), and 
neglecting aft ¥ i ++ a in like manner of = y/(1 4 0) = 

1, 
(by substituting its valuey + ~ and neglecting *), y+ Lyi, 
hence we obtain, by dividing by y and obliterating common, terms 
in the equation y (1+ 8) + x =yt+ x byt, v= b+ wu G- *) 
P 
(2) Substituting for 0” its value given above, we obtain 
k k 11 
r=al"y budu + “\ vudu. G -*) ; 

the integral of the second term vanishes, and that of the first = awd; 
in like manner by a similar substitution in the value of», we obtain 


1 
e= oer tondupa you'd i; - ;) , 


in this case, the integral of the first term vanishes, and that of the 





11 
second is equal to =. G= x) 
(m) In the first case, as the distances of the centre of gravity 
from the vertex and base of the triangle are respectively $c, 4c, we 
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have in this case k= le; k= $¢, now any line parallel to the base 
such as v, which is distant from the centre of gravity by a quantity . 
== 4, which may be either positive or negative, isto the base a:: fo + 


Ui vs < (e+ u), and consequently 


tdu = 3 pau 
Sowldu = 3 + oF, 
e., A 2 ac? ac? 
when uaz this quantity becomes equal tos get nw and when 


Qe. 2a a De és 
u=z it-is equal to get pe hence when the quantity 
2, 
ae ould is integrated between these limits 4¢, $c, which are those 


of k, — k’ in the present case, it becomes equal to 

wa 142° 1- 2 _ aac? 
Fae) e+ (x)= Se. 
Tn the case when the form of the base is concave, 


ut aut 


are a 
o=f[5+e]. st Suutdu =o ta 


which becomes, when w= 20, 5¢, which correspond to k and k’ in 
this case, 
Bae Hae ae act 
9.3 © 4.30 on + Tg 
hence we obtain, 
mat k (42 )ae | (ac _xta act 
oe oe + “ER =F Tae 








When the normal section is a Square, as the centre of gravity is at 
the intersection of the diagonals, &, k’; the limits between which the 


integral should be taken are respectively equal to ss and, as all 


lines at any distance u from the centre of gravity, drawn parallel 
to a side of the square are equal to the side, we have 


k OF Sef ee 
wap | Cwdu a LL oF “P= 13E° 





In the case of a circle, v the line drawn at the distance u from the 
centre of gravity which is that of the circle, is evidently equal to 
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9 /R—w, and § ¥ jedu = of Vee. wdu = by multi- 
plying and dividing by View, 
2 ko uldu 2 & udu 
Soe VRE i ae Vee 
now if we make u = ka, these expressions become respectively 
adr ada 
aa eer eee \ ae Fae 


the integral of the former is 


Pees 


and that of the latter 


Fe ee, 





Now when this integral is taken between the priv limitsk, —K’, 


—-, which is evi- 





all the other terms will vanish but the term Ne 
t\Vima 


dently equal to ak hence the value of P becomes that in the text. 
() If the area of the normal section in the case of the square 


and circle were equal, then f?= wi, consequently, by substituting 
this value of f* in the expression for p in the case of the square, it 





becomes = pid , which is to the value of P in the case of the circle 
wak* 
=r? wid. 


(0) By making this substitution we obtain 


ra eg#) = Ro" +e) 67-295 


now if a(g?— *), the area of the normal section, be supposed equal 
to xk, then g’? = * + 2°, consequently if k* be substituted in place 
of g?—g?, aud /* +g? in place of g”, we shall obtain the expression 


in the text. 


‘ a: 
(p) As ds is supposed to be the independent variable, de= ads 


dy 1Y as, &c., consequently xda +- ydy + adz = 
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du dy dz 
xe + YR @ +2 is 


(7) Since in this case all the quantities in equation (b) vanish but 
cos, cos f, cosg, cosh, P’, G?, n’, and Tv Ge dy a2 | and as these three 
ds’ ds’ ds 
last quantities are equal to cosa’, cosB’, cosy’, itis evident that 
the values of Tcosa’, T cos f', T cos’ are those given in the text. 
(7) From equation (1) we obtain 


B dy Agyw a Beye 





bats a 2 7. bai em 2 a 
ae pr + 802? + Qn, Saa= ya +2.3.ca4- 2c’, 
Py 234 gyw 
5S et 280; 
Bap og 18-8e 


: «gt a& 
uow since by hypothesis 8 a =0, 6 a =-@, nz =a, there 


results tgywa? + 6ca + 2c/ = 0, gywa + 2.3.0 =~ Q 

From the second of these equations we obtain, by substituting g 
for gywa,c = —1(9 4 q), and by putting this value of c in the first 
equation, and substituting for gywa its value g, there results 


294 —(Q@49)4420' =O, = Slat 4g)a, 
consequently if these values of c and c/ are substituted in equation 
(1), there results the value of 8y given in the text, for it was shown 
by the conditions of the question that c” = 0, When @ = 0, this 
equation becomes 

I 8 os A Loast 
PY saa Get gat, 
and when 2 = a, in which case y = b, there results 


oe 
B= Te — qe + tga = 2; 


and when g = 0, this equation becomes 
Ay = — 402 + faces, 
which, when 2 = a, and +." y¥ = b, becomes 
Qas 
b= —; 
B 3 


and when g = Q, the preceding values of 6 are evidently in the ratio 
of 3:8. 
do 
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(x) Since in this case y = 0 when 2 = a, equation (1) becomes, 
because gyw = 4 7 o= wt re -a + ca?+ c/a®, hence if it be multiplied 


by 2, and then taken ae equation (1), we obtain the expression in 
the text. : 


(G ) eat =sh(@- a) ¢(22— a) fe(e—a)+ ge 4 200" 4elx, 


when w = 0, this expression becomes 


dy _ Ve cat cla 0, =-(f ‘ 

i= 3a? cat—Ca=0, = — (get elas 

when 2 = @, this expression becomes, ‘ . 
eit =e #4 Beat + cla =0, oe va (fre) 


hence a comparison of these two values of c/ givesc = — 1a and 
consequently c’ = Z,ag, by substituting these values of cvand c’, 
equation (2) becomes 


By= a banc @)— ge(e—a’) + geage (ea), 
which may be made to assume the form 
by = Here ax $a%)—2a(r +a) ba] = 


Fite ose = fn (a—a)*. 


80 4 9 reg $2 : 
“i =jyq t 2orte 49 2 + dow 


c/==0, when x = 0, hence it follows that c/ = 0, and when # = a, 
2 

re and +," c= — #yq3 consequently, by substituting for 

¢, equation, (2) becomes 


y= Fas g2.(—a) = a (@ — a). [a*® + aw + a?— 


In the second case g ty 


6c= — 


2a.(e + 4)] =£. a—a) {#—aer—a*], which by changing the 
sigus of the two factors of which this product is composed, becomes 
the value of y given in the text; and when 2 = > the value of y, 


ie a 
which in this case is f, becomes = 34a2°2 4 = sae See note 
a’, No, 324. 
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Tn this case also we have 


ay 2.3.ga° = 
Paa= Ba Bi 





habs 


which, when x = 0,.becomes ed =6ce=_— 49; and when 


3, ‘ * . 
#30 B75 ft 8e+ tot domg— dy a! 


tea 


Iu the third case, as Es =0 forz=0, we have 


2 
p= ~ HF - cat ~ ca =; 


and as in this same case ass &y a 0 whan vox 4, we heve 


£ nag 6ca+ 2’ =0, 


consequently, comparing the two values of c’ derived from ‘these two ¢ 
equations, we ia 


iE + cla= = [3 + 3c Ja, . c= = os eed v= _ tt ite 


= 1 3 and, if these values be substituted in equation (2), we obtajn 


By = Fyn) — 88 (foal) + FE (ea) 
= Ee—a) fae + 2ax + 2a 5a, oe a) + 8a*] 


# (w~a) [22% ~fae) = = (by changing the signs: of the factors). 


oa 0 a ~2)(8a— Qe] The value of p SY i= E when x = 0), is in 
"5g 2 


this case fapm on, and pf4(S 4 when « = @).is in 
this case $4. 37 4 bc, he ae hel Soe 


(#) By performing the i faeayete with respect to sin =, whieh 


is the variable of the second member of this equation, we find 


nee a nee —aC ner, a Nex 
sin—— de 2 cos——, and —-\ eos—“de — = sin——- 
@ nx a an a negt a 
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hence if this operation be continued four times, the last integration 


gives 


a, Net 
sin ——, 
a@ 





* aa" 
from which, and by a suitable determination of the arbitrary con- 
stants introduced by the integration, from the consideration that 
y = 0 for « = 0, and for 2 = a, we obtain equation (b). 


at o 
(v) When a’ = &. sin ane = sin 3 and as 9 ¢a'die' =a the 


Pea 


; b 
expression So sin = gx'da! in this case = asin 
(x) In this case_as n = 2i—1, and sin.(2¢— Ns. = —(— 1), 
we have the first term of the second member of equation (b) equal to 
2qa° ce! —1) nize 
a =1y's a : 
(y) If in this pte we substitute for w its value =, we shall 
obtain 7 
—1} a _ 2 mia har 


2 fo) sin =a 


@i-1y eT = BGG 32a’ 
which, by reducing to a common denominator, becomes the expres- 
» bY is 1 sy Pp 


sion in the text. 
(=) By sient: we.obtain 


et rf . (Ba? 8:4. ia 


which, when 2 ="s, i.e. at the middle point of the curve, is equal to 
2 P 2 1s eq’ 


cipher, therefore, at this: point the tangent is horjzontal, and the 
sagitta then becomes equal to - 


. g G 4a* Ge oe 
8 48° 2 3) 8.48 48° 
@ = 


ii 3a?—3.4. a — 
@) =3°8 3 @ ') (= when + = 0, tang. a)= if ee 
and as fl5 sitang a@crad, f7= = Stang. a; but f= 37 5 lang Oy 


a oo and in the second case of No. 822, as ~ 
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gy — (a—#) (a ax —2°)— 92? +a2—2) 4 g2(a—x)(a—22) 
dz 


24a a! 
f eh Lee hi 7— 9% _ 9.8.0 
equal when x = 0, Ce?” in this case f” = 48 = Yéspa? conse 


quently it is to the value of f in that No. :: 8:5, 
(8) By multiplying the infinite series given at the commence- 
ment of this number by the denominator, there results ; 
I++ 2h cos 0 + 2h? cos 26-4 2h? cos 39 + &e. 
1-— 2h. cosé+ ht. 
= 1+ 2h cosd + 2h? cos 26 + 2h? cos 86 + &e. 
— 2h.cosé— 4h? cos é — 4h cos 26.cos 6 — 4h‘ cos 89.c0s 6 
+H + 2h cos 6 4 Qh cos 29 4+ Bh cos 34-4 Ke. 

Now since 2 cos? ¢= cos 26 + 1, 2cos26..cos¢= cos 34 + cos 6, 
2cos 34. cos é— cos 4¢-++ cos 26, by substituting these values in place 
of cos*é, 2 cos 24. cos , 2 cos 34.¢0s 4, and adding these lines together 
their sum will be equal to 14 1%. 

This theorem is proved, a priori, in the Theorie de la Chaleur, 
par Poisson, No. 93. 

When the values of u are infinitely small, 4 sin* 40 -a=w, 
and if in the expresion = we substitute for f?, ds, 


and 4sin*3(4 — @) we will obtain-the éxpression in the text; and as 


the integral of this function between the limits » and 0, is 3 and 


between the limits 0 and + 2 is also a between the ‘limits 20 and 


— 2 the integral is 7. 
When «= 7, then cosn ($ > a) = cos nx. COS n§, (= as cosny 
=(-1)")(—)*. cos ng. y : : 


. a oe ot 4 : 
Since = =, and as the limits relative to @ are and 0, the « 


limits relative to x’ must be a (when 6 = +) and when ¢ =e, it, must 
he cipher. : 





i: wee’ nex! Net. nee! . nee 
Since cos nz{ -- =cos——., cos—— = sin sin —., when 
a a. a a@ a 

the first equation (5) is taken from the second, we obtain the expres- 
sion in the text. b 


(c’) When f¢ = 6, this function becomes 
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as 


ar) 5 


i cos né édé — sige + co 
0 n 


which taken between the limits x and 0, is 


nx —1 


cos a 





3 
consequently, since when 7 is an even number of the form 2i, cos x= 


1, and when 2 is an odd number, of the form 2i—1, cosma =—I, in 


ax —1 " “ps 
the former case cos vo = 0, in the latter it is sto to— 





oe 
hence the given, equation becomes as 5 a= 3, gate =a, 


id cos (2i—1L)a cos (2i—1) a 

Ft Ot ne z seis 
(Qi—1a 

(Ip — 

as cos(2i—1) 5 = 0, sin(2i—1) 5 = (—1)4 (w#-2).a= ) 

(2i—1)w 

oi =) 


= q(wt—ta4), from y = —49” to w= $7, for these limits w= 





ca 
=5 + (1 —2a)3 
now in the expression sin ~—— are aja, when a = 3 st w, 


we have evidently, by changing all the signs, £(—1) sin De 


« 
-tuiw= oy correspond toa=0, a= 7. 


END OF VOL. I, 
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